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Preface

Optimization is a mature and very successful area of applied mathematics. It
deals with the analysis and solution of problems of finding the best element
in a set. The structure of the set and the way the term “best” is under-
stood determine different fields of the optimization theory: linear, integer,
stochastic, nonsmooth optimization, optimal control, semi-infinite program-
ming, etc. Within these fields, and across them, several directions of research
are pursued: optimality conditions, duality theory, sensitivity analysis, and
numerical methods.

Applications of optimization are very broad and diverse. The most no-
table areas of application include engineering, statistics, economics, man-
agement sciences, computer science, and mathematics itself. Optimization
problems arise in approximation theory, probability theory, structure design,
chemical process control, routing in telecommunication networks, image re-
construction, experiment design, radiation therapy, asset valuation, portfolio
management, supply chain management, facility location, among others.

Many books discuss specific topics within the area of optimization, dif-
ferent groups of numerical methods, and particular application areas. My
intention is to provide a book that will help to enter the area of optimization
and to understand its modern ideas, principles, and methods within a rea-
sonable time, but without sacrificing mathematical precision. Optimization
problems arising in applications usually require additional analysis. Itis my
firm conviction, supported by many years of experience, that understanding
of the mathematical foundations of optimization is the key to successful anal-
ysis of applied problems and to the choice or construction of an appropriate
numerical method.

Our way to achieve these objectives is to present both the theory and the
methods in a unified and coherent way. Such an approach requires a careful
selection of the material, in order to focus attention on the most important
principles.

The first part of the book is devoted to the theory of optimization. We
present theoretical foundations of convex analysis, with the focus on the el-
ements that are necessary for development of the optimization theory. Then
we develop necessary and sufficient conditions of optimality and the duality
theory for nonlinear optimization problems. In the second part of the book,
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we apply the theory to construct numerical methods of optimization, and
to analyze their applicability and efficiency. While we focus on the most
important ideas, we do not restrict our presentation to basic topics only. We
cover rather modern concepts and techniques, such as methods for solving
optimization problems involving nonsmooth functions. This is possible be-
cause of the unified treatment of the theory and methods, which clarifies and
simplifies the description of the algorithmic ideas.

This book grew out of my lecture notes developed during 25 years of teach-
ing optimization at Warsaw University of Technology, Princeton University,
University of Wisconsin-Madison, and Rutgers University, for students of en-
gineering, applied mathematics, and management sciences. A one-semester
course can be taught on the basis of the chapters on convex analysis (without
the subdifferential calculus), optimality conditions and duality for smooth
problems, and numerical methods for smooth problems. It is well-suited for
graduate students in engineering, applied mathematics, or management sci-
ences, who have had no prior classes on optimization. The inclusion of the
material on nondifferentiable optimization is possible in a one-year course,
or in a course for students who have already had contact with optimization
on a basic level and who have a good background in multivariate calculus
and linear algebra.

The book can also be used for independent study. Itis self-contained, it has
many examples and figures illustrating the relevance and applications of the
theoretical concepts, and it has a collection of carefully selected exercises. I
hope that it will serve as a stepping stone for all those who want to pursue
further studies of advanced topics in the area of optimization.

I would like to thank Jacek Szymanowski and Andrzej Wierzbicki for
introducing me to the area of nonlinear optimization. Many thanks also go
to Robert Vanderbei for encouraging me to undertake this project and for his
support. Ekkehard Sachs provided me with invaluable feedback, which led to
significant improvements in the chapters on numerical methods. And special
thanks are due to my wife and closest collaborator, Darinka Dentcheva, who-
se continuous encouragement, creative suggestions, and infinite patience
helped me see this project to its conclusion.

Princeton, New Jersey, July 2005 Andrzej Ruszczyriski
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Chapter One

Introduction

A general optimization problem can be stated very simply as follows. We
have a certain set X and a function f which assigns to every element of X a
real number. The problem is to find a point x € X such that

f@) < f(x) forall x e X.

The set X is usually called the feasible set, and the function f is called the
objective function.

At this level of generality, very little can be said about optimization prob-
lems. In this book, we are interested in problems in which X is a subset of
a finite dimensional real space R", and the function f is sufficiently regu-
lar, for example, convex or differentiable. Frequently, the definition of X
involves systems of equations and inequalities, which we call constraints.

The simplest case is when X = IR". Such a problem is called the un-
constrained optimization problem. If X is a strict subset of the space R”,
we speak about the constrained problem. The most popular constrained
optimization problem is the linear programming problem, in which f is a
linear function and the set X is defined by finitely many linear equations and
inequalities.

If the objective function f or some of the equations or inequalities defin-
ing the feasible set X are nonlinear, the optimization problem is called the
nonlinear optimization (or nonlinear programming) problem. In this case,
the specific techniques and theoretical results of linear programming cannot
be directly applied, and a more general approach is needed.

Nonlinear optimization problems have attracted the attention of science
since ancient times. We remember classical geometrical problems like the
problem of finding the largest area rectangle inscribed in a given circle, or
the problem of finding the point that has the smallest sum of distances to the
vertices of a triangle. We know that optimization occurs in nature: many
laws of physics are formulated as principles of minimum or maximum of
some scalar characteristics of observed objects or systems, like energy or
entropy. Interestingly, bee cells have the optimal shape that minimizes the
average amount of wall material per cell.

But the most important questions leading to optimization problems are
associated with human activities. What is the cheapest way of reaching a
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certain goal? What is the maximum effect that can be achieved, given limited
resources? Which model reproduces the results of observations in the best
way? These, and many other similar questions arise in very different areas
of science, and motivate the development of nonlinear optimization models,
nonlinear optimization theory, and numerical methods of optimization.

Let us examine several typical application problems. Of course, the ver-
sions of problems that we present here are drastically simplified for the
purpose of illustrating their main features.

Image Reconstruction

One of the diagnostic methods used in modern medicine is computer to-
mography. Its idea is to send a beam through a part of the body at many
angles, and to reconstruct a three-dimensional image of the internal organs
from the results. Formally, this procedure can be described as follows. A
part of the body (for example, the head) is represented as a set S C R3. For
the purpose of analysis we assume that S is composed of very small cells S;,
i =1,...,n (for example, cubes). We further assume that the density of the
matter is constant within each cell, similar to the darkness of each pixel in a
digital picture. We denote by x; the density within cell S;. These quantities
are unknown and the purpose of the analysis is to establish their values.

L
-
7

A

~ L

Figure 1.1. Beam L intersects a subset of cells.

A beam L passing through the set S intersects some of the cells (see Figure
1.1). Let I (L) be this subset of cells. Foreveryi € I (L) we know the length
a; (L) of the path of the beam within cell i. The attenuation of the beam’s
energy depends on the total amount of matter on its way, > . 1) @i (L)x;.
For every beam, given the measurements of its energy at the exit point, we
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can estimate this sum by some quantity b(L). Thus, we obtain the linear
relation

Z a; (L)X,' = b(L)

iel(L)
If this analysis is repeated for a collection of beams L;, j = 1,...,m, we
obtain the system of linear equations

> aiLpxi=b(Ly), j=1,....m. (1.1)

iel (L j)
In addition, the physical nature of the problem dictates the inequalities:

x>0, i=1,...,n. (1.2)

Ideally, if all quantities were measured perfectly and the set S was actually
built of small, uniform cells, the unknown density vector x would be a solu-
tion of this system. But several difficulties immediately arise. The number
of beams, m, is not usually equal to the number of cells, n. The system of
equations (1.1) may have too few equations to determine x in a unique way,
or it may have too many or inconsistent equations. Its solution may violate
inequalities (1.2), or it may have no solution at all. Moreover, the cell model
is an approximation, the measurements have errors of their own, and it may
be unreasonable to attempt to perfectly match their results.

For all these reasons, it is better to abandon the idea of perfectly satisfying
equations (1.1) and to use instead some measure of fit. It may be the sum of
the squares

f@=Y (b~ 3 alLm)’
=1 iel(L;)

The smaller the values of f, the better, and therefore we formulate the fol-
lowing problem:

minimize i (b(Lj) — Z a; (Lj)x,-)2
j=1 iel (L) (1.3)
subject to x > 0.
The above notation means that we want to find a point X > 0 such that
f(@) < f(x) forall x > 0.

This problem will always have an optimal solution, because the function
f(x) — oo if any coordinate x; — oo, and f(-) is a continuous function.
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Our optimization problem (1.3) may still have some flaws. If the number
of cells is larger than the number of beams used, the problem may have many
optimal solutions. We would prefer a model that selects one of them in some
reasonable way. One possibility is to modify the function f(x) by adding to
it the total amount of matter:

m

F@ =Y (b~ 3 alwx) +53 .
j=1

j=1 iel(Lj)

where 0 > 0 is a model parameter. The objective function of problem (1.3)
and of the last modification is quadratic, and the constraints are linear. Such
problems are called quadratic programming problems.

There are numerous other ways to formulate a meaningful objective func-
tion in this problem. They may involve nonlinear terms representing our
knowledge about the properties of the image. We may formulate a stochas-
tic model of attenuation and an appropriate maximum likelihood estimator.
There is no need to discuss all these forms here. Most important for us is that
the optimization model provides the flexibility that the system of equations
did not have.

Portfolio Optimization

We want to invest our capital K inn assets. If weinvestan amount z; inasseti,
after a fiscal quarter the value of this investment will become (1 + R;)z;,
where R; is the quarterly return rate of asset i. The return rate R; is a random
variable. Assume that all capital K is invested: z; + 2o + --- + z, = K.
Introducing the variables x; = z;/K, i = 1,...,n, we can express the
quarterly return rate of the entire portfolio as

1
R(x) = E((l +R)zi+ (0 +R)za+---+(1+ Rn)Zn) —1
= Rix; + Roxy + -+ + Ryx,.

It is a random quantity depending on our asset allocations x;,i = 1, ..., n.
By the definition of the variables x;, they satisfy the equation

xitx+--+x, =1
We cannot sell assets that we do not own and thus we require that
x>0, i=1,...,n.

We denote by X the set of asset allocations defined by the last two relations.
Our idea is to decide about the asset allocations by an optimization problem.
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The expected return rate of the portfolio has the form
E[R(x)] = E[Ri]x1 + E[Ro]x2 + - - + E[R,]x,
However, the problem
maximize IE[R (x)]

has a trivial and meaningless solution: invest everything in the asset j*
having the highest expected return rate E[Rj*]. In order to correctly model
our preferences, we have to modify the problem. We have to introduce the
concept of risk into the model and to express the aversion to risk in the
objective function. One way to accomplish this is to consider the variance
of the portfolio return rate, V[R (x)], as the measure of risk. Then we can
formulate a much more meaningful optimization problem

maximize E[R(x)] — 5V[R(x)].
The parameter 0 > 0 is fixed here. It represents the trade-off between the

mean return rate and the risk. It is up to the modeler to select its value.
It is convenient to introduce a notation for the mean return rates,

,ui=E[Ri], i=1,...,l’l,
for their covariances
Cij = COV[Ris Rj] = E[(Rl - lul)(R] - luj)]a i: ] = 1, N

and for the covariance matrix

11 C12 Cin

€1 Con
C = .

Cnl Cn2 Cnn

Then we can express the mean return rate and the variance of the return rate
as follows:

E[R()] me, =
R(x) ZZC,]X xj = (x, Cx).

i=1 j=I
The optimization problem assumes the lucid form

main)I(lize (u, xy —d{x, Cx). (1.4)
xXe
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The objective function of this problem is quadratic and the constraints are
linear. Such an optimization problem is called a quadratic optimization
problem.

Our model can be modified in various ways. Most importantly, the vari-
ance is not a good measure of risk, as it penalizes the surplus return (over
the mean) equally as the shortfall. One possibility is to measure risk by the
central semideviation of order p:

1/p
o[ R()] = (B[ max (0, E[R(0)] - R()]")
with p > 1. Then the optimization problem

maximize {u, x) — do,| R(x

ximize (u, x) — do,[ R(x)]

becomes more difficult, because it involves a nonsmooth objective function.
We can also introduce additional constraints on asset allocations. And for

all these models, we can change the trade-off coefficient d > 0 to analyze its

influence on the solution to the problem.

Signal Processing

A transmitter sends in short time intervals /; harmonic signals
Sk(l) = ay COS(COZ’), tel, k=1,2,....

The pulsation w is fixed. The signals are received by n receivers. Because of
their different locations, each of the receivers sees the signal with a different
amplitude, and with a different phase shift. The incoming signals are equal
to

uy = cjagcos(wt —y;), j=1,...,n, k=1,2,...,

where c; and y; denote the amplitude multiplier and the phase shift associated
with receiver j.

It is convenient to represent the signal s, as a complex number S; with
the real and imaginary parts R(Sy) = a; and J(S;) = 0. Similarly, each
amplitude and phase shift are represented by the complex number

—iw; .
Hi =cje™™, j=1,...,n.

Then the incoming signals can be represented in the complex domain as
follows:

Ukj:HjSk’ jzlj...,n, k:1)29
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Because of various noises and interferences, the receivers actually receive
the signals

ij=Ukj+ijﬁ j=l,...,n, k=1,2,

Here Z;; denotes the complex representation of the noise at receiver j in the
kth interval. To facilitate the reconstruction of the transmitted signal {Sy},
we want to combine the received signals with some complex weights Wy,
W,, ..., W, to obtain the output signals:

n
Ye= D> WXy, k=1,2,....
j=1

In the formula above, W denotes the complex conjugate of W;.
Introduce the notation:

H=/|:], W = IR Zy = :
H, W, an
We have

Yo= D Wi (HiSu+ Ziy) = (WH)S + W*Z, k=1,2,...,
j=l
where W* = [W; W5 ... W}].

Our objective is to find the weights W; to maximize the useful part of the
signal ¥, k = 1,2, ..., relative to the part due to the noise and interfer-
ences. To formalize this objective we consider the sequences {S;} and {Z;}
as discrete-time stochastic processes with values in C and C", respectively. '
The noise process {Z;} is assumed to be uncorrelated with the signal {S;}
and to have the covariance matrix

© =E[Z:Z{].
The energy of the transmitted signal is denoted by
o’ = E[SiS;].

The energy of the output signal {Y};} can be calculated as follows:

E[YiY¢] = o IW*H|* + W*OW. (1.5)

"The symbol C denotes the space of complex numbers.
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Here the symbol ||A|| denotes the norm of the complex vector A € C”,

n

12 .
||A||:(Z|Aj|2) with |A; = AjA7.

J=1

The first component on the right hand side of (1.5) represents the part of
the output signal energy due to the transmitted signal {Sy}, while the second
component is the energy resulting from the noise. The basic problem of
minimizing the noise-to-signal ratio can now be formalized as follows:

minimize W*@W

1.6
subject to |W*H]| > 1. (1.6)

Unfortunately, in practice the vector H is not exactly known. We would like
to formulate a problem that allows H to take any value of form Hy + A,
where Hj is some nominal value and ||A| < J, with the uncertainty radius
0 > 0 given. Problem (1.6) becomes:

minimize W*@W

subject to |[W*(Hy+ A)|| > 1 forall ||A| <.

It is a rather complex nonlinear optimization problem with a quadratic objec-
tive and with the feasible set defined by infinitely many nonlinear constraints.
We can transform it to a simpler form as follows.

First, we notice that the worst value of A for each W is A = —0W/|W]|.
Thus all constraints are equivalent to the inequality

W H|| > 1+ 6[|W].

Also, adding a phase shift to all components of W does not change the
objective and the constraints, and therefore we can assume that the imaginary
part of W*H is zero. This yields the problem

minimize W*OW
subject to R(W*H) > 1+ 46|W], 1.7
S(W*H) = 0.

It has a convex objective function, one convex nonlinear constraint, and one
linear constraint.

Classification

We have two sets: A = {ay,...,ar},and B = {by,...,b,} in R". Each
vector a; may be, for example, the set of results of various measurements or
tests performed on patients for whom a particular treatment was effective,
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while the vectors b; may represent results of the same tests for patients who
did not respond to this treatment.

Our goal is to find a classifier: ideally it would be a function ¢ : R" — R
suchthatg(a;) > Oforalli =1,...,k,andp(b;) < Oforall j =1,...,m.
When a new vector of results ¢ € R" appears, we can assign it to sets A or
B, depending on the sign of ¢ (c).

This problem is usually modeled as follows. We first determine a family
of functions ¢(-) in which we look for a suitable classifier. Suppose we
decided to use linear classifiers of the form

p(a) =(v,a) —y.

In this formulao € R" and y € R are unknown. To find the “best” classifier
in this family means to determine the values of » and y .

Figure 1.2. Linear classifier. The white points belong to the set A and the dark
points belong to the set B.

When a fixed family of classifiers is used, we cannot expect to be able to
separate the sets A and B with a classifier from this family. There is always
a possibility of misclassification, and we have to determine the way in which
we shall decide which classifier is “better.” Figure 1.2 illustrates this issue
for two sets and for a linear classifier. One way to measure the quality of
classification is to consider for each point a; the classification error:

0 if (v,a;) —y =0,

e_(a;;0,y) = [)’ —(v,a;) if{v,a;) —y <O.
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Similarly, for each point b; the classification error is

O [ it (0, b)) — 7 <0,
e iy D, = .
AR (0, b)) —y if (0,b) —7 > 0.

Then our problem can be formulated as an optimization problem

k m
inimi —(ais v, bj;v, 7). 1.8
mlI{)l,I;nZe Ze (a;;v y)+Ze+(] 0,7) (1.8)

i=1 j=1

We immediately notice a flaw in this model: setting y = 0 and v = 0 we
can make all classification errors zero, but the resulting classifier is useless.
We need to restrict the set of parameters to ensure a discriminating power of
the classifier. One possible condition is

loll = 1. (1.9)

Problem (1.8)—(1.9) is a nonlinear optimization problem with a piecewise
linear objective function and a nonlinear constraint. By introducing slack
variables s € R¥ and z € R™, we can rewrite this problem as follows:

k m
minimize 25+ 25
subjectto (v,a;) —y +s5 >0, i=1,...,k, (1.10)
(0,bj)) —y —z; <0, j=1,...,m,
s >0, z>0,
loll = 1.

Another way to guarantee a discriminating power of the classifier is to enforce
a “buffer zone” between the two sets, by requiring that

(v,a;) —y +s5: =
(0,bj) =y —z; <
The width of the buffer zone is equal to 2/||v||. The condition |o|| = 1 is no
longer needed, because v = 0 and y = 0 are no longer attractive. However,
we have to prevent ||v | from becoming too large (otherwise the buffer zone
has little meaning). One way to accomplish this is to add to the objective
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function a term which quickly grows with ||v]|, as in the problem below:

k m
minimize » s, + > z; + dllv|>

0,Y,5,2
i=1 j=1
subject to (v, a;) —y +s; >1, i=1,...,k, (1.11)
(U;bj>—y—Zj§—1, j:l"‘.,m’
s>0,z>0.

Here 6 > 0Ois a fixed parameter of the problem. This quadratic optimization
problem, under the name support vector machine, is commonly used in
computer science for data classification.

Optimal Control

A robot has to move an object of mass M from position x™™ to position x"
within time [0, T'] avoiding an obstacle (see Figure 1.3).

fin

Figure 1.3. The object has to be moved from x™ to xfi" avoiding the obstacle Y.

One way to approach this problem is to split the time interval [0, T] into
n equal pieces

kT (k+ DT
= [T &7

n n

),k:Q””n—L

and to apply a constant force to the object within each interval. Denote by
F} the force used in interval k, and by v, the velocity of the object at the
beginning of the interval k. Both F} and v, are three-dimensional vectors.
The velocity at the end of interval k equals

T
k1 =0+ —(Fr+G), k=1,...,n. (1.12)
nM

Here G denotes the gravitation force. We ignore, for simplicity, the mass of
the robot arm and the mechanics of the arm.

Denoting by x; the three-dimensional vector representing the location of
the object at the beginning of interval k, we can write the equation for the
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position at the end of interval k:

2

Xk+1 = X + ;Dk + (Fk + G), k= 1, R (N (113)

2n*M
Equations (1.12)—(1.13) are an example of state equations for a discrete-time
dynamical system. The six-dimensional vector (xi, v;) represents the state
of the system at the beginning of the kth interval. The three-dimensional
vector Fy is the control applied in the kth interval.

The condition that the object cannot hit the obstacle can be modeled as
follows. We describe the obstacle as a certain closed set ¥ € R?* and we
introduce the distance function’

d(x,Y) = min |x — y]|.
yey

Our requirement can now be formulated as follows:
dixg,Y)>=90, k=0,1,...,n,

where 0 > 0 is some minimum distance to the obstacle allowed. For the
purpose of practical tractability we may replace this condition with a slightly
weaker one, formulated for a sufficiently dense net of points y/ € Y, j =
1,...,J:

IxF —yi| =6, k=0,1,....n, j=1,...,J. (1.14)
Other constraints are obvious from the problem formulation:

(XO: DO) = (xini’ 0), (xn: Dn) = (xﬁn’ 0))

(1.15)
x3>0, k=1,...,n—1.

Finally, to formulate an optimization problem, we need to define a suitable
objective function. Many reasonable formulations are possible. We can be
concerned with the comfort of the travel by minimizing the variation of the
force:

n—1
FA(F) = Fo+ Gl + D_IFe = Fioill + | Feet + Gl
k=1
We can minimize the total work:

n—1

fx, F) = (F, xip — X,

k=1

"The symbol £ means equal by definition.
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a combination of the two functions, or some other expression represent-
ing our preferences. The decision variables in the model are (xg, vy, F}),
k = 1,...,n, and the state equations (1.12)—(1.13), as well as additional
conditions (1.14)—(1.15), are constraints of the problem.

Approximation of Functions

We have a certain space of functions S defined on a domain D C R"™, and
a function ¢ € S. The space S may be, for example, the space C(D) of
continuous functions on a compact set D, or the space of integrable functions
L,(D,B, 1), where p € [1, 00], D is a Lebesgue measurable set in R"™, u
is the Lebesgue measure, and B is a ¢ -algebra of measurable subsets of D.
The space S is equipped with a metric dist(-, -).

We are also given a mapping A : R" — S. For example, it may have the
form

n
A(x) = ij(oja
=1

where ¢;, j = 1,...,n, are given functions in S. The last relation is
understood as follows: A(x) is a function with values

A(x)](u) ijgo](u) ueD.

The approximation problem is simply the optimization problem:
minimize dist(y, A(x)).
xeR"
Several special cases are of interest. If S = C(D) and the distance between

two continuous functions is measured by the maximum norm, we obtain the
Chebyshev approximation problem

ml){n?&lze max‘z//(u) [A(x)] (u)‘.

If S =L,(D,B, u), with some p € [1, oo), then our problem has the form
. . . _ A )4 d )
minimize [ |y) ~ [AG)] )" du
D

A special case of practical importance arises when the domain D is finite:
D = {uy,u,,...,u,}. Then the approximated function y can be viewed
as a finite collection of data y; = w(u;),i = 1, ..., m. The approximation
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u

Figure 1.4. Chebyshev approximation.

problem is then the problem of constructing a model which is close to the
data in the sense of the selected metric dist(-, -).

Figure 1.4 illustrates the solution of a Chebyshev approximation problem
with a finite set of data.

Optimization problems arise in engineering, economics, statistics, business,
medicine, physics, chemistry, biology, and in mathematics itself. New opti-
mization problems appear all the time, and scientists analyze their properties
and look for their solutions. Frequently, as in the examples discussed above,
the models have to be adjusted or modified, to reflect the intentions of their au-
thors and the specificity of the application. Because of these reasons, almost
no applied nonlinear optimization problem is exactly the same as models
discussed in textbooks. Therefore, it is our intention to provide readers with
tools that will help them to analyze their models, to choose the best solution
methods, and to improve the models if the results are not appropriate. Such
tools necessarily involve solid mathematical foundations.
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Theory






Chapter Two

Elements of Convex Analysis

2.1 CONVEX SETS

2.1.1 Basic Properties

The notion of a convex set is central to optimization theory. A convex set is
such that, for any two of its points, the entire segment joining these points is
contained in the set (see Figure 2.1).

°

°

] 4

Figure 2.1. Convex sets (A, B) and nonconvex sets (C, D).

DEFINITION 2.1. A set X C R” is called convex if for all x! € X and
x? € X it contains all points

ax'+ (1 —a)x?, 0<a<l.

Convexity is preserved by the operation of intersection.

LEMMA 2.2. Let I be an arbitrary index set. If the sets X; C R", i € I,
are convex, then the set X = ﬂi o1 Xi is convex.

Proof. If two points x! and x? are elements of X, they belong to each X;.
Since X;’s are convex, the segment joining these points is included in X,
for all i. It is, therefore, included in their intersection. O

Sets can be subjected to algebraic operations similarly to points in R”.
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We can multiply a set X by a scalar ¢ to get
cXé{yeIR":yzcx, x € X}.
The Minkowski sum of two sets is defined as follows:
X+Y2{zeR':z=x+y,xeX, yeY}.
These operations preserve convexity.

LEMMA 2.3. Let X and Y be convex sets in R" and let ¢ and d be real
numbers. Then the set Z = cX + dY is convex.

Proof. 1f 7' € Z then 7' = cx' 4+ dy' withx! € X and y' € Y. Similarly,
7> € Z has the form z? = cx? + dy? with x> € X and y?> € Y. Then, for
every a € [0, 1],

az' + (1 —a)z? = clax' + (1 —a)x?) +d(ay' + (1 —a)y?) € Z,
as required. m|

A point ax! + (1 — a@)x?, where a € [0, 1], appearing in Definition 2.1,
belongs to the segment joining x' and x>. We can “join” more points by
constructing their convex hull.

DEFINITION 2.4. A point x is called a convex combination of points x !, . . . |
x™ if there exist oy > 0, ..., a,, > 0 such that

x=ox' +ax? 4 +aux”
and
ay+ay+---+a, =1

DEFINITION 2.5. The convex hull of the set X (denoted by convX) is the
intersection of all convex sets containing X.

The relation between these two concepts is the subject of the next lemma.

LEMMA 2.6. The set convX is the set of all convex combinations of points
of X.

Proof. Letus consider the set Y of all convex combinations of elements of X.
If y! € Y and y*> € Y, then

Y= +ox? o ax™,

V2= Pzt + Bt 4+ B,
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1

where x! ..., x™ z' ...,z € X, all @’s and f’s are nonnegative, and

Therefore, for every 4 € (0, 1), the point

m l
Iy =y =D dax + D (= D

i=1 i=1

is a convex combination of the points x!, ..., x™,z!, ..., z/. Consequently,
the set Y is convex. Obviously, ¥ D X. Thus

convX C Y.

On the other hand, if y € Y then y, as a convex combination of points of X,
must be contained in every convex set containing X. Hence, convX D Y,
which completes the proof. m|

For example, the convex hull of three points in R? is the triangle having
these points as vertices.

In the above result we considered all convex combinations, that is, for all
numbers m of points and for arbitrary selections of these points. Both m and
the points selected can be restricted. We now show that the number of points
m need not be larger than n 4 1. In Section 2.3 we further show that only
some special points need to be considered, if the set X is compact.

LEMMA 2.7. If X C R", then every element of convX is a convex combi-
nation of at most n + 1 points of X.

Proof. Let x be a convex combination of m > n + 1 points of X. We shall
show that m can be reduced by one. If a; = 0 for some j, then we can delete
the jth point and we are done. So, letall a; > 0. Since m > n + 1, one can
find yq, y2, ..., ym, not all equal 0, so that

1 2 m
yl[ﬁ}+yz[ﬁ}+---+ym[xl]zo. 2.1

Let 7 = min{% : y; > 0}. Note that ¢ is well defined, because some
y; > 0,if their sum is zero. Leta; = a; —7y;,i =1,2,...,m. By (2.1) we
still have >/ @; = 1 and >~ | a;x' = x. By the definition of 7, at least
one a; = 0 and we can delete the jth point. Continuing in this way, we can
reduce the number of points to n + 1. m|
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The last result is known as Carathéodory’s Lemma.
We end this section with some basic relations of convexity and topological
properties of a set.

LEMMA 2.8. If X is convex, then its interior int X and its closure X are
convex.

Proof. Let B denote the unit ball. If x! € int X, x> € int X, then one can find
g > Osuchthatx'4+eB C Xandx?>4+¢B C X. Thusax'+(1—a)x*4+&B C
X for 0 < a < 1. Therefore ax' 4+ (1 — a)x? € int X. To prove the second
part of the lemma, let x* — x and y* — y with x* € X and y* € X. Then
the sequence of points ax* + (1 — a)y* is contained in X and converges to
ax + (1 —a)y € X. m|

LEMMA 2.9. Assume that the set X C R" is convex. Then int X = { if and
only if X is contained in a linear manifold of dimension smaller than n.

Proof. Let xy € X. Consider the collection of vectors x — x( for all x € X.
Let m be the maximum number of linearly independent vectors in this collec-
tion. Then all vectors x — x(, where x € X, can be expressed as linear combi-

nations of m selected vectors vy, vy, ..., v,. Denoting by lin{vy, v3, ..., 0,}
the subspace of all linear combinations of the vectors vy, . . ., v,, we can write
X C xg + lin{oy, 02, ...,0,}.

If the set X has a nonempty interior, we can choose x( € int X. Then a small
ball about xj is included in X and we can choose exactly n independent vec-
tors v; in the construction above. Therefore, m = n in this case. Conversely,
suppose the set {x — x¢ : x € X} contains » linearly independent vectors
01, ..., 0,. By the convexity of X we have

X> {xo—{—Zy,-v,-:Z)’i <1, >0, izl,...,n}.
i=1 i=1

Due to linear independence of the vectors v;, the set on the right hand side
is an n-dimensional simplex having a nonempty interior. m|

2.1.2 Projection

Let us consider a convex closed set V C IR" and a point x € R". We call the
point in V that is closest to x the projection of x on V and we denote it by
ITy (x). Obviously, if x € V then I1y(x) = x, but the projection is always
well defined, as the following result shows.

THEOREM 2.10. [f the set V C R" is nonempty, convex and closed, then
for every x € R" there exists exactly one point z € V that is closest to x.
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Proof. Let u = inf{||z — x| : z € V}. Since V is nonempty, u is finite.
Let us consider a sequence of points z¥ € V such that ||z¥ — x|| — u, as
k — oo. It is bounded, so it must have a convergent subsequence, {z*},
k € K. Denote the limit of this subsequence by z. We have

Iz = x|l = lim ||z — x|l = p.
kekC
Since V is closed, z € V. This proves the existence.
Suppose two different points z' € V and z? € V have distance x from x.
Consider the point z = (z' + z%)/2. It belongs to V, by convexity. Its
distance to x can be calculated by the Pythagorean theorem:

1
2 2 1_ 22 2
Iz =x|"=u" = Zllz =271 < p*,
4
a contradiction. Thus the projection is unique. O

LEMMA 2.11. Assume that V. C R" is a closed convex set and let x € R".
Then z = Ty (x) ifand only if z € V and

(0—2,x—2) <0 forall veV. (2.2)

Proof. Let z = IIy(x) and v € V (see Figure 2.2). Consider points of the
form

w@)=av+ (1 —a)z, 0<a=<1.

By convexity, they are all in V and their distance to x cannot be smaller than
llz — x||. We have

lw(a) —x|I* = (z+a@—2) —x,z+a®—2) —x)
=z —x||2 +20{(z —x,0 — 2) +a2||v —z||2.

Consider the above expression as a functionof . € [0, 1]. Itis bounded below
by ||z — x||? if and only if the linear term has a nonnegative coefficient. The
last statement is identical to (2.2).

Suppose (2.2) for some z € V. Setting v = I1y(x) in (2.2) we get

(My(x) —z,x —z) <0.
By the first part of our proof, as z € V, inequality (2.2) has to be satisfied:
(z =y (x),x — Iy(x)) <0.
Adding the last two inequalities we get
Oy (x) —z, My(x) —z) <0,

which is possible only if ITy (x) = z. m|
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Iy (x)

Figure 2.2. Projection.

In particular, if the set V is a linear manifold, for every v € V we have
w=2Iy(x)—veV
as well. Therefore the inequalities

(v —Iy(x),x —Iy(x)) <0,
(w—Ty(x),x —IIy(x)) <0,

are equivalent to
(o —Iy(x),x —Iy(x)) =0.
Consequently, x — ITy (x) L V.

Example 2.12. A model represents the output variable, y € IR, as a linear function,

n
y= inui,
i=1

of input variables u1, ..., u,. The quantities xy, ..., x, are unknown model co-
efficients. We have N observations of input and output variables: (u/, y/), j =
I,..., N. One way to determine the values of the coefficients x1, ..., x, is to
minimize the sum of the squared errors:

n

N N2
fo =" (v = X xiud )
j=1

i=1
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Defining the matrix of input data

1 1 1

I/tl I/lz Mn
w2 2
U= . .
N N N

Ml M2 Mn

and the set of all possible model outcomes
V ={Ux:x € R"},

we see that this step of the estimation is equivalent to finding the orthogonal projec-
tion of the vector y = (y', ..., y¥) on V:

y=TIy(®).
If there exist more than one x such that Ux = y, the final step is to find in the set
X={xeR":Ux =y}
the minimum norm element x, that is,
x = x(0).
The projection operator is nonexpansive.

THEOREM 2.13. Assume that V C R" is a closed convex set. Then for all
x € R" and y € R" we have

Ly () = Iy (DI < llx = ylI.
Proof. By Lemma 2.11,

(ITy (y) — Iy (x), x — Iy (x)) <0,
(IMy(x) = y(y),y — y(y)) < 0.

Adding both sides we get

Ty (x) — Ty (M) [1* + (My(x) — Oy(y), y — x) < 0.
We obviously have that

1
0 < Sy () — My () + (v —x)|I?

1 1
= Iy () = Iy ()II* + (Ty (x) — My (), y —x) + Slly — x|

Adding the last two inequalities we conclude that

1 1
EIIHv(X) —y()I? < Sy = x|1%,

which was what we set out to prove. m|
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2.1.3 Separation Theorems
A convex closed set and a point outside of it can be separated by a plane.

THEOREM 2.14. Let X C R" be a closed convex set and let x ¢ X. Then
there exist a nonzero 'y € R" and ¢ > 0 such that

(y,0) < {(y,x) —¢ forall v eX.

Proof. Let z be the point of X which is closest to x. It exists, since X is
closed. By Lemma 2.11,

(x —z,0—2) <0 forall v e X.

Define y = x — z. Note that y is nonzero, because x ¢ X. Foreach v € X
the last inequality implies that

(y,0) < (3,2) = (3,%) + (v, 2 —x) = {y,0) = [Iy]*.
Setting & = ||y||*> we obtain the assertion of the theorem. O

See Figure 2.3 for a geometrical interpretation of this property.

y X

Iy (x)

Figure 2.3. The main separation theorem.

If the set X is not closed, the point x ¢ X may be a boundary point and
we have a weaker version of the above result.

THEOREM 2.15. Let X C R" be a convex set and let x ¢ X. Then there
exists a nonzero 'y € R" such that

(y,0) < {(y,x) forall v e X.
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Proof. Letx* — x, x* ¢ X. By Theorem 2.14 we can find y* # 0 such that
(y*,0) < (9%, x*y forall v e X. (2.3)

Since y* # 0, with no loss of generality we may assume that ||y*|| = 1,
because we can divide both sides of (2.3) by ||y¥|. Let y be an accumulation
point of the sequence {y*}. Passing to the limit (over a subsequence, if
necessary) in (2.3) we obtain the required result. m|

Separation is possible also when both objects being separated are convex
sets.

THEOREM 2.16. Let X and X, be convex sets in R". If X1 N X, = @, then
there exists a nonzero 'y € R" such that

(y,xl) < (y,xz) for all x'e Xy, x* € X,.

Proof. Define X = X| — X;,. Since x = 0 does not belong to X, we can use
Theorem 2.15 to find y # 0 separating O from X. This yields (y, v) < 0 for
all v of the form x' — x2 with x! € X, and x? € X,. O

If one of the sets is bounded, strict separation is possible.

THEOREM 2.17. Let X and X, be closed convex sets in R" and let X| be
bounded. If X\ N X, = 0, then there exist anonzero 'y € R" and ¢ > 0 such
that

(v, x') < (y,x?) —¢
for all x' € X, and all x2 e X,.

Proof. By the closedness of X; and X, and boundedness of X, the set
X = X| — X is closed. Since 0 ¢ X, we can apply Theorem 2.14, similar
to the proof of Theorem 2.16. m|

The boundedness assumption in Theorem 2.16 is essential. The closed
sets X1 = {x e R*> : x, < 0}and X, = {x € R? : x, > e~¥} cannot be
strictly separated.

These geometrical facts have profound implications, as we shall see later
in this chapter.

2.2 CONES

2.2.1 Basic Concepts

A particular class of convex sets, convex cones, play a significant role in
optimization theory.
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DEFINITION 2.18. A set K C R” is called a cone if for every x € K and

all o > O one has ax € K. A convex cone is a cone that is a convex set.

We use only a > 0 in the cone definition to allow easy formulation of the
cone separation theorem (Theorem 2.32), later in this chapter.
A simple example of a convex cone in R" is the nonnegative orthant:

Ri={xeR":x;>0, j=1,...,n}.

For convex cones, positive combinations remain in the set, similar to convex
combinations for convex sets.

LEMMA 2.19. Let K be a convex cone. Ifx1 eK,x*eK,...x" e Kand
a;>0,a,>0,..., 0, >0, thena;x' + ox*+ - + a,,x" € K.

Proof. By convexity,
aix! +oox? + - 4 ayx™
o1 +oar+ -+ ap

As K is acone, we can multiply the point on the left hand side by a1 a5, +. . .
+ a,, and stay in K. O

€ K.

Let us consider two important examples of convex cones.

LEMMA 2.20. Assume that X is a convex set. Then the set
cone(X)={yx:xeX, y >0}
IS a convex cone.

Proof. The set cone(X) is a cone, because for all its elements d = y x and
all # > 0, we also have fid = (fy )x € cone(X). To prove that it is convex,
let us consider

d' = ylxl, x'e X,

d> = y2x2, x?e X,

d=ad + (1 - a)d?
with ¢ € [0, 1]. If y; = 0 or y, = 0, then d is an element of cone(X) in a
trivial way. We need to consider only the case with y; > O and y, > 0. We
have
ayix' 4+ (1 — a)yrx?
ayi+ 1 —a)y

The fraction on the right hand side, which we denote by x, is a convex
combination of x! and x? and is therefore an element of X. Thus d = y x
with y = ay; 4+ (1 — a)y», and therefore d € cone(X). |

d=ayx'+ (1 —a)yx® = (ay; + (1 —a)y)
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The set cone(X) is called the cone generated by the set X. For a convex
set X and a point x € X the set

Kx (x) £ cone(X — x)

is called the cone of feasible directions of X at x (or the radial cone). It
follows directly from the definition that it is a convex cone (see Figure 2.4).

x + Kx (x)

X

Figure 2.4. The cone of feasible directions (translated to the point x).

Example 2.21. Assume that the set X C R” is a closed convex cone itself, and
x € X. Let us calculate the cone of feasible directions for X at x:

Kx(x)={deR'":d=1(y—x), ye X, t >0}
—{deR":d=h—1x, he X, t >0
=X —{tx:71>0=X+{rx:7 € R}

In the last two equations we used the fact that X is a cone.

DEFINITION 2.22. Let X C R™ be a convex set. The set
X 21{d:X+dC X}

is called the recession cone of X.

We shall show that X, is a convex cone. We first note that for each
d € X« and for every m:

X+mdcX+m—-l)dc---cX+dcCX.

Using convexity of X we infer that X + td C X for all z > 0. Hence
7d € X for all ¢ > 0. This means that X ., is a cone.
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The fact that X, is convex can be verified directly from the definition.
Indeed, if d' € X, and d* € X, then

x+@d' +(1—a)d) =ax+dH)+ 1A —-a)x +d*) € X,
forallx € X and all « € (0, 1).
DEFINITION 2.23. Let K be a cone in R". The set
K°2{yeR": (y,x) <Oforallx € K}
is called the polar cone of K.

For example, the set K = {x e R" : x; > 0, i = 1,...,n} is a convex
closed cone. Its polar is —K, as can be verified directly. Another example
of a polar cone is shown in Figure 2.5. The negative of the polar cone,

K*2 _K °, is called the dual cone.
X
K
Yy K°
Figure 2.5. The polar cone.
Example 2.24. Let K1, ..., K,; be cones in R" and let K = K| + -+ + K.

Clearly, K is a cone. We shall calculate its polar cone. If z € K° then for every
xleKy,...,x™ e K, we have

(z,xDY 4+ (z,x™) <0. (2.4)

Let us choose j € {1,...,n}. Setting all x’ = 0 in (2.4), except for i = j, we
conclude that _ _
(z,x’) <0 forall x/ € Kj.

Consequently, z € K ]‘?. As j was arbitrary,

K°CKiNn---NK,.
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On the other hand, for every element z of KN ---N K inequality (2.4) is satisfied,
and thus z € K°. Therefore,

(Ki+--+Kp)°=KSN---NKS.
Directly from the definition we obtain the following properties.
LEMMA 2.25. For every convex cone K C R":
(i) The polar cone K° is convex and closed;
(i) K° = (K)°.
We also have the following useful property.

LEMMA 2.26. Let K be a cone in R" and let y € R" be such that the scalar
product (y, x) is bounded from above for all x € K. Then 'y € K°.

Proof. Suppose y ¢ K°. Then we can find x € K such that (y,x) > O.
Since K is a cone, ax € K for all @ > 0. But then (y, ax) is not bounded
from above, which contradicts our assumption. m|

We use the notation K °° for the polar cone of the polar cone of K. The
following result is known as the Bipolar Theorem.

THEOREM 2.27. If K C R" is a closed convex cone, then

K°° =K.
Proof. If x € K then (y,x) < Oforall y € K° sox € K°°. Hence
K C K°°. We shall prove equality here. Suppose one can find z € K°°\ K.

Since K is closed, we can use Theorem 2.14 to strictly separate z and K.
So, for some y # 0 and ¢ > 0 we have

(y,x) <(y,z) —e forall x e K.

Thus the left hand side is bounded from above and Lemma 2.26 yields
y € K°. On the other hand, setting x = 0 we get (y, z) > &, which contra-
dicts our assumption that z € K°°. m|

Polar cones to pre-images of cones under linear transformations can be
calculated in an explicit form.

THEOREM 2.28. Assume that C is a closed convex cone in R™ and A is an
m X n matrix. Let

K={xeR": Ax € C}.
Then K is a closed convex cone and

K° ={AT): 1 e ).
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Proof. K is a closed convex cone by construction. If z = ATA with 1 € C°,
then for every x € K we have

(x,z) = (x, AT2) = (Ax, 1) <0,
because Ax € C. Hence
{AT) A e C°} C K°.

The set on the left hand side is convex and closed. Suppose & € K°\ {AT] :
A € C°}. Then we can strictly separate /& and the set in question: there exist
y # 0 and ¢ > 0 such that

(v,h) > (v, ATA) + ¢ forall 1e C°. (2.5)

Thus the product (y, ATA) = (Ay, ) is bounded from above for all 2 € C°.
By Lemma 2.26, Ay € C°°. Since C is closed, Theorem 2.27 implies that
Ay € C and therefore y € K. Since h € K°, we obtain (y, h) < 0. But
then inequality (2.5) with 4 = 0 yields a contradiction: 0 > . m|

Theorem 2.28 allows us to explicitly calculate polar cones of cones defined
by systems of linear inequalities. Setting

C={yeR":y;,<0,i=1,...,m}
we obtain the following statement (known as Farkas Lemma).
COROLLARY 2.29. Let A be an m x n matrix and let
K={xeR": Ax <0}.
Then
K°={yeR":y=A"A, 1 eR"™, 1>0}. (2.6)

The above fact is frequently formulated as an alternative: exactly one of
the following two systems has a solution, either

(i) Ax <0and {(c, x) > 0; or
(i) c=ATA, A >0.

Indeed, system (i) is not solvable if and only if ¢ € K°, which is equivalent
to (ii), by virtue of Corollary 2.29.
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Example 2.30. Suppose we have n securities with present prices cy, ..., c;. The
securities can be either bought or sold short, that is, borrowed and sold for cash.
Any amounts can be traded.

At some future time one of m states may occur. The price of security j in state i
will be equal to a;;, 1 = 1,...,m, j = 1,...,n. At this time we will liquidate
our holding, that is, the securities held will be sold, and the short positions will be
covered by purchasing and returning the amounts borrowed.

An arbitrage, in the simplest version, is the existence of x € RR” such that
(c,x) < 0and Ax > 0. Such a portfolio x can be “purchased” with an immediate
profit and then liquidated at a future point in time with no additional loss, whatever
the future state. If arbitrage is present, considering portfolios Mx, with M — oo,
we can increase the profits without any limits.

Defining the convex cone

K={xeR": Ax >0},

we see that the absence of arbitrage is equivalent to the fact that (c, x) > 0 for all
x € K. The latter is nothing else but

—ceK".
Corollary 2.29 implies that there exist state prices p > 0 such that
c= ATp. 2.7
The converse is obvious: if such state prices exist, then
(c,x) = (ATp,x) = (p,Ax) >0 forall x € R".
Suppose the first security (cash) has a constant unit price of 1 for all states: ¢; = 1

anda;; = 1,i = 1, ..., m. Then it follows from the first relation in (2.7) that

m

The vector p may be interpreted as a vector of implied probabilities of states
1,...,m.

Similar considerations can be carried out for other definitions of arbitrage (see
Example 2.33 below).

Example 2.31. Consider the space S" of symmetric matrices of dimension n x n.
The set S} of all positive semidefinite matrices is a cone in this space, as can be
verified directly from the definition.

In order to speak about the polar cone, we need to define the scalar product
(A, B)s for symmetric matrices A and B. We set

n n

(A, B)s =tr(AB) = >_ > aijbij.

i=1 j=1
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This function is called the Frobenius inner product of matrices. We then have
[S1]°={B €S":uw(BA) <0, forall A € S} }.

We shall prove that

[S1]" = -s1. 2.8)
Suppose B € =Sl and A € §'}.. Letzy, ..., z, beeigenvectors of A having length 1,
and let A1, ..., 4, be the corresponding eigenvalues. We have the equation

n n
tr(BA) = tr(B Zijz,-z]r) = Z/Ijtr(BijjT)
j=1 j=I

n
= Z/Ij(Zj, Bz;).
j=1

Since the eigenvalues of A are nonnegative and B is negative semidefinite, we
conclude that tr(BA) < 0 forall A € S,.. Thus

[S1]° o -S].

To prove the converse inclusion, consider any B € [Si]o. For an arbitrary z € R”
we can set A = zz! and get

0>tr(BA) = tr(BzzT) = (z, Bz).

Hence B is negative semidefinite and formula (2.8) holds true.

2.2.2 Separation of Cones

In Section 2.1.3 we considered separation of two disjoint convex sets. Clear-
ly, convex cones can also be separated by the same principle. It follows from
Theorem 2.16 that if K; and K, are convex cones, and K| N K, = @, then
there exists y # 0 such that

(y,xl) < (y,xz) forall x'e K, x* € K.

Using Lemma 2.26 we deduce that y € K7 and —y € K3. Therefore
Theorem 2.16 can be rephrased as follows: there exist y' € K¢ and y* € K3
such that

y +y*=0.

In this algebraic formulation, the separation theorem for cones has a very
useful generalization.
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THEOREM 2.32. Let K1, K5 ..., K, be convex cones in R". If K; N K, N
.- N K,, = 0, then there exist y' € K?, i =1,2,...,m, not all equal 0,
such that

Yy 4y =0

Proof. Let us define two cones in R" x R" x --- x R" = R"™":
Ci={z=E....2") 7 ekK;, i=1,2,...,m),
C={w=(x,...,x):x € R"}.

Since ﬂ;"zl K; = 0, we have C; N C; = . Then by Theorem 2.16 we can
find a nonzero y € R™" such that

(y, w) > (y, z)

forall w = (x,...,x) and all z € C;. Writing y = (y',y%,...,y") we
obtain

OH Yy > LY R+ ) (29)

forall x e R"and all 7' € K;,i = 1,2, ..., m. Setting x = 0, we see that
the right hand side is bounded from above for all z' € K;,i = 1,2,...,m,
which implies that each (y’, z') is bounded from above for all z' € K;. By
Lemma 2.26, y' € K?. The left hand side of (2.9) is bounded from below
for all x € R”, which is possible only when y' + y?> +--- +y" =0. O

Example 2.33. Let us return to Example 2.30 and let us define a weak arbitrage as
the existence of x € IR” such that (¢, x) < 0,and Ax > 0, Ax # 0. In other words,
portfolio x can be purchased without any additional cash, and at a future point in
time it can be sold with no loss, and with some profit for at least one state.
Defining the convex cones
Ki={xeR":{c,x) <0},
Ky ={xeR": Ax > 0, Ax # 0},

we see that the absence of weak arbitrage is equivalent to the fact that
KinNnkK, =90.

It follows that there exists y # 0 such that y € K and —y € K3. The first polar
cone is obvious:
K ={ac:a >0}

To calculate the second polar, we assume that K, 7# . Then

K> ={x eR": Ax > 0}.
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By Lemma 2.25, we have K$ = (K)°. Theorem 2.32 yields:
(K2)° = {—=AT1: 1> 0}.
Consequently, for some a > 0 and a nonnegative vector 4 we have
y =ac=AT).

Since y is nonzero, o > 0. Dividing by a and setting p = A/a we conclude that
there exists a vector of state prices p € R"™, p > 0, such that

c=ATp.

The converse statement can be proved as in Example 2.30. Again, if one of the
securities is cash, then p may be interpreted as a vector of probabilities.
Note that if K> = ¢ the existence of state prices is not guaranteed.

To use Theorem 2.32 we need to be able to calculate polar cones. The
following technical lemma is useful.

LEMMA 2.34. Ifx € int K, then (y, x) < 0 for all nonzero y € K°.

Proof. Suppose (y, x) = 0 for some nonzero y € K°. Define z = x + ¢y.
Since x € int K, for sufficiently small ¢ > 0 we have z € K and (y, z) > 0,
a contradiction with y € K°. O

We are now in a position to present the general formula for a polar cone
of an intersection.

THEOREM 2.35. Let Ky, ..., K,, be convex cones in R" and let K =
Kin---NK, IfKiNint K, N---Nint K,, # @, then

K°=K/+K;+---+K,.
Proof. It y! € K7, y* € K5, ..., y™ € K2, then for all x € K we get
'y ") <0,
SO
K/ +K;+---+ K, CK°.
We shall prove the inverse inclusion. Choose y € K ° and define the cone
C={x:{x,y) >0}

Clearly, CNK = (J, because (x, y) < Oforallx € K. So,CNKN---NK,
= ) and by Theorem 2.32 we can find d € C°, yle Ky, ...,y" € K, not
all zero, such that

d+y '+ +y"=0. (2.10)
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Directly from the definition of C we see that d = —ay for some o > 0.
Ifa = 0, then d = 0. By assumption, there exists x € Ky Nint K, N---N
int K,,,. Taking the scalar product of x and both sides of (2.10) we get

o,y 4+ (x, Y™ = 0.

All components on the left hand side are nonpositive, so (x, y') = 0,i =
I,...,m. Sincex € intK;,i =2, ..., m, Lemma 2.34 implies that y’ = 0,
i = 2,...,m. Equation (2.10) then yields y! = 0, a contradiction. Thus
o> 0.

Dividing both sides of (2.10) by a and rearranging terms we get

1 1 1 12 1m o o o
y=——d=—y + -y +---+ " €Ki+ K+ + K.
o o o o

Recall that y was an arbitrary element of K °. Therefore
K°CcK/+K;+---+K,,
which completes the proof. m|

If the cones K1, ..., K, are polyhedral, the regularity assumption K; N
int K, N---Nint K, # @ is not needed; the result follows directly from
Corollary 2.29 (see Exercise 2.7).

Another application of Theorem 2.32 is the calculation of the polar to the
cone

K={xekK, :Ax e K, @.11)

which arises in a natural way in the analysis of optimality conditions (see
Chapter 3). In (2.11) the sets K; C R" and K, C R™ are closed convex
cones and A is an m X n matrix.

THEOREM 2.36. Assume that K| and K, are closed convex cones, and K
is defined by (2.11). If

Oeint{Ax —y:x € K, y € Kp}, (2.12)
then
K°=K;+{A"): 1€ K3}
Proof. Define D = {x € R" : Ax € K;}. Clearly,
K=K NnD.
Hence

K° D K + D°.
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We shall show the equality here. Choose any v € K ° and define the cone
C={x:{x,0) > 0}
We have C N K = @, because (x,v) < 0 forall x € K. Thus,
CNKyND=4¢.

By Theorem 2.32, we can find d € C°, w € K7,z € D°, not all zero, such
that

d+w+z=0. 2.13)

Directly from the definition of C we see that d = —av for some o > 0.
Suppose a = 0. Then (2.13) yields w = —z. Using Theorem 2.28 we see
that

:=A"2, leks.

It follows that

—A") e K7,
where A € K3. Thus, for every x € K; we obtain

—{x,AT2) <0,

that is,

(Ax, 1) = 0.
As 4 € K3, we also have (y, A) < Oforall y € K,. Hence

(Ax —y,A) >0 forall x € K; andall y € K.

Since the set of all Ax — y, where x € K| and y € K>, contains a neighbor-
hood of 0 by assumption, we get A = 0. This yields z = 0 and w = 0, a
contradiction. Consequently, o > 0.

Dividing (2.13) by a and rearranging terms we obtain

1 |-
v=—-w+—-A4, wekK], LleKkj.
a a
Thus v € K} + D°, as required. O

Again, when all cones are polyhedral, the regularity assumption (2.12) is
not needed.
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2.2.3 Normal Cones

DEFINITION 2.37. Consider aconvex closedset X C R” andapointx € X.
The set

Nx(x) 2 [cone(X — x)]°
is called the normal cone to X at x.

As a polar cone, the normal cone is closed and convex. It follows from
the definition that v € Nx(x) if and only if

0,y —x) <0 forall yeX. (2.14)

Lemma 2.11 therefore implies the following characterization of the normal
cone.

LEMMA 2.38. Let X be a closed convex set and let x € X. Then
Nx(x) ={v e R" : TIx(x +v) = x}.

This is illustrated in Figure 2.6.

x + Nx (x)

Figure 2.6. Normal cones (translated to the points at which they are calculated).

Example 2.39. Suppose C isaclosed convex cone in IR” and that z € R". Consider
the projection
x =Ilc(z).

Define y = z — x. It follows from Lemma 2.38 that
y € Ne(x) = [Kc()]’.
By Example 2.21, Kc(x) = C + {rx : = € R}. Example 2.24 then yields

Ne(x)=C°n{yeR":y L x}.



38 CHAPTER 2

We conclude that
z=x+y, xe€C, yeC° yLlx.
By symmetry, y = I1ce(2).

Normal cones to intersections can be calculated as sums of normal cones,
but under an additional regularity assumption.

LEMMA 2.40. Assume that X = X N---NX,,, where X; are closed convex
sets,i =1,...,m,andletx € X. If X; NintX, N--- NintX,, # 0, then

Nx(x) = Nx,(x) + -+ + Nx,, (x).
Proof. We have
cone(X — x) = cone(X; —x)N---Ncone(X,, — x).
By assumption,
cone(X; — x) Nint (cone(X, — x)) N---Nint (cone(X,, — x)) # ¥.
Applying Theorem 2.35, we obtain the required result. |

The regularity assumption cannot be dropped, in general, as the following
example shows.

Example 2.41. Let
Xi={xeR>: x| <1}, Xo={xeR*>:x;=1)},
and let x = (1, 0). We have
Nx,(x) ={o e R®:0; >0, 03 =0}, Nx,(x)={v €R>:vy =0}
On the other hand X = X1 N X, contains just the point x, and
Nx(x) = R%.
The operation x +— Ny (x) is upper semicontinuous in the following sense.

LEMMA 2.42. Assume that X C R" is a closed convex set and that a
sequence {x*} of elements of X is convergent to a point X. Then for every
convergent sequence of elements v* € Nx(x*) its limit 0 is an element of

Ny (%).
Proof. Take any y € X. It follows from (2.14) at the point x* that
(vk,y—xk) <0, k=1,2,....

Passing to the limit in the above inequality we obtain (2.14) at x. m|
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2.3 EXTREME POINTS

DEFINITION 2.43. A point x of a convex set X is called an extreme point
of X if no other points x' € X and x?> € X exist such that

1 1
X = —xl + —x2.

2 2
The notion of an extreme point is illustrated in Figure 2.7.

Figure 2.7. Extreme points of convex compact sets.

Extreme points of a compact convex set fully characterize the set.’

THEOREM 2.44. A convex and compact set in R" is equal to the convex hull
of the set of its extreme points.

Proof. The proof is by induction on the dimension of the space n. For
n = 1 the theorem is true, because all compact convex sets in IR are bounded
intervals [a, b] and their extreme points are the ends: a and b. Supposing
that the theorem holds true for all k¥ < n we shall prove it for n + 1.

Let X C R"*! be a convex, closed and bounded set. We may assume that
int X # {J, because otherwise, by Lemma 2.9, we would be able to define
a space of a smaller dimension containing X and our result would follow
immediately.

So, let p be an arbitrary point of X and let us take some x € int X which
is different from p. Define d = p — xo and consider the line xo + td for
7 € R. Since X is convex, closed and bounded, the line must cross the
boundary of X at its two points: x! = xy 4+ 7;d and x> = xy + 7od with
7, > 0 and 7, < 0. Obviously, p is a convex combination of x! and x?.
It suffices to show that both x! and x? are convex combinations of extreme
points of X (see Figure 2.8).

TTheorem 2.44 is known as Minkowski’s Theorem.
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Xx1

X2

Figure 2.8. Construction of a convex combination of extreme points.

Let us focus on x'. Define the set § = {x = xo 4+ 7d : 7 > 7;}. Clearly,
X NS = @. By Theorem 2.15, we can separate X and S by a plane defined
by some y # 0 such that

(v, x) = (y, x0 + 7d)

forall x € X and all 7 > 7;. Letting 7 — 7; we obtain

(v, x) < (y,x") (2.15)

forall x € X.
Let us define the hyperplane

L={x:(y,x)= (y,xl)}-

Considerthe set X; = XNL. Itisaconvex, closed and bounded set contained
in a linear manifold L of dimension n and x!' € X. So, by our assumption,
x!is a convex combination of extreme points of X .

We shall show that extreme points of X are also extreme points of X.
Suppose it is not true and an extreme point v of X is not an extreme point
of X. Then v is a center of an interval with both ends in X. Since X lies on
one side of L, the ends must be in L, hence in X, a contradiction.

Summing up, x' is a convex combination of extreme points of X. We treat
x? in a similar way and conclude that our assertion is true for sets in R"*!.

By induction, the result holds true for all 7. |

The above result can be extended to unbounded convex sets with the use
of the concept of the recession cone.

LEMMA 2.45. A closed convex set X is bounded if and only if X o, = {0}.
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Proof. 1If X is bounded, it cannot contain any rays, so X o, = {0}. It remains
to prove the converse. Suppose X, = {0}. If the set X is unbounded, there
exists a sequence x', x%, ... of elements of X whose norms diverge. As
the vectors y' = x//||x’| have norm 1, they have an accumulation point y.
Consider the point z = x + Ay for some x € X and some positive number 4.

We construct the points
(—/1 ).Xi .
[l

= ()
= — |x +
[l ]

For i large enough, we have 1/||x’| € (0, 1) and thus z' € X. On the other
hand, the points z' have an accumulation point z and the set X is closed.
Thus, z € X. This implies that y € X, since the point x € X and the
number 4 > 0 were arbitrary. We obtain a contradiction, which proves the
statement. O

We are now ready to state our main result. We denote by E (X) the set of
all extreme points of a set X.

THEOREM 2.46. A closed convex set X, which has at least one extreme
point, can be represented as follows:

X =conv E(X) + Xo-

Proof. We first observe that the set X does not contain any line. Indeed, if
it contains a line defined by some vector d, then d and —d belong to X .
Then no point x can be extreme, because x = (x +d)/2 + (x — d)/2.

We can now proceed as in the proof of Theorem 2.44 with the following
modification. Taking a line through the point x(, we may obtain either two
boundary points x! and x2, as before, or one boundary point (say x!) and a
vector (e.g., —d) from the recession cone X . O

This result can be further refined with the use of the concept of an extreme
ray of the recession cone (see Exercise 2.3).
Our results are important for linear programming.

THEOREM 2.47. Let A be an m x n matrix and let the set X C R" be
defined as

X={xeR"':Ax =b, x > 0}.

A point x is an extreme point of X if and only if the columns of A that
correspond to positive components of x are linearly independent.
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Proof. Let J = {j : x; > 0} and let the columns a’, j € J, be linearly
dependent. Then one can find y;, j € J, not all equal to 0, such that
> es 7i@’ = 0. Let us define two points x' and x* by setting x| = x; +7y;
and x? = x; — vy, for j € J, and x; = x7 = x; for j ¢ J. Then for
sufficiently small z > 0 both x! and x* belong to X and x = ix! + 1x2.
Therefore x cannot be an extreme point of X.

To prove the inverse implication, consider a point x which is not extreme.
Then we can find two different points x ! and x? in X such thatx = %xl + %xz.
Let J be the set of indices for which le # sz. Clearly, J is nonempty and

x; > Ofor j € J. Since Ax! = Ax? = b, we have

Z(le — sz)aj =0,

jeJ
which proves that the columns a’, j € J are linearly dependent. |

Solutions of the system Ax = b whose nonzero components correspond
to linearly independent columns of A, are called in linear programming basic
solutions. If they are nonnegative, they are called basic feasible solutions.
Their role is now evident.

THEOREM 2.48. If the set X = {x € R" : Ax = b, x > 0} is bounded, it
is the convex hull of the set of basic feasible solutions.

Proof. The result follows immediately from Theorems 2.44 and 2.47. O

We use this observation in Section 2.4.
Extreme points play a crucial role in the analysis of the problem of moments
in the theory of probability. We present a simplified version of this problem.

Example 2.49. Consider the set S of all random variables with realizations in the
set T = {t1,t2,...,t,} C R. We know the first m moments of a certain random
variable X € S:

e =E(XY), k=1,....m,

where m < n. We shall prove that there exists a random variable Y € S with
identical values of its first m moments and such that no more than m + 1 realizations
from the set T have positive probability.

Define the set of possible probability distributions on 7':

n
P:{peIR”:ijzl, pj >0, j=1,...,n}
j=1
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Let
1 h ... th
2 2 2
ot t
A=| .
m m m
L S
The set

M ={Ap: p € P}

is the collection of all m-tuples of moments of random variables having realizations
in T. The set M is convex and compact, and ¢ = (u1,..., W) is its element.
Therefore there exist m + 1 extreme points z* of M such that

m+1 m+1
= E ;7' Eaizl, 0; >0, i=1,....,m+1.
i=1 i=1

We shall show that each z' can be represented as z' = Ae/(@), where e/ is the jth
unit vector in R". ‘ _ _
Consider a fixed i. We have z' = Ap', where p' € P. Writing

n

p'=> pie

Jj=1
we see that
n n
z! :ijl-Aef, Zp; =1, p;. >0, j=1,...,n.
Jj=1 j=1
It follows that z' is a convex combination of points Ae/, j =1, ..., m. Since 7' is

an extreme point of M, this may happen only if z/ = Ae/ whenever p;'. > 0. We

can, therefore, select one index j (i) with p;. @ > 0, and conclude that z' = Ae’ @,
This can be done for all i and thus

m+1 m+1

u= ZaiAej(i) =A Z aiel®.
i=1 i=1

It follows that 4 = A p, where the vector of probabilities p is given by

{i:j )=k}

There can be no more than m + 1 different indices j (i), wheni = 1,...,m + 1.
Thus no more than m + 1 of probabilities py are positive.
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Another way to obtain this conclusion is to consider the set S of all vectors p € R”
such that

Ap=u,
n
2 =1
j=1

p=0.

By Theorem 2.48 its extreme points have no more than m + 1 positive components.

2.4 CONVEX FUNCTIONS

2.4.1 Basic Concepts

In our analysis it is convenient to consider functions which may take, in
addition to real values, two special values: —oo and +oc. The real line
augmented with these special values will be denoted by R.

With every function f : R” — R we can associate two sets: the domain

domf 2 {x: f(x) < +00}
and the epigraph
epif 2 {(x,0) eR"xR:v > f(x)h
DEFINITION 2.50. A function f is called convex if epi f is a convex set.

An example of a convex function,
xIn(x) —x ifx > 0,

f(x)=10 ifx =0,
+00 if x <0.

is shown in Figure 2.9.
DEFINITION 2.51. A function f is called concave if — f is convex.

DEFINITION 2.52. A function f is called proper if f(x) > —oo for all x
and f(x) < oo for at least one x.

From now on we will always deal with proper convex functions.

LEMMA 2.53. A function f is convex if and only if for all x' and x* and for
all 0 < a < 1 we have

flax'"+ (1 —a)x?) <af(x')+ (1 —a)f(x?). (2.16)
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4

2r epigraph 8

0 2 4

Figure 2.9. Example of a convex function.

Proof. If x' ¢ dom f or x> ¢ dom f, the above inequality is satisfied triv-
ially. It remains to consider the case when x! € dom f and x> € dom f.
Then the points

2

xl d X
feh ] ey

belong to epif. If f is convex, then their convex combination is in the
epigraph:

ax' + (1 — a)x?
af (x) + (1 —a) f(x?)

which implies (2.16). On the other hand, (2.16) entails (2.17), which in turn
yields the convexity of the epigraph. m|

} € epif, (2.17)

Inequality (2.16) can be used as an alternative definition of proper convex
functions.

Example 2.54. The function
F &) = lIxllo,

where || - || is anormin R", is a convex proper function. Indeed, using the triangle
inequality for the norm, for all x, y and a € [0, 1] we obtain

lax + (1 —a)ylo < laxllo + 11 —a)yllo = alxllo + (1 —a)lylo.

In the last equation we also used the fact that a norm is positively homogeneous.
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Example 2.55. Assume Z is a closed convex set in R”. The distance to Z,
f(x) =min[lx —zlle,
2€Z

where || - ||¢ is a norm in IR", is a convex proper function. Indeed, consider two
points, x and y, and any a € (0, 1). Define the points » € Z and w € Z such that

f) =lx—-vlo, fO)=Ily—-wlo.

They exist, because Z is a closed set. In the particular case when | - [|¢ is the
Euclidean norm, v and w are the orthogonal projections of x and y on Z. By
the convexity of Z, the convex combination of these points, av + (1 — a)w, with
a € (0, 1), is an element of Z as well. Therefore,

flax + (1 —-a)y) = rzréi? lox + (1 —a)y —zllo

< llax + (1 =)y — [av + (1 — e)wlll¢
<allx —vlo+ A —a)lly —wlo
=af(x)+ A -a)f ().

In the last inequality we used the properties of the norm.
The convexity of the set Z is relevant here; the distance to a nonconvex set is not
a convex function.

DEFINITION 2.56. A function f is called strictly convex if inequality (2.16)
is strict for all x' % x? and forall 0 < a < 1.

LEMMA 2.57. If f is convex, then dom f is a convex set.

Proof. If x' € dom f and x?> € dom f, then, by Lemma 2.53, f(ax'+ (1 —
a)x?) < +oo. o

LEMMA 2.58. If f;, i € 1, is a family of convex functions, then

J(x) = sup fi(x)

iel
Is convex.
Proof. Noting that
epif = () epif;
iel

we obtain the required result from Lemma 2.2. m|
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Example 2.59. For a symmetric matrix A, its maximum eigenvalue Apax (A) is
well defined. We can consider, therefore, the function

f(A) = jLmax(A)a
defined on the space S” of symmetric matrices of dimension n x n. As

Jmax(A) = ”1;1”32(1 (v, Ay),

and each function
fy(A) = (y, Ay)

is linear, the function A« (+) is convex.

LEMMA 2.60. If f is a convex function, then for all x', x>, ..., x™ and all
o1 >0,00>0,...,a, > 0suchthato, + o, +---+ a,, =1, one has

f(alxl +a2x2 + - +amxm) = alf(xl) +a2f(x2) + - +amf(xm)'

Proof. The result follows from the convexity of epif: the points

[ff;")]’ i=1,2,....m,

belong to the epigraph, so their convex combination is in epi f, too. m|
LEMMA 2.61. If the functions f;,i = 1,2,...,m, are convex, then for all
c1>0,¢c0>0,...,c, > 0 the function

f(.X) = lel(-x) + szz(x) +--+ Cmfm(-x)
is convex.

Proof. Since (2.16) holds true for each f;, we can multiply these inequalities
by ¢; > 0 and sum up to get (2.16) for f. m|

The epigraph of a function f : R” — IR can be used to characterize
continuity properties of the function, irrespective of its convexity. A func-
tion f : R” — R is called lower semicontinuous, if for every convergent
sequence of points {x*} we have

f( lim xk) < liminf f(x%).
k—o00 k—o00

LEMMA 2.62. A function f : R" — R is lower semicontinuous if and only
if its epigraph is a closed set.
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k

Proof. Consider a sequence {(x*, a*)} of points of epi f, and suppose x* —

x and a* — a, as k — oo. If f is lower semicontinuous, then
f(x) < liminf f(x*) < lim a* = a,
k— 00 k— 00

which proves that (x, o) € epif.

Suppose the epigraph is closed, but f is not lower semicontinuous. Then
there exists a sequence {x*} C IR" convergent to some point x € R" such
that

) > lim £,

where the limit on the right hand side may be —oo, in general. Then there
exists ¢ > 0 such that f(x*) < f(x) — ¢ for all sufficiently large k. Hence

(", f(x) — &) e epif

for all sufficiently large k. Since the epigraph is closed, the limit of these
points, (x, f(x) —¢€), is an element of the epigraph of f as well. This means
that f(x) — ¢ > f(x), a contradiction. Thus f must be lower semicontinu-
ous. O

LEMMA 2.63. If f : R" — R is convex, then for each f € R the set

My={x: f(x) < f} (2.18)

is convex. If, in addition, f is lower semicontinuous, then the set My is
closed for all p.

Proof. If x € Mg and y € My, then, by Lemma 2.53,
flax+ (A =a)y) <af(x)+ A —-0a)f(y) =B,
soax + (1 —a)y € Mg.

If f is lower semicontinuous, its epigraph is closed (Lemma 2.62). Con-
sider the set in R” x R:

My x (B} =epif N{(x,) 1 x € R"}.
It is closed, because epi f' is closed. Thus My is closed. m|

The set My in the last lemma is called the level set of f.
Not every function that has convex level sets is convex, as the example of
f(x) = /|x] clearly demonstrates.
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LEMMA 2.64. Let X C R" be a convex setand let f : R" — R be a convex
function. Then the set X of solutions of the optimization problem

minimize f (x) (2.19)
xeX

is convex.

Proof. If (2.19) has no solutions, X is convex, because it is empty. Let
X #@andletx € X, f = f(x). Then

X =X0N M,
with My defined by (2.18). By Lemma 2.2, X is convex. O

The maxima of convex functions in convex sets can be characterized as
well.

THEOREM 2.65. Let f : R” — R be a convex function and let X C dom f
be a convex, closed and bounded set. Then the set of solutions of the problem

maxir)r(lize fx) (2.20)
xXe

contains at least one extreme point of X. If, in addition, the function f(-) is
affine, then the set of solutions of (2.20) is the convex hull of the set of the
extreme points of X that are solutions of (2.20).

Proof. Let x be a solution of (2.20). By Theorem 2.44 we can find extreme
points x!, x2, ..., x™ of X such that

R=ax' +ax?+ -+ ayx"

with some oy > 0,a, > 0,...,0, > 0,01 +02+---+a, = 1. By
Lemma 2.60,

FG) =D af&h.

i=1

This can be rewritten as

ai[f&) — FxH]=0. (2.21)

1

m

1

Because % is optimal, f(X) > f(x'),i = 1, ..., m. Then it follows from
(2.21) that f(X) = f(x"),i = 1,...,m. All points x’ are optimal as well.
‘We see that the set of solutions of (2.20) is included in the convex hull of the
extreme points that are solutions of (2.20).
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If the function f(-) is affine then — f(-) is convex. The set of solutions
of problem (2.20) is the same as the set of minima of — f(x) over x € X.
It is convex, by virtue of Lemma 2.64. Therefore the convex hull of the
the extreme points that are solutions of (2.20) is included in the set of all
solutions of (2.20). O

We can now return to the linear programming problem, which we analyzed
at the end of Section 2.3.

THEOREM 2.66. If the feasible set of the linear programming problem

minimize {c, x)
subject to Ax = b, (2.22)

x>0,

is bounded, then the set of optimal solutions is the convex hull of the set of
optimal basic feasible solutions.

Proof. Let us define f(x) = —{(c,x). It is an affine function and each
solution of (2.22) solves (2.20) with

X={x:Ax=b, x >0}.
The result follows directly from Theorem 2.65. m|

The above fact is used by the simplex method for solving linear program-
ming problems. It moves from one basic feasible solution to a better one, as
long as progress is possible. The best basic feasible solution is guaranteed
to be optimal. It can be found after finitely many steps if a solution exists. If
the set is unbounded, we may discover a ray from the recession cone, along
which the objective can be decreased without limits. In this case no optimal
solution exists.

2.4.2 Smooth Convex Functions

We now formulate convexity criteria for smooth functions. We denote by
V£ (x) the gradient of the function f at x,
of ()

ox1
of (x)

Vi) |

of (x)

oxp

Here x;, x5, . .., x, denote the coordinates of the vector x.
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If f is twice continuously differentiable, V2 f (x) denotes the Hessian of f
at x,

C ) 2fw L 2T
8x|2 0x10x7 0x10x,
A Afx . AW
sz(x) é 0x20x1 ax% 0x20X,
A Afx . AW
| 0x,0x1  dxpdxn ox2

n =

We use the symbol C? to denote the set of twice continuously differentiable
real valued functions. For f € C? the Hessian is a symmetric matrix, be-
cause the values of the mixed derivatives do not depend on the order of
differentiation.

THEOREM 2.67. Assume that a function f is continuously differentiable.
Then

(i) f is convex if and only if for all x and y
F) = f(x)+ (Vi) y —x); (2.23)
(ii) f is strictly convex if and only if for all x #y
FO) > f) +(Vfx),y —x). (2.24)
Proof. (i) Suppose f is convex, but for some x and y

fO) =) +(Vfx),y —x) —¢

with ¢ > 0. Let us consider z = ay + (1 —a)x for 0 < a < 1. By
Lemma 2.53,

J@=af()+0-a)f(x) = fx)+a(Vflx),y —x) —ae.
Rearranging terms and dividing by a we get

w < (Vf@),y—x) —e. (2.25)

Leta | 0. Since z = x +ad withd = y —x, the left side of (2.25) converges
to the directional derivative at x in the direction d

[/ d) =(Vf(x),d)

and we obtain a contradiction in (2.25).
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To prove the opposite implication, let us assume (2.23). Let y and z be
arbitrary points, y # z, and let x = ay + (1 — a)z with @ € (0, 1). Then,
by (2.23) we have

FO) = f&x)+(Vf(x),y —x),
f@) = )+ (Vf(x),z —x).

Multiplying these inequalities by a and 1 — a, respectively, and adding them
one gets

af () + 1 —-a)f(z) = fx),

which was what we set out to prove.

(i) If f is strictly convex, then f is convex and (2.23) is true. We shall
prove that the inequality in (2.23) is strict, if y # x and a € (0, 1). Suppose
equality in (2.23). Let z = %x + %y. Then by strict convexity of f and by
equality in (2.23)

F@) <37 4370 = 0+ 597y —x). 26)

Letvo = fx + (1 — f)z withO < § < 1. Then, by convexity and by (2.26)

1
F@) <Bf)+A =B f) < fx)+ 5(1 —PIVf(x),y —x).
Sinceo —x =1 -p)z—x) = %(1 — B)(y — x), the last inequality reads
f@) < f&x)+(Vfx), v —x),

which contradicts (2.23).
To prove that (2.24) implies strict convexity, let us simply note that the
argument used in case (i) applies again, but with sharp inequalities. |

It follows from the proof of the above theorem that if f : R” — R is
convex and differentiable at the point x then (2.23) holds true for all y € R".
If f is strictly convex, (2.24) remains valid as well, for all y € R".

Example 2.68. Consider the function f : R" — R defined as the quadratic form,
f(x) = (x, Ax),

where A is a symmetric matrix. The function f is convex if and only if A is a
positive semidefinite matrix, and f is strictly convex if and only if A is a positive
definite matrix. Indeed,

Vf(x) =2Ax,
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and for all x and all y we have the equation

fO) = f&x) = (Vf(x),y —x) = (v, Ay) — (x, Ax) — 2(Ax,y — x)
= (y, Ay) + {x, Ax) — 2{Ax, y)
= (y _xaA(y_x))'

The expression on the right hand side is nonnegative for all x and y if and only if A
is positive semidefinite. This expression is positive for all y 7 x if and only if A is
positive definite.

Examples of quadratic functions in R? corresponding to a positive definite matrix
and to an indefinite matrix are illustrated in Figure 2.10.

.
™
0 f‘_,._/ 0
ST -2
2 .4

Figure 2.10. Convex and nonconvex quadratic functions.

The theorem below uses the observation of Example 2.68 in a more general
setting.

THEOREM 2.69. Assume that f : R" — R is twice continuously differen-
tiable. Then

(i) f is convex if and only if its Hessian V* f(x) is positive semidefinite
forall x € R";

(ii) if the Hessian V*f(x) is positive definite for all x € R" then f is
strictly convex.

Proof. If f € C?, then for all x and all y we have

1
fO)Y =)+ (V@) y —x)+ 2y —x, Vif(xg)(y —x)),  (2.27)

where xg = x + 6(y — x) with some 0 < § < 1. If the Hessian V2 (x) is
positive semidefinite for all x, then the quadratic term in (2.27) is nonnegative
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and we obtain (2.23). If the Hessian is positive definite, then for y # x the
quadratic term is positive and we get (2.24).

Suppose the Hessian is not positive semidefinite for some x. Then there
exists d such that

(d,V*f(x)d) <O0.

Let y = x + &d for some ¢ > 0. If ¢ is small enough, then y and x4 are so
close to x that

(d, V2f (xp)d) <0,

because the Hessian is continuous. But then the quadratic term in (2.27) is
negative and we obtain a contradiction with (2.23). m|

Note that statement (ii) of the theorem does not have the “only if” part,
which appeared in the quadratic case. For example, the function f(x) = x*
is strictly convex, but its second derivative vanishes at 0.

2.4.3 Directional Derivatives

So far we have discussed convex functions that are at least once continuously
differentiable. In many applications one has to deal with functions that are
nonsmooth. For example the Euclidean norm

" 12
el = (22 2)
j=1

is not differentiable at 0. In fact, no norm is differentiable at 0. Some, like

n

bl =D 1xj1 or fxlle = max |x;],
— I<j=n
j:

are nondifferentiable at many points (see Figure 2.11). Nonsmooth functions

Figure 2.11. The norms || - ||, || - l1 and || - || oc-
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are very common in optimization models.

The concept of the gradient of a smooth function can be generalized to
the case of nonsmooth functions, and in particular: convex nonsmooth func-
tions. To understand this construction we must first prove several important
properties of convex functions.

LEMMA 2.70. Let f : R* — R be a convex function. For every x €
int dom f there exist & > 0 and L such that

lf ) = fO)l = Llly —x|l whenever |y —x| <9.

Proof. Since x € intdom f, we can choose a small simplex S about x such
that it is included in the domain of f. Every point y of the simplex is a convex
combination of its vertices 0!, ..., »"T! with some nonnegative coefficients
ap,...,d,4 totaling 1. By the convexity of f,

n+1

fO) =D aif) < max fO') =M.

, l<i<n+1
i=1

Let ¢ > 0 be the lower bound on the distance from x to the boundary of
S. Suppose |y — x|| < &/2. We can represent y as a convex combination
of x and a point w at which the line passing through x and y intersects the
boundary of S (we choose the intersection point that is closer to y). We have

y=0—-a)x +ow,
with

— X — X
_ Iy =~ - Iy = xIl
llw — x|l €

By the convexity of f
FO) = f&) <alf(w)— f(x)]

_ 2.28
<atm — fey = 1Ty, (229

—x|.

We can also represent x as a convex combination of y and the point z at
which the same line crosses the boundary of S on the other side:

x=0-py+pz
with

_ ly — x| - IIy—XII'
ly —zll €

B
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By the convexity of f,

O =A=HfM+Lf@=A-f)+ M.

Hence

fO) = fx) =

2@ =M
£ Y )

Combining the last inequality with (2.28) we conclude that

WM —
) - reor = 2Ly,

—x|| whenever |y —x| <¢&/2.
The required inequality is satisfied with L = 2(M — f(x))/e. O

Let f : R” — R be a convex function and let x € dom f. Then for every
d € R" the quantity

fG+1d) — f(x)

T

' d) =lim (2.29)
is called the directional derivative of f at x in the direction d.

LEMMA 2.71. For every x € dom f and every d € R" the limit in (2.29)
exists (finite or infinite). If x € intdom f, then f'(x;d) is finite for all d.

Proof. Consider the differential quotient

0w = Latd—jw

If f(x +7d) = +ooforall T > 0, we have Q(r) = +oo for all = > 0 and
f'(x;d) = +o0. If f(x+ 19d) < 400 for some 7y > 0, the convexity of f
implies that f(x + 7d) < 4ooforall 0 < 7 < 79, and Q(7) is well defined
for these 7. Let 0 < 71 < 75 < 79. We have

[

x+1d = (1 )x—l—ﬂ(x—i-fzd).
(%)

T2

The convexity of f(-) renders
fertnd) = (1-2) @) + = f &+ na),
(%) (%)

which can be rewritten as

F+nd) — f(x) < %[f(x +12d) — ().
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Dividing by 7; we see that the differential quotients are monotone:
0(1r1) < Q(rp) forall 0 < 1) < 15. (2.30)

Therefore the limit in (2.29) exists (finite or equal to —o0). The monotonicity
of Q(-) implies that

f'(x;d) < Q(z) forall 7 > 0. 2.31)

If x € intdom f, Lemma 2.70 implies that for all sufficiently small ¢

d) —
() = L TT) SO _ yan,

and therefore the limit of Q(z) for ¢ | 0 must be finite. O

2.5 SUBDIFFERENTIAL CALCULUS

2.5.1 Subgradients and Subdifferentials

For general convex functions the concept of the gradient is generalized to the
notion of a subgradient. It is defined by an inequality similar to inequality
(2.23) which characterizes smooth convex functions.

DEFINITION 2.72. Let f : R” — R be a proper convex function and let
x € dom f. A vector g € R" such that

fO») = f(x)+(g,y—x) forall ye R" (2.32)
is called a subgradient of f at x.

The set of all subgradients of f at x is called the subdifferential of f at x
and is denoted by of (x).

The notion of the subgradient has a useful geometrical interpretation. Sup-
pose g € 0f (x). Inequality (2.32) means that the epigraph of f is located
on or above the graph of the affine function I(y) = f(x) + (g, y — x). This
is illustrated in Figure 2.12.

For every point (y, v) € epif we have

v>f(y) = fx)+(g,y—x),

which can be rewritten as

(&, y—x)+ (=D - f(x)) <0.

Consequently, (g, —1) is an element of the normal cone Nepir(x, f(x)).
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Figure 2.12. A subgradient.

The reverse is also true, under some conditions. If a vector (u,y) €
Nepis(x, f(x)) and y # 0, then g = —u/y is a subgradient of f at x. The
condition that y # 0 is essential here. Consider the convex function shown
in Figure 2.9 on page 45. At the point (0,0) all normals to the epigraph have
the form (u, 0), where u < 0, and f has no subgradient at x = 0.

Subgradients, if they exist, provide lower bounds for directional deriva-
tives.

LEMMA 2.73. Assume that f : R" — R is a proper convex function and
let x € dom f. A vector g is a subgradient of f at x if and only if

f'(x;d) > (g,d) forevery d e R". (2.33)
Proof. Suppose (2.33) is true. Then for every y, by (2.31),
M= fO)+ ffy—x) = fx)+ (g y—x),

which shows that g is a subgradient. To prove the converse, suppose g €
df (x). Then for every d and every z > 0O the subgradient inequality (2.32)
yields

fx+d) - f(X) (g, 7d)
= (g, d).
T T
Passing to the limit with 7 | 0 we get (2.33). m|

We are now in a position to resolve the question of the existence of sub-
gradients and to fully characterize the directional derivatives.
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THEOREM 2.74. Let f : R" — R be a convex function. Assume that
x € intdom f. Then 0f (x) is a nonempty, convex, closed and bounded set.
Furthermore, for every direction d € R" one has

"(x;d) = ,d).
fi(x;d) gg%)@ )

Proof. In view of Lemma 2.73, it is sufficient to show that for every d there
exists g € 0f (x) such that

[ d) = (g.d). (2.34)
Consider two sets in R"*!:
E={(,v):0> f,
and
L={(x+7d, f(x)+7f'(x;d)) : 7 € R}.
Since
fx+zd) > f(x)+f/(x;d) forall 7 eR,

these sets have no common points. They are convex and therefore can be
separated by a plane (see Figure 2.13).

Figure 2.13. The set E and line L can be separated.

By Theorem 2.15, there exists a nonzero

[}
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such that for every point (y, v) € E and every 7 € R we have
(U, y) +yv = (u,x +vd) + y [f(x) + of (x; d)]. (2.35)

We deduce that y > 0, for otherwise letting v — oo leads to a contradiction.
Suppose y = 0. As x is an interior point of the domain, we can choose y
from a small ball B about x in such a way that there exists v > f(y). Setting
7 = 01in (2.35), we get (u, y) > (u, x) for all y € B, which is possible only
when u = 0 and contradicts the condition that z # 0. Thus y > 0.
Dividing both sides of (2.35) by y, setting g = —u/y and lettingv | f(y)
we obtain:

fO) =g, y) = f(x)+1f'(x;d) — (g, x + 7d)

for all y € intdom f and all = € R. It follows from this inequality that
t[f(xd)—(g.d)] < f(y)— fx) — (g, y —x),

for all z € R. This is possible only if the coefficient multiplied by 7 is zero,
and thus (2.34) holds true. It remains to show that g is a subgradient.
Setting = 0 we conclude that

f(y) = f(x)+(g,y—x), forall y e intdom f. (2.36)

By convexity, for every y € dom f,

JO) = F&) =2 2[f((x +¥)/2) — f(0)],

and (x 4+ y)/2 € intdom f. Applying (2.36) to f((x + y)/2) we see that
(2.32) holds true for all y € dom f, and thus for all y € R". Therefore g is
a subgradient of f at x and the subdifferential is nonempty.

Suppose g! € 0f(x) and g% € 8f (x). Then for all y

FO) = fx)+ (g y—x),
FO) = fx)+ (g% y—x).

Adding these inequalities multiplied by o and by 1 —«, where a € (0, 1), we
conclude that ag' + (1 — a)g? € df (x). Thus the subdifferential is convex.
If g€ € f (x) and g¢ — g, then we can pass to the limit in the inequality

FO) = fx)+(g" y —x),

to conclude that g € df (x). Therefore the subdifferential is closed.
Let us prove the boundedness. Let g € df (x). By Lemma 2.36 for x + td
sufficiently close to x we have

fx+1d) - fx) = 7L|d].
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Hence
f'(x;d) < L|d|, forall d.
Using Lemma 2.73 we obtain:
(g,d) < f'(x;d) < L||d|l, forall d,
which implies ||g|| < L. O

It follows from the proof that the subdifferential 6f (x) is a convex and
closed set at every point x at which f(-) has at least one subgradient (is
subdifferentiable).

The formula for the directional derivative can be generalized to boundary
points at which f is subdifferentiable.

LEMMA 2.75. If a convex function f : R" — R is subdifferentiable at a
point x, then for every d

f';d) = sup (g,d).
g€af ()

Moreover, if f'(x; d) < oo then the supremum above is attained.

Proof. By Lemma 2.71, the directional derivative f'(x; d) exists (finite or
infinite). Also, from the definition of the subdifferential it follows that for
each g € df (x) we have

flrttd) = f() _

T

f(x;d) =lri?3 (g.d).

Suppose d € R” and ¢ > 0 exist such that f'(x;d) > (g,d) + ¢ for all
g € 3f(x). Then

U= sup (g,d)+¢€ < oo.
geof (x)

We can define the line
L={(x+7d, f(x)+7u): 7R}

Proceeding exactly as in the proof of Theorem 2.74 we can separate the line L
and the set

E={(,0) eR"" 0> f(y)

and find a new subgradient g such that 4 = (g, d). This leads to a contra-
diction and proves the result. m|
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From Lemma 2.73 and Theorem 2.74 we can immediately draw the fol-
lowing conclusion.

LEMMA 2.76. A convex function f : R" — R is differentiable at x if and
only if the subdifferential of (x) has only one element, in which case it is the
gradient of f at x.

Proof. A function f is differentiable at x if and only if its directional deriva-
tive f'(x; d) is linear in d. Then

f'(x;d) = (Vf(x),d) forall d.

It follows from Lemma 2.73 that Vf(x) € df (x). If there exists another
subgradient g # Vf(x), then we can set d = g — Vf(x) to obtain from
Lemma 2.73

fx;d) > (g,d) = lIgll* — (g, Vf (x)).

By differentiability,
[ d) = (Vf(x),d) = =IVF)I? + (g, VI (x)).

Subtracting the last two relations we conclude that

lgll* — 2(g, Vf(x)) + IVF(x)]* <0,

which is possible only when g = V£ (x).
To prove the opposite implication, suppose the subdifferential has only
one element, g. Theorem 2.74 implies that

f'(x;d) = (g,d) forall d.

Thus the directional derivative is linear in the direction, which is equivalent
to the differentiability of f at x and to g = Vf(x). m|

For a convex function f : R" — R, which is subdifferentiable at a point x,
we define the direction of steepest descent as the vector d € R” of length
not exceeding 1 for which the directional derivative f'(x; d) is minimal.

LEMMA 2.77. If f is subdifferentiable at x and 0 ¢ of (x), then the direction
of steepest descent of f at x has the form

&
lgll”

where g is the minimum norm element of of (x).

J=—
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Proof. Consider the minimum norm element g € df(x). It is nonzero,
because 0 ¢ of (x) and the subdifferential is closed. As g is the projection
of 0 on df (x), Lemma 2.11 yields the inequality

(0—g,s—g) <0 forall s e df(x).

This can be rewritten as follows:

2
max (—g,s) = — .
Se@f@)( g S) llgll

Dividing by ||g|| and using Lemma 2.75 we obtain

8
xd max ds— ax (— —,85)=— .
fxsd) = qeaf(x) ) Seaf(x)( i<l ) lgll

For every other d of length at most 1 we have

fl(x;d) = qg;jax (d,s) >1(d,g) > —lgl.

This proves that f'(x; c?) is the smallest possible. |

Let us consider four examples of convex functions and their subdifferen-
tials.

Example 2.78. Let | - || be the Euclidean norm in IR”, and let
fx)=lx|.

Then
of(0)={geR": gl =1}

Indeed, for every direction d,

710:d) = tim 2l — ya.

By Lemma 2.73, a vector g € df(0) if and only if
(8,d) = |ld|| forall d,

which is equivalent to ||g] < 1.
Our result can be extended to any norm || - || in IR". By an identical argument
we see that its subdifferential at O is the set

ol0lly = {g € R" : (g,d) =< ||d||¢, for all d}.

Defining the dual norm

(g,d) _
lglls = sup

p (gd)
azo ldllo ld]lo=1
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we find that
ol0llo ={g € R" : llgll« < 1}.

In particular, the subdifferential of || - ||; at O is the set {g : ||gllcc < 1}, and the
subdifferential of || - |00 at O is the set {g : ||g|l1 < 1}.

Let us now consider an arbitrary nonzero point x. For every vector g € 9||x| ¢
we must have

2xllo = llx +xllo = llxllo + (g, x),
0=llx—=xllo = lixllo — (g, x),
which implies that
(g, x) = lixllo-
Dividing both sides by [|x||¢; (Which is nonzero), we conclude that
X
gl = (g, ——) =1
Ixllo
Suppose ||g|l+ > 1. Then there exists d such that ||d|| = 1 and (g,d) > 1. We
obtain
Ixllo+1=lxllo+ lIdllo = llx +dllo = llxllo + (g, d) > llxllo + 1,

a contradiction. We claim, therefore, that

olxllo ={g e R" : ligll« = 1, (g, x) = lIxllo} (2.37)

Since we have already established that every subgradient is an element of the set on
the right hand side, it remains to prove the converse. Let g be an element of the set
on the right hand side. Since ||g||« < 1, for every y we have

Iyllo = (g, y) = (g, x) + (g, y —x) = lxllo + (g y — x),

so g is a subgradient of || - || at x.
Our formula for the subdifferential of the norm is now valid for y = 0 and for

y #0.

Example 2.79. Let Z be a closed convex setin R” and || - ||, be a norm. Consider
the function

fx) = min lx —zllo-

From Example 2.55 we know that f is a convex function. Let us calculate its
subdifferential at a point x. Choose Z € Z such that ||x — Z||o = f(x). Sucha
point exists because Z is a closed set, but it does not have to be unique, if the norm
Il - o is not strictly convex. For every y we have

FO) =< lly —zllo,
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and at y = x the above inequality becomes an equation. Thus, for every g € df (x)
we obtain

Iy =2llo = f(y) = (g, y — x).
This implies that g € 6]|x — Z||¢. Therefore,

of (x) C allx — Zllo-
For every g € 0f (x) and for every z € Z we must have

0=f@)>fx)+(gz—x)=lx—2Zlo+ (g2 —x)+(g,2—12).

We already know that g € 0]|x — Z|| ¢, so we can use the results of the calculation in
Example 2.78. We have two cases. Either x = Z, in which case the first two terms
on the right hand side vanish, or x # z. In the latter case, formula (2.37) yields
lx —Zllo = (g, x — Z). In both cases the sum of the first two terms on the right
hand side is zero. The last displayed inequality simplifies to

(g,z2—2) <0 forall z€ Z.

Hence
g € Nz(2).

We claim that
of (x) = Nz(2) Nallx — zllo- (2.38)

Note that the point Z need not be unique, in general, so we also claim that the set on
the right hand side is the same for all possible projections Z.

We have already proved that for every Z each subgradient of f at x is an element
of the set at the right hand side of (2.38). Let us prove the converse. Let g be an
element of the set at the right hand side of (2.38). Since ||g||« < 1, for every y we
have

fO)=inf ||y —zll¢ > inf (g, ¥y — 2)
zeZ z€Z

=(g,y—x)+{g,x—2)+inf (g,Z —2).

zeZ

As g € 0llx —Z|l¢ we have (g, x —2) = ||lx —Z|l¢ = f(x). We also have in (2.38)
that g € Nz(2), so {(g,Z — z) > O for all z € Z. Consequently, the last displayed
inequality yields

JO) z )+ (g, y—x) forall vy,

and g is a subgradient.
In particular, if || - || is the Euclidean norm and x ¢ Z, then the point Z is the
orthogonal projection of x on Z. Therefore

0f (x) = Nz(Ilz(x)) N dllx — I z(x)ll.
But the subdifferential of the norm contains only one element:

Ollx =zl = {x — IIz(x)},
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and
x —IIz(x) € Nz(I1z(x)).

Therefore the distance function is differentiable at every x ¢ Z and its gradient is
given by
Vix)=x—TIIz(x).

Example 2.80. Let
f(x) = max fi(x),

where [ is a finite set, and f; are convex and differentiable functions for eachi € I.
Define

[x)={iel: filx)=f(x))

Then
af (x) = conv{Vfi(x) : i € I(x)}.

Indeed, if s € [ (x) we have
FO) = () = f5(0) + (V). y —x) = f(x) + (Vfs(x), y — x).
Thus Vf;(x) € 6f(x). Since the subdifferential is convex, we have therefore
conv{Vfi(x) :i € I(x)} C of (x).
To prove the equality of these sets, suppose g € df (x) exists such that
g ¢ conv{Vfi(x):i e f(x)}.

By Theorem 2.14 we can strictly separate g and the convex hull above: there exist
d # 0 and & > 0 such that

<g9d> = max (Vfl(x)ad> + e.
iel(x)

Thus forallz > 0

fx+td)> f(x)+71(g,d)> f(x)+ 7 mg}x (Vfi(x),d) + te. (2.39)
iel(x)

For a sufficiently small = > 0 we can always find r € I (x) such that f(x 4+ 7d) =
fr(x + 7d). By the differentiability of the f;’s there exist functions o0;(7) such that

filx +td) = fi(x) + ©(Vfi(x),d) + 0i(z)
and 0;(t)/t — Oas t | 0. Thus, for small 7 > 0

fx+1td) < f(x) 4+t max (Vfi(x),d) + max o0;(7).
iel(x) iel(x)
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Combining this inequality with (2.39) we obtain

f(x) 4+ 7 max (Vfi(x),d) + max 0;(r) > f(x) + r max (Vfi(x),d) + 7e.
iel(x) iel(x) iel(x)

Simplifying, dividing by 7 and letting z | 0 we obtain 0 > &, a contradiction.

The function in Figure 2.12 on page 58 is the maximum of four smooth functions.
Two of them are “active” at the selected point, and all convex combinations of their
gradients are subgradients of f at this point.

Example 2.81. Let C be a closed convex set in R” and let us consider the indicator
function of C
0 ifxeC

+00 otherwise.

dc(x) = |

Itis convex. Let us calculate its subdifferential at a point x € C. We have g € 0d(x)
if and only if d¢c(y) — dc(x) > (g, y — x) for all y. This is trivially satisfied for
y ¢ C, so the only meaningful case is when y € C. Thus, for g to be a subgradient
of d¢c(+) at x it is necessary and sufficient that

(g, y—x) <0, forall yeC.

Hence
(g,d) <0 forall d € cone(C — x).

We have obtained, therefore, the representation of the subdifferential as the normal
cone:
09¢c (x) = [cone(C — x)]° = N¢ (x).

In particular, if K is a closed convex cone, then

09k (0) = K°.

2.5.2 Chain Rules of Subdifferential Calculus
Many simple rules of calculus extend to subdifferentials.

LEMMA 2.82. Assume that f : R" — R is a convex function, o > 0, and
h(x) = af(x). Then h is convex, and dh(x) = adf (x), for every x.

Proof. The relation follows directly from the definition. We have g € 9f (x)
if and only if for all y

h(y) =af(y) = alf(x) +(g,y —x)] = h(x) + {(ag,y — x),

which is equivalent to ag € dh(x). |

LEMMA 2.83. Assume that f : R"™ — R is a convex function, A isanm X n
matrix, and h(x) = f(Ax). Then 0h(x) = ATof (Ax), for every x.
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Proof. The relation follows directly from the definition. We have g €
df (Ax) if and only if

h(y) = f(Ay) = f(Ax) + (g, Ay — Ax) = h(x) + (ATg,y — x),
which is equivalent to A”g € dh(x). m|

Example 2.84. Consider the function

h(x) = v ({x, Ax),

where A is a symmetric positive definite matrix. Factorizing A = UT U, with some
nonsingular U, we see that
h(x) = 1Ux].

Therefore we can use Example 2.78 and Lemma 2.83 to conclude that
oh(0) = {U"g : llgl = 1}
= IO ol s =(o: 0, A7"0) <1).
In fact, (x) is a norm, whose dual normis [|v]| 4-1 = +/ (v, A~10v). Our calculation

re-establishes in this special case the general result about subdifferentials of norms
presented in Example 2.78.

THEOREM 2.85. Assume that f = fi + fo, where f; : R" — R and
f2 : R"™ — R are convex proper functions. If there exists a point xy € dom f
such that f| is continuous at xo, then

of (x) = af1(x) + df>2(x), forall x € dom f.
Proof. Suppose g' € 0f,(x) and g2 € df>(x). Then, for all y
FO) = A0+ L) = fit) + (8", y —x) + () + (g% y —x)
= f) + (' + &%y —x).

This proves that

of (x) D ofi(x) + 0f2(x).

We shall show the equality here.

Suppose a subgradient g € 0f (x) exists such that g € of(x)+0f2(x). To
apply the separation theorem (Theorem 2.14) we need to verify that 6/ (x) +
df>(x) is a closed convex set. Its convexity follows from the convexity of the
subdifferentials 0f;(x) and 8f>(x) (see Theorem 2.74 and the remark after
its proof) and from Lemma 2.3.
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Both subdifferentials are closed and the sum 8 (x) 4 df2(x) is closed as
well. We prove this technical property after the main line of the proof.

If 0f1(x) + 8f>(x) is closed, we can invoke Theorem 2.14 and separate g
from the sum 6f;(x) + df2(x). There exists a direction d € R" and ¢ > 0
such that

(g.d) > (g' +¢°.d) +e, (2.40)

for all g' € af,(x) and all g% € af>(x). It follows that (g', d) is bounded
from above for all g! € 8f;(x). Thus, by Lemma 2.75,

flx;d) = max (g',d) < .
gleafi(x)

Similarly,

fx;d) = max (g%, d) < oo.
g2edfr(x)

Taking the supremum of the right hand side of (2.40) over g' € df;(x) and
g°> € df»(x) and using the last two relations, we obtain

(g,d) > max (g',d)+ max (g%, d)+e= f(x;d) + fo(x;d) +e.
gledfi(x) g%eofr(x)

On the other hand, (g, d) < f'(x; d) and the last inequality yields
fxd) > fl(xsd) + fr(x;d) + &,

a contradiction. Therefore a subgradient g € of (x) \ (8f1(x) + 8f>(x))
cannot exist.

Let us now return to the issue of the closedness of the sum o1 (x)+ 012 (x).
If one of the functions f; or f, is continuous at x, then its subdifferential is
compact, and the sum 9f;(x) 4+ df>(x) is closed, too. The only remaining
case is when both subdifferentials are unbounded. Consider two sequences
gt € afi(x) and g& € af>(x) such that

g+e =5, as k— oo

Suppose s ¢ 0f1(x)+3df2(x). As mentioned above, ||g’1‘|| — oo and ||g’2‘|| —
oo, because all accumulation points of these sequences must be elements of
the corresponding subdifferentials. Consider the sequence

k
k81
= e

gyl

By choosing a subsequence, if necessary, we may assume that {z*} has limit z.
We have

filxo) — fi(x) = (g}, x0 — x).
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Dividing by ||g¥|| and passing to the limit with k — oo we conclude that
(z,x0 — x) < 0. We also have g5 = 5 — g¥, and thus

f(xo) = fox) = (s — gt xo — x).
Dividing by || g’l‘ || and passing to the limit we obtain (z, xo—x) > 0. Therefore
<Z, X0 — )C) =0.

Since f; is continuous at xg, we can find ¢ > 0 such that f;(xo + £z) < oo.
We obtain

filxo +62) = fix) = (g}, x0 + 62 — x).

Dividing by ||g} | and passing to the limit we conclude that
0> (z,x —x +e2) = ¢zl =&,
a contradiction. Therefore the sum 0f(x) + df,(x) is closed. |
The last theorem is called the Moreau—Rockafellar Theorem.
Example 2.86. Consider the set
K=KiNKyNn---NK,,
where each K;,i = 1,...,m is a convex cone. From Example 2.81 we know that
06k (0) = K°.
On the other hand,
ok (x) = 0k, (x) + 0k, (x) + - - - + Ik, (x).
If K1 Nint K> N---Nint K, # @, we can employ Theorem 2.85 to get
00k (0) = 00k, (0) + 00k, (0) + - - - + 00k, (0) = K{ + K5 +--- + K.

We have thus established again the result of Theorem 2.35.
More generally, let X;,i = 1, ..., m be closed convex sets, and let

X=X1NXoN---NXy.

We have
90x (x) = Nx (x).

IfX;Nint X, N---Nint X, # @, Theorem 2.85 yields again
Nx(x) = Nx, (x) + Nx, (x) + - - - + Nx,, (x),

as previously established in Lemma 2.40.
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2.5.3 The Subdifferential of the Maximum Function

Consider the function

F(x) = sup f(x, y).
yeY

We assume that f : R” x ¥ — R satisfies the following conditions:
(1) f(-,y)isconvex forall y € Y;

(i) f(x, -) is upper semicontinuous for all x in a certain neighborhood of
a point xo;

(iii) The set Y C R™ is compact.

The maximum function F is convex by virtue of Lemma 2.58. It is proper,
due to (ii). Our intention is to describe the subdifferential of F' at the point x,.
We have already considered a special case of this problem in Example 2.80,
and we shall generalize the formula developed there. Our analysis follows
similar lines, but with more technical complications.

We denote by Y (x) the set of y € Y at which f(x,y) = F(x). Since
f(x, -) is upper semicontinuous and Y is compact, the set Y (x) is nonempty
and compact, for every x in a certain neighborhood of x,.

We use the symbol 0, f (xg, ¥) to denote the subdifferential of the function

f(" y) at xo.

THEOREM 2.87. Assume conditions (1)—(iii). Then

0F (x0) D conv( U Oy f (xo, y)).

ye¥ (xo)
If, in addition, the function f (-, y) is continuous at xq for all y € Y, then

OF (xo) = conv( U oo, y)). (2.41)

ye¥ (xo)

Proof. Suppose g € 0, f (xo, yo) for some y, € I}(xo). Then, for every x we
have

F(x) =sup f(x,y) = f(x, y0) = f(x0, yo) + (g, x — xp).
yeY
Therefore g € 0 F (xg). Since the subdifferential is convex, our first assertion
holds true.
We now prove that the set on the right hand side of (2.41) is closed.
Consider a convergent sequence of vectors s, € 0O, f(xo, yx), with y, €
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Y (x0), and let s* = limy_, o 5;. As the set Y (x0) is compact, by passing
to a subsequence, if necessary, we may also assume that the sequence {y;}
is convergent. Its limit, y*, is an element of Y (xg). For every x in a small
neighborhood of x, the upper semicontinuity of f(x, -) and the fact that s;
is a subgradient imply

flx,y) = likm sup f(x, yx) > 1ikm sup [ f (X0, y&) + (sk, X — x0)]
= f(x0, ¥") + (s", x — x0).

In the last transformation we use the fact that f (xq, yi) = F(xg) = f(xo, ¥*).
This proves that s* € 0f (xo, y*).

Suppose our second assertion is false, that is, there exists g € 0 F (x() such
that

g ¢ conv( U Oy f (x0, y)).

ye¥ (xo)

Since the set on the right hand side is convex and closed, Theorem 2.14
implies that there exist d # 0 and ¢ > 0 such that

(8,d) = (s,d) + ¢ (2.42)

for all s € O, f(xg,y) and all y € Y (xg). Consider points of the form
Xxo + 71d, where 7, | 0. By the convexity of F we have

F(xo + td) — F(x0) -
Tk -

(g,d).

Define the sets

f(xo+ wd, y) — F(xp) > (g,d)}, k=1,2,....

Ykz{er:
Tk

They are closed, because f (x, -) is upper semicontinuous. They are nonemp-
ty, because Y (xo + 7xd) C Y;. Moreover, for every y € Y the expression

flo+d,y) = Flxo) _ flxo+17d,y) = flxo, y) n £ (x0, ¥) — F(x0)
T T T

defines an increasing function of 7. Indeed, the first fraction is the difference
quotient of a convex function (see formula (2.30) on page 57), and the second
fraction has a fixed nonpositive numerator. This implies that

YyoY,DY3D .
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The sets Y are compact and nonempty, and thus there exists a point y which
belongs to all of them. Then

fxo +ud,§) = Flxo) _
Tk -

(g.d), k=1,2,....

Because f(xo + wd, y) = f(xo,y) as k — oo, we must have f(xo, y) =
F(xp),i.e.,y € Y(xp). Passing to the limit in the last inequality with k — oo
and employing Theorem 2.74 we conclude that

. fo+nd,y)— Flxo)
m =

li (s,d) > (g,d),

k—o00 Tk
with some s € 8, f(xg, y). This contradicts (2.42). O
Example 2.88. We have n continuous functions ¢;(¢), i = 1,...,n, where ¢t €

[a,b] € R. We call them basic functions. Our objective is to approximate a
continuous function (¢) by a linear combination of basic functions:

D xigit) ~ y(1), t€la,bl.

i=1

In the last formula x;, i = 1, ..., n, are unknown coefficients. If we are inter-
ested in a uniform approximation in the interval [a, b], it is natural to measure the
approximation error as follows:

F(x) = max ) ;xmi(t) -y @)

Approximation based on this criterion is frequently referred to as Chebyshev ap-
proximation.

Theorem 2.87 allows us to calculate the subdifferential of the error function F (x)
at any point x. Define the set

Fr)={rela,b: )ixiw(r) —y(| = Fw)}.
i=1

In the typical case, when F(x) > 0, we obtain

01(t)
oF(x) = conv{sgn(Zx,-(p,-(t) - gz/(t)) 7200 i te f‘(x)}.
i=1 :
@n (1)

The symbol sgn(-) denotes the sign function.
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Example 2.89. Consider the maximum eigenvalue function A, (+) defined on the
space S" of symmetric matrices of dimension n x n. It is convex (cf. Example
2.59). Since
Amax(A) = “1}1)1”3}1 (v, Ay),
we can calculate its subdifferential by Theorem 2.87. The set
Y(A) = {y e R": (y, Ay) = dmax(A), Iyl = 1},

is the set of all eigenvectors of A corresponding to the maximum eigenvalue and
having length 1.
As in Example 2.31, we use the Frobenius inner product,

n n
(A, H)s = tt(AH) = > > aijhij,
i=1 j=1
and we rewrite the function as follows:

Amax (A) = max y!, A)s.

For every y € R" the function fy(A) = (yyT, A)g is linear and its gradient equals
Vfy(A) = yyT. Consequently

d2max (A) = conviyy” : Ay = Amax(A)y, Iyl = 1}.

Our final observation is that the set of matrices of the form W = yy” can be
equivalently characterized as follows: W has rank one and W € S'}.. Then

(W) = llylI> and (A, W)s = (y, Ay).

Therefore the requirement that y is an eigenvector of length 1 corresponding to the
maximum eigenvalue is equivalent to the conditions

tr(W)=1 and (A, W)s = Amax(A).
We obtain
02max(A) = conv{W e S : (A, W)g = Amax(A), tr(W) = 1, rank (W) = 1}.

We can omit the convex hull and the rank restriction in the last representation of the
subdifferential:

02max(A) = {W € S’_l;_ (A, W)s = Amax(4), (W) = 1}.

Indeed, every element of this set has the form W = Z;’ —1 1jYjy jT, with orthogonal
eigenvectors y; of W having norm 1, and with the corresponding eigenvalues x; > 0.
The condition tr(W) = 1 implies >>7_; x; = 1. Hence

n n
(A, W)s =D uj(yj. Ayj) < D tjdmax (A) = max (A).
j=1 j=1
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Equality occurs if and only if y;’s corresponding to positive u;’s are eigenvectors
of A corresponding to its maximum eigenvalue. Then W is a convex combination
of rank one matrices y; ij formed of these eigenvectors, with the weights u ;.

2.6 CONJUGATE DUALITY

2.6.1 The Conjugate Function

The domain of a proper convex function is a convex set. If it has a nonempty
interior, then the function is subdifferentiable at all points of the interior (The-
orem 2.74). If the domain has no interior, we may restrict our considerations
to the linear manifold of the smallest dimension containing the domain. The
function restricted to this manifold (after an appropriate change of variables)
will be subdifferentiable in the corresponding space at interior points of its
domain.

It follows that for every proper convex function f there exists a point
Xxo € dom f such that f is subdifferentiable at xo. Then for every x € R”
inequality (2.32) holds true:

f(x) = f(xo) + (50, x — xo),

where 5o € 0f (xg). Let us consider the set of & € IR, for which the affine
function

l,(x) = (50, x) —a (2.43)
is a minorant of f, that is, it satisfies the inequality
ly(x) < f(x) forall x € R".

We call s the slope of the affine minorant /, (). Since sy € df (xg), the set of
affine minorants having slope s is nonempty and has the maximum element,
corresponding to

a” = (s0, x0) — f (x0).
This motivates the following two questions:

1. For which vectors s € R” do affine minorants of the form (2.43) exist,
and do they have a finite supremum?

2. Is it possible to represent f as a supremum of all possible affine mino-
rants, for all s € R"?

In order to analyze these issues, we introduce the following concept.
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DEFINITION 2.90. Let f : R" — R be a proper convex function. The
function f*: R"” — R defined by

£¥(s) = sup {{s,x) — f(x)}

is called the conjugate function to f.

It follows directly from the definition that for every x € IR” and every
s € R" we have:

F&)+ () > (s, x). (2.44)

If f*(s) < +oo our first question has a positive answer: f has affine mi-
norants with slope s. If f*(s) = 400, no affine minorants with slope s
exist.

In fact, we can define the conjugate function f* for every extended real
valued function f : R" — R.

LEMMA 2.91. If the function f : R" — R is proper and has an affine
minorant, then the conjugate function is proper, convex, and lower semicon-
tinuous.

Proof. By Definition 2.90, the epigraph of the function f* has the form

epif* = ﬂ {(s v):v > (s, x) (x)}

xedom f

As an intersection of closed convex sets, it is a closed convex set (Lemma
2.2). Thus f*is a convex function. Moreover, by Lemma 2.62, f* is a lower
semicontinuous function.

By assumption, an affine minorant of the form (2.43) exists. Because f
is proper, there exists a point X such that —oo < f(¥) < +00. We obtain

f*(s0) = sup {(s0, x) — f(xX)} = (50, %) — f(X).
X
On the other hand, (2.43) is a minorant of f, and thus

f*s0) =sup {l,(x) + & — f(0)} < a.

Hence f*(sp) is finite.
For every s € R" we have

f(s) = (s, x0) — f(x0) = f*(s0) + (s — 50, Xo).

Therefore f* is proper. O
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If f is convex and proper then it always has an affine minorant, and thus
f* is convex, proper, and lower semicontinuous.

Example 2.92. Consider a convex cone K C R” and its indicator function

0 ifxeK
+00 otherwise.

Ok (x) = |

Let us calculate its conjugate J% . We have

Ok (s) = sup {(s,x) - 5K(x)} = sup{(s, x).
xeR? xekK

By Lemma 2.26, (s, x) has finite supremum over x € K if and only if s € K°.
Therefore
0 ifs € K°

+00 otherwise,

that is, 0% = die.
Let us observe that the conjugate of dge is dgoo, which is equal to dg again, if K
is closed (Theorem 2.27). We discuss this in the next section.

Example 2.93. Let | - || be a norm in IR”. Let us consider the unit ball,
B={xeR":|xll¢ =<1},
and its indicator function,

0 iffxlo<1

+00 otherwise.

op(x) = |

The conjugate function has the form

(08)*(s) = sup {(s,x) —=dp(x)} = sup (s,x) = |Islls,

xeR” [lx]lo <1
where || - ||« is the dual norm to || - || ¢.

Example 2.94. Let || || be anorminR”. The conjugate functionto f(x) = |lx|¢
has the form
f*(s) = sup {{s,x) — lIxllo}.
xeR”

Let || - ||+ be the dual norm. If ||s|« > 1 we can find X such that || X||¢, = 1 and
(s, x) > 1. Multiplying x by an arbitrary f > 0 we see that the supremum on the
right hand side is +oo.

On the other hand, if ||s||« < 1, then (s, x) < [lx|l¢. Thus the supremum on the

right hand side is 0. Consequently,

J7(s) = 0B, (5),
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where
Byi={seR":|[s]l« <1}

is the unit ball with respect to the dual norm.

Let us combine this result with Example 2.93 and note that || - || is the dual
normto || - ||«. It follows that || - || and dp, (-) are mutually conjugate. We explain
this in the next section.

2.6.2 The Biconjugate Function

Let us now consider the conjugate function to the conjugate function f*:
F7(0) = sup {{s,x) — £ (9)}. (2.45)

We call it the biconjugate function.
By Definition 2.90, each function /; : R" — R given by

ly(x) = (s, x) = f*(s)

is the pointwise supremum of all affine minorants of f having slope s. Thus
S (-) is the pointwise supremum of all affine minorants of f. The following
result is known as the Fenchel-Moreau Theorem.

THEOREM 2.95. If an extended real valued function f : R" — R has at
least one affine minorant, then

epi f** = conv(epi f).

In particular, if f is a proper, lower semicontinuous and convex function,
then

Proof. As we saw before stating the theorem, f** < f, and thus
epif C epif™.

It follows from (2.45) that the epigraph of f** is an intersection of closed
halfspaces, and is therefore a closed convex set. Consequently,

conv(epi f) C epif*.
Suppose a strict inclusion above. Then there exists a point

(v, B) € [epif™]\ [conv(epi f)].
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Since the set conv(epi f) is closed and convex, by virtue of Theorem 2.14
we can strictly separate (y, f) from this set. There exist s € R", y € R,
and ¢ > O such that

s+ =(s,x)+ya—e,

for all (x, a) € conv(epi f). Letting o — oo we deduce that y > 0.
If y > 0 we can divide both sides of the last inequality by y. Setting
o = f(x) we conclude that

(@) =y =)+ o+ = F00,

for all x € dom f. Thus /() is an affine minorant of f. It follows that
() = 1(y) = g+ 5 > [, which contradicts the inclusion (y, f) €

epi f**.
If y = 0, the separating plane is vertical:

(s,y) < (s,x) —e forall x € dom f. (2.46)
By assumption, f has an affine minorant:
(z,x)+c¢ < f(x) forall x € R".

Adding (2.46) multiplied by M > 0 to the last displayed inequality and
rearranging terms we obtain

(z—Ms,x)+M(s,y)+c+ Me < f(x) forall x e R".

Consequently, the function on the left hand side is an affine minorant of f,
and its value at y must not be greater than f**(y). It follows that

(z,¥)+c+ Me < f*(y) forall M > 0.

Letting M — oo we conclude that f**(y) = +o0o. This contradicts the
inclusion (y, f) € epi f**. |

If f has no affine minorants, then f*(s) = +oo for all s € R”, and thus
f**(x) = —oo for all x.

Theorem 2.95 explains the phenomenon that is evident in Examples 2.92,
2.93, and 2.94. We can also use it to calculate conjugate functions.

Example 2.96. Let Z be a set in R”. Let us define the support function of Z as
follows:

oz(s) = sup (s, x).
xezZ
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We notice that oz (+) is the conjugate of the indicator function

0 ifxeZ
+00 otherwise.

dz(x) = {

Therefore 6, = 6%*. By Theorem 2.95,
epidy," = conv(epidz) = epideonv(z)-

It follows that
07(-) = deomv(z) (). (2.47)

If Z is convex and closed, the functions oz (-) and Jz(-) are mutually conjugate. If
Z is not convex and closed, the biconjugate 6%*(-) is the indicator function of the
closed convex hull of Z.

In particular,anorm |- || ¢ is the support function of the dual ball B, and Examples
2.93 and 2.94 illustrate the general formula (2.47).

Example 2.97. Assume that an uncertain outcome may take one of n values: xi,
..., Xp. Define 1 as the vector in R” having all components equal to 1. A convex
risk function is defined as a convex function f : R" — IR satisfying the following
conditions:

(i) If x <y then f(x) < f(¥);
(ii)) Forallx € R" anda € R we have f(x +al) = f(x) + a;
(iii) f(-) is positively homogeneous.

We use Theorem 2.95 to derive an alternative representation of a risk function.
As f(-) is convex and finite-valued, it is continuous. Therefore f = f**. More
specifically, for all x € R",

f&) = sup {(p.x) = f*(p)}. (2.48)
peR”
We use the symbol p for the dual variable, in view of the following characterization
of the domain of the conjugate function.
We first show that dom f* C IR,. Suppose we can find p € dom f* which is
not an element of the cone R’,. Then it can be strictly separated from R’,. There
exist z € R"” and ¢ > 0O such that:

(z,p) < (z,p) —¢ forall pelR].

It follows from Lemma 2.26 that z < 0. Setting p = 0 we also infer that (z, p) >
& > 0. Consider an arbitrary point x € R” and points y = x + tz, fort > 0. As
y < x, condition (i) implies that f(y) < f(x). From the definition of the conjugate
function we deduce that

1) = sup {(p) = f@)} = sup {{pox+12) = f (5 +12)}

> sup {(p,x) — FO}+1(p.2) = f*(p) + te.
xelR”



ELEMENTS OF CONVEX ANALYSIS 81

As t may be an arbitrary positive number, we conclude that f*(p) = oo, a contra-
diction. Consequently, dom f* C R}. Condition (ii) implies that for all a € R:

f*(p) = sup {(p,x) — f()} = sup {(p,x +al)— f(x +al)}

xeR"? xeR?
= suEl{)n {(p.x) = f®}+a((p.1) = 1) = f*(p) +a((p, 1) - 1).

This means that f*(p) < oo only if (p, 1) = 1. We conclude that the domain of
the conjugate function is included in the set of probability vectors

n
P={peIR:’L:ij=1}.
j=1

If the function f(-) satisfies condition (iii), for every ¢t > 0 and every p € dom f*
we have

f*(p) = sup {(p.x)—f0)} = sup {(p.1x) — f(tx)}
= sup {t(p,x) —tf ()} =1f*(p).

xeR?

This implies that f*(p) = 0. Consequently, f*(-) is the indicator function of the
certain set 4 C P. Formula (2.48) simplifies to

f(x) = sup (p,x),
peA

which can be interpreted as the largest expected value of x, with respect to probability
vectors from the set A.

2.6.3 Subgradients of Conjugate Functions

Let us recall that if a convex function f : R” — R is subdifferentiable at x
and if s € 0f (x), then for all y € R” the following inequality holds true:

JO) = f) + (s, y —x).

At y = x the above inequality becomes an equation, and thus the right
hand side is the largest affine minorant of f having slope s. Consequently,
inequality (2.44) becomes an equation. In fact, this equation can be used as
a characterization of subgradients of f and f*.

THEOREM 2.98. Assume that f : R" — R is a proper convex function.
Then the following two statements are equivalent:

(i) s € 9f (x);
(i) f(x)+ f*(s) = (s, x).
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If, in addition, f is lower semicontinuous then both statements are equivalent
to

(iii) x € af*(s).
Proof. Suppose assertion (i) is true. If s € df (x), then, as discussed before

the theorem, inequality (2.44) becomes an equation. Thus (ii) holds true.
By the definition of the conjugate function, for every y € R" we have

o) = (s, y) = f(»).
Suppose equation (ii) holds true. Manipulating the above inequality and

using (ii) we obtain:

JO) = (s, 9) = f7(s) = f(x) + (s, y — x).

Thus assertion (i) is true.

Consider the function g(x) = f*(x). Since f is lower semicontinuous,
Theorem 2.95 implies that g* = f. Therefore assertion (ii) can be rewritten
as follows:

g (x) + g(s) = (s, x).
We have proved that this is equivalent to (i) (with the roles of s and x reversed),
which now reads
x € 0g(s).
This is (iii) for f, as required. O
Example 2.99. Let C be a closed convex set in R” and let us consider the indicator
function of C,

0 ifxeC

+00 otherwise.

dc(x) = [

Let us calculate its subdifferential at a point x € C. From Example 2.96 we know
that

ac(s) = ac(s),
where oc () is the support function of S. Both functions are convex and lower
semicontinuous. We can, therefore, use Theorem 2.98 to conclude that for x € C

36c(x) = {s € R" : 5 (s) + dc(x) = (s, x)}

= {s eR" :sup{(s,y) = <S»x>}‘
yeC

It follows that s € 6d¢ (x) if and only if
(s,y—x) <0 forall yeC.

This is equivalent to s € N¢(x), as already proved in Example 2.81.
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Example 2.100. Letay, ..., a; be arbitrary vectors in R". Consider the piecewise
linear function:
fx) = max (ai, x).
Sm

To calculate its conjugate function we define the set A = {aj, ..., a;;} and we notice
that f is the support function of A:

flx) = max (a,x) = oa(x).
By Theorem 2.95 and Example 2.96,
f*(s) = O-X(S) = 52*(5) = COIIV(A)(S)9

that is, f* is the indicator function of the convex hull of the vectors ay, ..., a.
The subdifferential of f at 0 is, by Theorem 2.98, equal to the set of s such that

£0)+ 5conv(A) (s) = (s, 0).
This simplifies to deonv(a)(s) = 0 and yields
of (0) = conv{ay, ..., an}.

This is the same as obtained in Example 2.80 on page 66 and in Section 2.5.3;
however, our techniques there were more specific, and the results deeper.

Example 2.101. Subdifferentials of norms and distances are very easy to calculate
with the application of Theorem 2.98. Any norm || - ||, in IR" is the support function
of the dual ball:

lxllo = sup (s, x) = op, (x).
sE€By

Its conjugate function, by Example 2.94, is the indicator function dg, (-) of the dual
ball. Therefore

ollxllo = {s e R" : (s, x) = lIxll¢ + Ip,(5)}
={s € By:(s,x) = |xlo}

We have obtained this formula directly in Example 2.78.

Example 2.102. Consider a discrete random variable Y attaining values y; < y, <
- < y;, with probabilities p1, p2, ..., pm. For each target level x € R we can
calculate the expected shortfall below x:

) =E[max(0,x = V)] = > prlx — ).
{k:yp <x}

The function f is convex and nondecreasing. It is also piecewise linear with break
points at yi, ..., y,, and with slopes

s,=2pk, if yi<x<yiy1, i=1,...,m—1.
k=1
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To the left of y; the function f has value 0 and slope 5o = 0, and to the right of y,,
it has slope s, = 1.
Let us derive its conjugate function. For everyi =0, 1,...,m — 1 we have

[s € of GiD)] & [si <5 < siq1].

It follows from Theorem 2.98 that for s € [s;, s;+1] the conjugate function has the
form:

i
F5(s) = syirt = fQis1) = syirt = > pe(iet = 3)
k=1

L
= (s — $)Yit1 + D P
k=1
Clearly, f*(0) = O and f*(1) = >, pkyk = E[Y]. If s < Oors > 1, then
f*(s) = +o0.

The function f*(s) is convex, piecewise linear, and has break points at cumulative
probabilities s;, i = 0, 1, ..., m. Its value at the point s; is the contribution of the
smallest i realizations of Y to the expected value of Y. In economics it is called the
absolute Lorenz curve.

EXERCISES

2.1. There are n mutual funds and m asset categories. Let a;; be the fraction of the
capital of fund j invested in category i. We have initial capital C and we want to
invest all or part of it in these funds. We denote by x; the amount invested in fund
Jj =1,...,n. No short selling is allowed, so x; has to be nonnegative.

(a) Describe the set X C R of all possible amounts invested in these funds
(fund portfolios). What are its extreme points?

(b) Describe the set Y C IR™ of all possible amounts invested in this way in the
m asset categories (asset portfolios).

(c) Show that if a point y is an extreme point of Y, it has the form y = Ax,
where x is an extreme point of X.

(d) Suppose y € Y is an asset portfolio obtained by investing in some of the
available funds. Prove that you can construct it by investing in no more than
m + 1 funds.

2.2. Prove that x is an extreme point of a convex set X if and only if X \ {x} is
Convex.

2.3. Let K be a closed convex cone in R”. For a point x € K the set {ax : a > 0}
is called a ray. An extreme ray of K is a ray which cannot be expressed as a convex
combination of two other rays.
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(a) Provethataray T is extreme if and only if K \ T is convex.

(b) Prove that a closed convex cone which does not contain any line is the convex
hull of the set of its extreme rays.

2.4. Let S be the set of all n x n matrices A such thata;; > Ofori,j=1,...,n
and > ja;j = 1forj=1,...,n, Z’;’:] ajj = 1fori = 1,...,n. Prove that
S is convex and that its extreme points are permutation matrices, that is, matrices
P € Ssuchthat p;; € {0,1},i,j=1,...,n.

2.5. The cone K in IR” is defined as follows:
K={xeR"'":0<x;<x2<---<xu}.
Find the polar cone K°.
2.6. C is aclosed convex cone in R”. The cone K € R™" is defined by
K={=04y%,..,y"):y eR", i=1,...,m,

Yy 4y e C)

Find the polar cone K°.

2.7. Assume that the cones K1, ..., K, in R" are polyhedral, that is,

Ki={xeR": Ajx <0},
with some matrices A; of dimension/; x n,i = 1, ..., m. Prove that
K°=KS+KS4---+K°.

2.8. Let K be a closed convex cone in R”. Prove that every x € IR" can be
represented as
x = IIg (x) + ke (x)

and
(g (x), Mge(x)) = 0.

2.9. Let K be a closed convex cone. Find the normal cone to K at x € K.

2.10. Prove the generalized geometric—arithmetic mean inequality: for all x| >
0,x2 >0,...,x, >0andall a; > 0,a2 > 0,...,a, > 0such that a] + ap +
---+a, = 1 we have

Xy xpn < apxn + a2xa + - G
2.11. Let aq; be vectors in R",i = 1, ..., m. Prove that the function

fx)=In (ie“’f’”)
i=1

is convex.
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2.12. Prove that if a convex function f has a nonempty and bounded level set
Mp = {x: f(x) < B} for some f € IR, then all level sets of f are bounded.

2.13. Prove that for anorm | - || in R” its epigraph K is a cone in R™*!. Prove
that its polar cone has the form

K° = {(i,a) eER'"xR:a < —||i||*},
where || - ||4 is the dual norm. Use Example 2.94.

2.14. Prove that for a convex function f : R” — IR its subdifferential is a monotone
mapping, that is,

forall x', x2 € dom f and all g! € af (x1), g% € af (x?).

2.15. A model represents the output variable, y € R, as a linear function,

n
y = E Xilli,
i=1

of input variables u1, ..., u,. The quantities xy, ..., x, are unknown model co-
efficients. We have N observations of input and output variables: (u/, y/), j =
I,..., N. One way to determine the values of the coefficients x1, ..., x, is to
minimize the sum of the absolute errors:

N n
Foy =20 |y = > wad |,
j=1 i=1

Calculate the subdifferential of the function f at a point x.

2.16. Fora vector x € R" we define x[;}, j = 1, ..., n, as its ordered coordinates:
X[ Z X[2] Z *+* Z X[n)-

Prove that for any 1 < k < n the function

k
Sy =D xij)
j=1

is convex and calculate its subdifferential.

2.17. Let X be a convex compact polyhedron in R” and let A be an m x n matrix.
Prove that the function F : R™ — IR,

F(A) = max (4, Ax)
xeX

is convex. Calculate its subdifferential at a point 4.
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2.18. Assume that f : R” — R and let A be anm x n matrix. Derive the formula
for the conjugate of the function g : R” — IR given by g(x) = f(Ax).

2.19. Let A be a positive definite symmetric matrix of dimension #n x n. Calculate
the conjugate function to

1
falx) = E(x, Ax).

Use this result to prove that if A and B are positive definite, and A — B is positive
semidefinite, then B~! — A~ is positive semidefinite.

2.20. Let Z be a convex closed set in IR” and let

dist(x, Z) = min ||x — z||,
z€Z

where ||x — z|| is the Euclidean norm in IR”. Prove that the function

F@) = [Ix])? - [dist(x, 2)]

is convex.
Hint: Represent f(x) using a conjugate of a convex function.

2.21. Derive Theorem 2.27 (the bipolar theorem) as a special case of the Fenchel—
Moreau Theorem (Theorem 2.95).
Hint: Use Example 2.96.

2.22. Let Z be a convex closed set in R" and let

f(x) =dist(x, Z) = min ||x — z|l¢,
zeZ

where ||x —z||¢ is anorm in R”. Prove that the conjugate function f* has the form
[5(s) = az(s) + 9, (s),

where o7(-) is the support function of Z, and dp, () is the indicator function of the
dual ball B, = {s € R" : |Is]l« < 1}.
Use this result to calculate the subdifferential of f.



Chapter Three

Optimality Conditions

3.1 UNCONSTRAINED MINIMA OF DIFFERENTIABLE FUNCTIONS

In this chapter we analyze conditions that have to be satisfied at points which
are local minima of optimization problems. Let f : R” — R, X C R", and
let us consider the problem

minimize f(x).
xeX
A point x € X is called a local minimum of this problem if there exists ¢ > 0
such that
f(y) > f(x) forall ye X suchthat |y — x| <e.

If f(y) > f(x) forall y € X, the point x is called the global minimum.
When X = R” we discuss unconstrained local and global minima.
From the classical multivariate calculus we know the following theorem.

THEOREM 3.1. Assume that f : R" — R is differentiable at a point X.
(1) If f () attains its unconstrained local minimum at X, then

Vf () = 0. 3.1)

(i) If f (") is convex and (3.1) is satisfied, then X is an unconstrained global
minimum of f(-).

Proof. (i) From the definition of the gradient, for all y € R"

fO) = fE) +(VFR),y —x)+rX,y)

where

ry _
v+ ly = x|l

If V£ (x) # 0, then we consider the points

y(z)=x —tVf(x), t>0.
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‘We obtain
fO@) = fE) =(Vf(®), y(r) = X) +r(x, y(r))
= —t|[Vf®)II” + r&, y(r)).

Since the rest 7 (X, y(z)) is infinitely smaller than ||y(z) — X||, when ¢ — O,
we can find 7 > 0 such that for all 7 € (0, 7)

r(t,y(@) _ 1 oo
Do =IO

This can be equivalently expressed as

(3.2)

r(®,y(0)) < %rnwoe)nz.

Substituting the last inequality into (3.2) we conclude that for all 7 € (0, 7)

FOE) = 76 = —5e V@I <0

Therefore x cannot be a local minimum.
(ii) If f(-) is convex, then for all y € R" we have

FO) = fE)+(Vf(R),y —x) = f(R).
Therefore, X is a global minimum. m|

Points satisfying condition (3.1) are called stationary.
Theorem 3.1 has many applications.

Example 3.2. A real random variable X has the probability density function
f(x,0), where § € IR™ is a vector of distribution parameters. We have collected n
independent observations x1, . . ., x, of X. The maximum likelihood estimator 0 of
6 is obtained by maximizing (with respect to 8) the function

L) = f(x1,0) f(x2,0) -+ f (xn, 0).

Assume that the set of 8, for which all the factors above are positive, is nonempty.
Since the function In(+) is strictly increasing, 6 is also the maximum of

In(L(0)) = > In(f (x;,0)).

j=1

If the density function is differentiable with respect to the parameters 6 at 0, we
conclude that

L Vo f(xj,0)
— P2
jz_; f(xjag)
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For example, if f(-) is the density function of the normal distribution,

_a=p)?
e 202

1
o221 ’

fx)=

and 0 = (u, o), we obtain

_m@w»=gmam+wmwy+£3§jw_ﬂf
j=1

The minimum of this function is obtained at a point at which

o[ — In(L(©®)) 1 <
RO LS -,

ou
and
o[ — In(L(0)) 1 &

These equations render

Example 3.3. A model represents the output variable, y € IR, as a linear function,

n
y= inui,
i=1

of input variables u1, . .., u,. The quantities x1, . . ., x, are unknown model coeffi-
cients. We have N observations of the values of input and output variables: (u/, y/),
j=1,..., N. One way to determine the values of the coefficients x1, ..., x, is to
minimize the sum of the squared errors:

N n N2
=3 (v = 2nd)
j=1 i=1

Defining the matrix of input data

1 1 1
1 U n
U = . . b
N N
I/ll Mz u
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we obtain
f@) =y = Ux|.
The gradient of f(-) has the form

Vf(x) =20 (Ux — ),

and the best values of the coefficients can be calculated by solving the system of
equations
vlux =0Ty.

If U has rank n, we obtain
r=wTu)y'uTy.

If the rank of U is smaller than n, many minima exist.

Example 3.4. Two points, a and b, are connected by a chain consisting of n mass
points joined by extensible links (see Figure 3.1). Each point has mass m, and the
spring constant of the links equals K.

a

Figure 3.1. The chain with elastic links.

To calculate the location of the points at equilibrium we use the principle of
minimum energy. Let us denote by x’ the location of the ith point, i = 1,...,n.
Also, for the uniformity of the notation, we write x0 =q, x"! = p,

The potential energy of the link between the points i and i 4+ 1 equals % [xit! —
x'||%. The potential energy of the ith mass point is equal to mg(x’, ), where
e = (0, 1) and g is the gravitation constant. The total energy, therefore, has the
form

K n ) ) n )
PO x) = 2 3 I =2 g D e, x1).
i=1 i=1



92 CHAPTER 3
Differentiating with respect to x’ we obtain:

Vo f(0) = K@x' —x' ™' —x*) £ mge =0, i=1,...,n.

This equation represents the equilibrium of forces. Setting z/ = x+! — x/, i =
0,1,...,n, we get

; o  imge

=z + R =1,...,n.

7=z X i
Therefore 1)
; ) ii —l)ymge .
=a4+il+——2° i=1,....n+1,
¢ 2K

and the value of z° can be easily found from the equation x”*! = b. Finally,

; o n+l1-—i i b iln+1—i)ymge
— a _ ,
n+1 n+1 2K

i=1,...,m.

It follows that the horizontal positions of the mass points are equally spaced. As
the second differences, z' — z/~!, are constant, the mass points are located on a
parabola.

3.2 UNCONSTRAINED MINIMA OF CONVEX FUNCTIONS

If a function f : R" — R is convex, all its local minima are in fact global
minima. Indeed, suppose X is a local minimum of f(-), and there exists a
point y such that f(y) < f(x). Consider points on the segment connecting
X and y:

2ty =10 —-17)x+7y, te€l0,1].

The convexity of f(-) implies that f(z(z)) < f(x) for = € (0, 1] and
therefore X cannot be a local minimum.

It follows that conditions for a local minimum and a global minimum are
identical. Using the concept of a subdifferential of f(-) we easily obtain a
counterpart of Theorem 3.1 on page 88.

THEOREM 3.5. Let f : R" — R be a proper convex function. A point % is
a global minimum of f(-) if and only if

0 € of (x).
Proof. A point X is a global minimum if and only if for all y
FO») = fE)+(0,y —x),

which is equivalent to the assertion. m|
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This simple observation, together with our techniques for calculating sub-
differentials, helps to analyze many applied problems involving distances
and maxima of families of functions.

Example 3.6. Let us return to Example 3.3, but with the sum of absolute errors as
the measure of the quality of the model:

fx)= ilzn:xzu,] —yj’-
=1 i=1

In more abstract terms,
f&x)=1Ux —ylh.

with 1 1 1 INT
uy U " (u)

2 2 2 2NT

U= |" “.2 n|_ (=)

The subdifferential of f(-) can be calculated using Lemma 2.83 and Example 2.78
(see also Exercise 2.15). In the typical case, when y # Ux,

of(x)={U"g:gedllz—yl, z=Ux}
={UTg: lgllo =1, (g, Ux —y) = lly — Ux|1}.

At the optimal x, zero is an element of the subdifferential. We obtain
0=U"3. (3.3)

To express the conditions on g introduce the sets
n .
Jt = {j cyl > z&iu{},
i=1
n .
{j vl < Ziiu{},
i=1
n .
JO = {j y/ =Z)2,ul]}
i=1

It follows from the equation (g, Ux — y) = ||y — Ux||; that

J-

—1 ifjeJt,
gi=11 ifjeJ,
B ifjelJo,
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with B; € [—1, 1]. This result can be transformed as follows. Using u’ to denote
the transpose of the jth row of U we can write conditions (3.3) as follows:

PIED I WIS
jeJ+ jeJ— jeJo

Example 3.7. We have n continuous functions ¢;(t), i = 1,...,n, where t €
[a, b] C R. Our objective is to approximate in a uniform way a continuous function
v () by a linear combination of the basic functions,

D xipit) = y(0), te€la,bl,

i=1

where x;, i = 1,...,n, are unknown coefficients. The approximation error is
defined as follows:

F(x) = max, ‘ ;xi%‘(t) — ()|

This approach is frequently referred to as Chebyshev approximation. In Exam-
ple 2.88 on page 73 we calculated the subdifferential of F(-) at points x at which
F(x) > 0:

p1(1)
oF ) =zone|sen( X mo) - w) | 7 | v e T,
i=1 :
@n(t)
where

f"(x) = {t €la,b]:

> s — o] = F)
i=l

and sgn(-) is the sign function,

-1 v <0,
sgn(v) =10 0 =0,
1 o»>0.

Suppose x is the best value of the coefficients x. Since the set of vectors of the form
(p1(8), 2(8), ..., u(2)), t € T(X), is closed, Theorem 3.5 implies that

) p1(t)
0 € conv {sgn(Ziigoi(t) — z,u(t)) m:(t) , 1€ f"()?)}.

i=1 :
®n (t)

The set on the right hand side is convex and compact, and thus 0 is also a convex
combination of at most n + 1 of its points (Lemma 2.7). It follows that there exist
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points t1, ..., t; belonging to the set f‘()?), where m < n + 1, and nonnegative
coefficients ay, k = 1, ..., m, totaling one, such that
@1(t)
m n
. 02 (tk)
> acsen( X s —ww) | . =0
k=1 i=1 .
Qorl(tk)

Example 3.8. Let Y be a compact set in R”. We want to find the smallest ball
containing Y. Denoting by x the center of the ball, we see that our objective is to
minimize the function

fx)= maX lx — yll.
Let x be the best location of the center. Define the set

Y={yeY:[2-yl=r@®}
By Theorem 2.87,
of (x) = conv( U o|lx — y||).
ye?

We can calculate the subdifferentials of the norm by using Example 2.78 on page 63.
In the only interesting case when f (%) > O (the set Y is not a singleton) the norm
is differentiable and we obtain

. -y
VX =yl = — .
X — ¥l
Hence R ~
xX—y xX—y
0e COIIV( — ) = COIlV( — )
u X =yl U X =yl
yey yeY

By Theorem 2.44 and Lemma 2.7, we can choose no more than n + 1 of its extreme
points such that 0 is their convex combination. It follows that there existm < n + 1
points y' € Y and nonnegative weights a; totaling 1, such that

EazA

Because ||£ — y'|| = f(X) > 0, we can multiply both sides by f (%) and we obtain

the equation
m
=2 '
i=1

In other words, the sphere passing through the points y’ encompasses Y, and the
center of this sphere is an element of the m — 1 dimensional simplex spanned by
these points.

-y
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Example 3.9. We are given three convex closed sets Y1, ¥» and Y3 in R?. Our
objective is to find a point x whose sum of distances to the given sets is minimal.
Formally, we need to find the minimum of the function

f(x) =dist(x, Yy) + dist(x, Y2) + dist(x, Y3),

where
dist(x, Y) = min ||x — y]|.
yey

From Example 2.55 on page 46 we know that f(-) is convex, and Example 2.79
on page 64 provides us with the form of the subdifferential of each of the functions
dist(x, ¥;).

Suppose the optimal point X is not an element of any of the given sets. Then each
of the functions dist(x, Y;) is differentiable with the gradient

x — Iy, (%)

Vdist Y] = = "Er

The necessary condition of optimality reads

3 N N

x — Iy, (%)
0= T ——
ZHM—Hm@N

Each of the three vectors in the sum above has length 1, and they sum to 0, which is
possible only if they form an equilateral triangle. Consequently, the angles between
the vectors

My, (x) —x, i=1,2,3,

are all equal to 2z /3.
If such a point does not exist, the optimal solution must be an element of one of
the sets. Suppose x € Y1, but X ¢ Y> U Y3. Then, according to Example 2.79,

adist(x, Y1) = Ny, (X) N0llx — x| = Ny, (X) N{g : llgll = 1}.

We obtain

x — Iy, (¥) X — Iy, (%)

0 € of (}) = o dist(%, Y1) + — ~ ~ A
X =My, @I X = My @)

Equivalently,
Iy, (£) — & Iy, (%) — % .
2 A A : A A € NY] (x)s
[y, (*) — x| [Ty (x) — x|
and A A A A
” ||Hy2(x)—x Hy3(x)—)f” H -1

My, (X) = x|l [Ty (%) —

Thus the angle between the vectors Iy, (X) — X and ITy,(X) — X is at least 27 /3,
and its median is normal to Y. This is illustrated in Figure 3.2, which also shows
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Figure 3.2. The closest point to three sets.

the geometrical interpretation of the optimality condition: x is the reflection point
of a ray starting at a normal direction to Y», reflecting at ¥ and hitting Y3 from its
normal cone.

If no set Y; contains a point satisfying these conditions, the solution must be an
element of an intersection of two of them. We leave to the reader the analysis of
this case.

Optimality conditions for convex functions allow for an easy proof of a
classical geometrical result, known as Helly’s Theorem.

THEOREM 3.10. Assume that I is a finite family of closed convex sets in
R". If every n + 1 of them have a nonempty intersection, then they all have
a nonempty intersection.

Proof. LetY;,i € I, be the given sets and let
dist(x, ¥;) = min ||lx — y||.
yeYi
Consider the function
f(x) = max [ dist(x, ¥})].
iel

It is convex, finite everywhere, and it converges to +o00, as ||x|| — oo.
Therefore f(-) has a minimal point x.
Suppose the intersection of all sets is empty and thus f(X) > 0. Define

[={iel:dist£,Y;) = f(&)}.
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By Theorem 2.87 we have
0eof(x)= conv( U o dist(x, Y,-)),

iel
Since f(x) > 0, we obtain
(5
0 € conv (U )f—y’()f))
o [X — Iy, ()|

It follows from Lemma 2.7 that there exists a subfamily J C I of no more
than n + 1 sets Y; such that

£ -y, (%)
0 € conv (g m)

The right hand side of this expression is the subdifferential of the function
fr(x) = max [ dist(x, Y;)].
1S

By virtue of Theorem 3.5 the point X is its global minimizer. Since the sub-
family J has cardinality at most n + 1, it must have a nonempty intersection,

and thus
X € ﬂ Y,'.

This contradicts the assumption that dist(£, ¥;) = f(£) > Ofori € [. O

For application of this theorem, see Exercise 3.18.

3.3 TANGENT CONES

3.3.1 Basic Concepts

If an optimization problem has constraints x € X, the derivation of optimality
conditions at a point X must involve the analysis of ways to perturb x while
remaining in X. The fundamental concept in this analysis is that of a rangent
direction. The most convenient way to define it is to reverse the perturbation
operation and to consider sequences of points of X converging to X.

DEFINITION 3.11. A direction d is called tangent to the set X C R" at the
point x € X if there exist sequences of points x* € X and scalars 7, > 0,
k=1,2,...,suchthat 7, | 0 and

xk—x

d = lim

k— 00 Tk
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It is implicit in this definition that x* — x, otherwise the limit above does
not exists.

LEMMA 3.12. Let X C R" and let x € X. The set Tx(x) of all tangent
directions for X at x is a closed cone.

Proof. Suppose d € Tx(x). For every f > 0 we have

Xk X

(/B)’

so the sequences {x*} and {r;/ B} satisfy Definition 3.11 for the direction d.
Hence Tx(x) is a cone.

Let directions d/ be tangent to X at x with the corresponding sequences
{x/*yand {z;+},k = 1,2, ..., satisfying Definition 3.11, and let lim ; _, », d’
= d. Since directions d” are tangent, for every j we can find k() such that

Bd = lim
k— 00

Jk(j) _ ) .
|——=-a/| <1’ - al.
Tjk(j)
Therefore
Jk(j) _ .
|[——=-d| <214’ -al.
Tj.k(j)
It follows that the sequences {x/*\)} and {7y}, j = 1,2, ..., satisfy
Definition 3.11 for the direction d. Consequently, the cone Tx (x) is closed.

|

The notion of the tangent cone is illustrated in Figure 3.3.

Tangent cones are crucial for developing optimality conditions for nonlin-
ear optimization problems. In Theorem 3.24 on page 113 we establish that
a local minimum X of problem

minimize f(x)
xeX
satisfies the relation
—Vf@®) € [Tx(@)]".

All optimality conditions, in one way or another, decipher this inclusion.
This is the main motivation for the considerations of this section.

In general, cones of tangent directions may be nonconvex, which makes
the analysis of optimality conditions difficult. But we can still identify some
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x + Tx(x)

X

Figure 3.3. The tangent cone (translated to the point at which it is evaluated).

important cases when these cones are convex and we can provide their an-
alytical description. Recall for convenience the definition of the cone of
feasible directions at x € X:

Kx(x)={deR":d=8(y—x), ye X, f>0}.
LEMMA 3.13. Let X C R" be a convex set and let x € X. Then
Tx(x) = Kx(x).

Proof. Each d € Kx(x) is a tangent direction by definition. Moreover,
Kx (x) is a convex cone. Since the tangent cone is closed,

Ky (x) C Tx(x).

If these sets are not equal, we can find a direction & € Tx(x) \ Kx(x). By
the Separation Theorem 2.14 there exists y # 0 such that (y, h) > 0 and
(yv,d) < 0forall d € Kx(x). The direction 4 is tangent to X at x. If a
sequence {x*} of points of X and a sequence 7; |, O satisfy Definition 3.11
for the direction &, we obtain

(y,h) = (y,klim i(xk —x)) = lim i<y,xk — x).

—00 Ty k—o00 Ty
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Each vector x¥ — x is an element of Ky (x) and therefore (y, x* —x) < 0. The
last displayed equation renders (y, 2) < 0, which contradicts the postulated
properties of the separating y. m|

In applications, we encounter sets defined by an intersection:
X=XiNX,N---NXy.
For a point x € X we always have
Tx(x) C Tx,(x) N Tx,(x) N --- N Ty, (x)

but an equality is not guaranteed. The main part of this section is devoted to
conditions under which we obtain equality in this relation, for specific forms
of the sets X;. Moreover, we calculate the polar cone [Ty (x)]° in these cases.

3.3.2 Smooth Constraints. Metric Regularity

Feasible sets of nonlinear optimization problems are usually defined by sys-
tems of inequalities and equations:

gi(x)SOJ izla-‘*vma
hi(-x)z(), izl,"':]),

withg, :R" > R,i=1,...,mh; : R" - R,i =1,..., p. Addition-
ally, we may have abstract set constraints of the form x € X.

In order to develop algebraic forms of tangent cones to such sets, it is
convenient to consider an abstract system

g(x) €Yo,

34
x € X. ( )

Here g : R" — R iscontinuously differentiable, Y, is aclosed convex setin
R™, and X is a closed convex setin R". For example, when Yy = {y € R" :
y < 0}, system (3.4) has inequality constraints g;(x) < 0,i = 1,...,m.
When Y, = {0} the system has equality constraints g;(x) = 0,i = 1,...,m.
Combinations of equality and inequality constraints can be represented by
defining Yj as a product of half-lines and zeros.

We use the symbol g’(x) to denote the Jacobian of the function g(-) at the
point x:

ogix)  9gi1(x) 281(x)

ox1 oxo e oxp
0g2(x)  9g2(x) 082(x)

~ > o o

g/(x) — X1 X2 X,
gn()  dgm()  dgm)

ox1 0x) e Oxp
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Denote by X the set defined by system (3.4),
X ={x € Xo: g(x) € Yo},

and consider a point xo € X. For a direction d to be tangent to X at x
it is necessary that d € Tx,(xo). Furthermore, when x, is perturbed in the
direction d, then g(x() is perturbed (in first order terms) in the direction
g'(xo)d. Thus it is also necessary that g’(xo)d € Ty,(yo). Consequently,

Tx(x0) C {d € R" : d € Tx,(x0), & (x0)d € Ty, (g(x0))}.

We formalize this argument in Theorem 3.15 below.

The last relation becomes an equation, if the sets X and Y, are convex
closed polyhedra, and if the function g(-) is affine. Indeed, in this case
the first order expansions are exact, and the tangent directions are feasible
directions.

In general, however, the equality in the relation above is not guaran-
teed, unless system (3.4) has an additional property, called metric regularity.
Roughly speaking, it allows compensation of small perturbations in condi-
tions (3.4) with small adjustments of x.

DEFINITION 3.14. System (3.4) is called metrically regular at the point
xo € X if there exist ¢ > 0 and C such that for all X and u satisfying
X — xoll < e and ||u]| < e wecan find x, € X, satisfying the inclusion

g('xR) - ﬁ € YOa
and such that

Ix, — %I < C(dist()?, Xo) + dist(g(%) — @, YO)). 3.5)

The concept of metric regularity of asystem g(x) = 0,x € X isillustrated
in Figure 3.4.

We prove in Theorem A.10 in the Appendix that metric regularity is equiv-
alent to the following Robinson’s condition:

{g'(x0)d —v : d € Kx,(x0), v € Ky,(g(x0))} =R". (3.6)

Observe that the set on the left hand side of (3.6) is a cone, and thus an
equivalent expression of Robinson’s condition is

0 € int {g'(x0) (x —x0) — (y — g(x0)) : x € X, y € Yo}.

The condition is clear, but the considerations associated with it are very
technical. To avoid a long detour through the area of stability of systems
of inclusions, we present these considerations in the Appendix. However,
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Figure 3.4. Metric regularity of the system. The distance of the perturbed point X
to a solution x; of the perturbed system is proportional to the violation
of the two constraints.

it may be useful at this stage to notice that in the special case of equality
constraints g(x) = 0, when Xg = R” and Yy = {0}, metric regularity is
equivalent to the linear independence of the gradients of the constraints

Vgi(xo), i=1,...,m.

The relevance of the concept of metric regularity is demonstrated in the
following theorem.

THEOREM 3.15. [f system (3.4) is metrically regular, then

Tx(xo) = {d € R" : d € Tx,(x0), g (x0)d € Ty,(g(x0))}. (3.7

Proof. Let us prove at first that every tangent direction d is a member of
the set on the right hand side of (3.7). Since X C X, the direction d is an
element of T, (xo). By Definition 3.11, there exist points x* € X and scalars
7t | 0 such that

k
. X —Xp
d = lim .
k—o00 Tk

Set y* = g(x*), yo = g(x0). We have

Y= yo + &' (x0) (" — x0) + 0k,
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with limy_, o (0x/7¢) = 0. Dividing the last displayed equation by 7; and
passing to the limit, we obtain

lim 2X 20 _ g (xo)d.

k— 00 Tk

As y* € Yy, we get g'(x0)d € Ty,(yo). Summing up, the inclusion “C” is
true in (3.7).

We need to prove the opposite inclusion. Let d be a direction in the set on
the right hand side of (3.7). Consider points of the form

x(t) =xo+7d, 7>0.
As d € Tx,(xo),
dist(x(7), Xo) = 01 (1), (3.8)
with 0,(¢)/t — 0, when 7 | 0. Also,
8(x(r)) = g(xo) + 78’ (x0)d + 02(7),

with [lo2(z)||/r — 0, when 7 | 0. Since g'(xo)d € Ty,(g(xo)), it follows
that

dist(g(x(2)), Yo) < llo2(z)l + dist(g(xo) + 78’ (x0)d, Yo) = 03(z), (3.9)

with 03(7)/t — 0, when 7 | 0. Consequently, the points x(z) “almost”
belong to X, and “almost” satisfy the constraint g(x) € Y,. The errors
are negligible with respect to 7. We can now use the property of metric
regularity. Setting X = x(r) and u = 0 in Definition 3.14, we deduce that
for sufficiently small z > O we can find points x, () € X such that

I () = x(0)]| = € dist(x(2), Xo) + dist(g(x(2), Yo))-
Using (3.8) and (3.9) we conclude that

X (1) = xoll
m—-—— =

li d.
70 T
Hence d is a tangent direction to X at x. |

We can now easily develop algebraic forms of tangent cones to systems
of equations and inequalities. Consider the system
gi(x)s(), izl,"'am:
hi(x)=0, i=1,...,p, (3.10)
X € X(),
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with continuously differentiable functions g : R* — R™ and 4 : R" — R”
and with a closed convex set X,. We consider a point x, satisfying (3.10)
and we define the set of active inequality constraints:

1%(xo) = {1 <i <m: gi(xo) =0}.
System (3.10) is a special case of system (3.4) with
Yo={(,00 e R"xR”:y <0, i el’x)}

Robinson’s condition (3.6) takes on the form:

g/(X())d—U . m . . 0 _ mm p
H: I (xo)d :|.deTxo(xo),v€IR,v,gO,zeI(xo) = R" xR”.
(3.1

As the set on the left hand side is a cone, it is equivalent to require that O is an
interior point of this set. A simpler sufficient condition of metric regularity
can be obtained as follows.
LEMMA 3.16. Assume that there exists a point x,,. € int X¢ such that

(Vi (x0), X, —X0) <0, i €1%xo), 3.12)
(Vh;(x0), Xy —X0) =0, i=1,...,p,

and that the gradients Vh; (xg),i = 1, ..., p, are linearly independent. Then
system (3.10) is metrically regular at x.

Proof. As x,, is an interior point, there exists ¢ > 0 such that a ball about
x,, of radius ¢ is also included in the interior of X¢. Define B = {s € R" :
sl < e}. Then

Xye — X0 + B C Kx,(xo).

In view of (3.12) we can choose ¢ small enough (but positive) and a positive
0, so that

(Vgi(x0), Xyp — Xo +5) < —0, forall iel%x), seB. (3.13)
Since the gradients Vh;(xo),i = 1, ..., p, are linearly independent, we have
0 € int{h'(xo)s : s € B}. (3.14)

By choosing ¢ > 0 sufficiently small, we can ensure that a ball of radius J is
included in the set on the right hand side of (3.14).

To formally verify Robinson’s condition (3.11), choose any (y,z) €
R™ x R? such that |(y,z)]| < J. By (3.14), we can find s € B such
that i/ (xg)s = z. Then the second relation of (3.12) yields

' (x0) (X — Xo +5) = 2.
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Relation (3.13) implies that we can find » < 0 such that

8 (x0)(xyr —x0+5) —v =y.

This means that for the direction d = x,,, — xo + s and for the selected v
the corresponding element of the set at the left hand side of (3.11) equals
(v, z). This can be done for all (y, z) such that ||(y, z)|| < J. Consequently,
Robinson’s condition holds true and the system is metrically regular. |

We have to stress that the conditions of Lemma 3.16 are not equivalent
to metric regularity, because we made a strong assumption that x,,. is an
interior point of Xj.

The assumptions of Lemma 3.16 for Xy = R” are known as the Mangasar-
ian—Fromovitz constraint qualification condition. In this case it is equivalent
to metric regularity.

MF

LEMMA 3.17. System (3.10) with Xo = R” satisfies the Mangasarian—
Fromovitz constraint qualification condition at a point x if and only if it is
metrically regular at x.

Proof. In view of Lemma 3.10, it remains to prove that metric regularity
implies the Mangasarian—Fromovitz condition. With no loss of generality
we may assume that all inequality constraints are active at x( (otherwise, we
could just ignore the inactive constraints). Metric regularity of (3.10) with
Xo = R" is equivalent to Robinson’s condition:

g/(X())d—U . n m __mm )4
“: B (xo)d }.deR,veR,ng}—R x RP.

In particular, {h'(xo)d : d € R"} = R”, and thus the gradients Vh;(xq) are
linearly independent. Moreover, for each vector of the form (y, 0) € R"™*?
it follows from Robinson’s condition that there exist d € R"” and v < 0 such
that

(Vgi(xo),d) =y +v;, i=1,...,m,
(Vhi(x9),d) =0, i=1,...,p.

Choosing y; < 0,i = 1,...,m, we obtain the Mangasarian—Fromovitz
condition. 0O

We end this section by calculating the polar of the tangent cone described
in Theorem 3.15. Theorem 2.36 provides the formula:

[Tx (x0)1° = [Tx, (x0)]° + {[g'(x0)]" 2 : 4 € [Ty, (g(xo))]°}.  (3.15)

We use it in the analysis of optimality conditions for problems with feasible
sets of the form (3.4).
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3.3.3 Convex Nonsmooth Constraints

Tangent cones of sets defined by constraints involving nonsmooth convex
functions can be described with the use of subdifferentials of the constraint
functions. Consider the set

X={xeR":gx) <0},

where g : R" — R is a convex function. The key role is played here by
Slater’s condition: there exists xg such that g(xs) < 0.

THEOREM 3.18. Assume that g(xo) = 0, the function g is subdifferentiable
at xg, and Slater’s condition is satisfied. Then
[Kx (x0)]° = cone(0g(xo))-

Proof. If d € Kx(xg), then there exists 7 > 0 such that g(xg + 7d) < O for
all 7 € [0, 7]. Therefore g’'(xo; d) < 0. By Lemma 2.75,

g'(xo;d) = max (s, d).
sedg(xo)

Hence
(s,d) <0 forall s € cone(dg(xg)).

This is equivalent to d € [cone(dg(x())]°. Since d € Kx(x() was arbitrary,
we have

Kx (xp) C [cone(dg(x0))]°. (3.16)
On the other hand, if d is an element of the set on the right hand side, then
g (xo;d) = sup (s,d) <O.
s€og(xo)

If g'(xo; d) < 0, we have g(xg + td) < O for all sufficiently small z > 0.
Thus xo + td € X for these 7 and therefore d € cone(X — xq). If
g'(x0; d) = 0, we can represent d as the limit of directions

d* = (1 —ap)d + a(xg — x0), x40,

where x; is the point satisfying Slater’s condition. We can estimate the
directional derivative as follows:
g'(xo; d*) = max (s,d")
s€0g(xo)

< (1 —ay) max (s,d)+ox max (s,x; — Xo)
s€og(xo) s€dg(xo)

< (1 —ax)g'(xo; d) + arg(xg) <O.
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It follows that g(xo + 7d*) < 0 for all sufficiently small z > 0 and thus d* is
an element of Ky (x). Consequently, d € Kx(xp). Since d was an arbitrary
element of the set on the right hand side of (3.23), we conclude that

[cone(9g(x0))]° C Kx (xo). (3.17)
Combining (3.16) and (3.17), we obtain
Kx (x) C [cone(dg(x0))]° C Kx(xo)-

Since the polar cone is always closed, taking the closure of all three sets
above we conclude that

[cone(6g(x0))]” = Kx (xo0).
We can now calculate the polar cone of both sides of this equation:
[cone(9g(x0))]*° = [Kx (x0)]° = [Kx (x0)]°.

The set cone(dg(xp)) is closed, and Theorem 2.27 implies that it is equal to
the left side of the last equation. This yields the assertion of the theorem. O

Since Ky (xg) = Tx(xo), we obtain the following conclusion.

COROLLARY 3.19. Under the assumptions of Theorem 3.18 we have

Tx (x0) = [cone(dg(xo))]1°.

These results can be used to analyze the case of finitely many convex
inequalities and affine equations. Consider the set

X={xeXy:gx)<0,i=1,....,m, hy(x)=0,i=1,..., p},

where g; : R" — R,i = 1,...,m, are convex functions, #; : R" — R,
i =1,...,p,are affine functions, and X, is a closed convex set in R".
Slater’s condition takes on the form: there exists a point x; € X such
that gi(xs) < 0,1 =1,...,m, hi(x;) = 0,1 = 1,..., p; additionally,
xg € int Xy, if p > 0.
We define the set of active inequality constraints

1°(xo) = {1 <i <m: g(xp) =0}

In view of applications to optimality conditions, we are mainly interested in
the polar to the tangent cone Ty (xq).
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THEOREM 3.20. Assume that Slater’s condition is satisfied. Then

[T (x0)1° = [Tx, (x0)]° + > cone[dg;(xo)]

iel%(xq)
+ 1lin{Vh;(xp), i = 1,..., p}. (3.18)
Proof. Suppose p = 0 and consider the sets
Xi={xeR : 4 <0}, i)

As the functions g; (+) are finite valued, they are continuous (Lemma 2.70 on
page 55). Slater’s condition implies that x; € int X;,i =1, ..., m. Hence
xg € XoNint ] X;.

iel® (x0)

Allsets X;,i = 0,1, ..., m,are closed and convex. We can thus use Lemma
2.40 to obtain

N (x0) = Nx, (xo) + z Nx; (xo).
iel%(xq)

By the definition of the normal cone on page 37 and by Lemma 3.13 we can
rewrite this relation as

[Tx (x0)1° = [Ty (x0)1° + D [T, (x0)1°-
iEIO(xo)

By virtue of Theorem 2.74 on page 59, the functions g;(-) are subdifferen-
tiable everywhere. Applying Theorem 3.18 and Lemma 2.25(ii) on page 29
we conclude that

[Tx, (x0)]° = [Kx, (x0)]° = cone[dg; (xo)], i € I°(xo),

which yields the required result in this case.
If equality constraints are present, we additionally define the set

A={xeR":hix)=0,i=1,...,p}
In this case, Slater’s condition implies that
Xg € inthﬂint( N Xi) NA.
iel0(xq)
We can employ Lemma 2.40 again to conclude that
Ny (x0) = Nx,(x0) + > Ny, (x0) + Na(xo).
iel® (x0)

Using Lemma 3.13 again we obtain the assertion of the theorem. m|
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The tangent cone itself can be now calculated by using Theorem 2.35.
COROLLARY 3.21. Under the assumptions of Theorem 3.20,
Ty (x0) = T, (x0) N ( () [cone(ag; <xo>)]°) N ( ) [lin(Vh; (xo))]°).
i€l (xp) 1<i<p

The interior of the set X can be replaced by the relative interior, if nec-
essary.

Example 3.22. Consider the setS” of symmetric negative semidefinite matrices of
dimension n. Itis a closed convex cone in the space S” of all symmetric matrices of
dimension n. We considered it in Example 2.31, where we developed the formula
for its polar cone. Now it can be obtained in another way, which is slightly more
complicated but quite instructive.

The cone S” can be expressed algebraically as follows:

ST ={AeS": Amax(A) < 0},

where Amax (A) denotes the maximum eigenvalue of the matrix A.
As discussed in Example 2.59 on page 47, the maximum eigenvalue function
Amax (+) is convex. The set S” satisfies Slater’s condition, because Apax (—1) = —1.
The subdifferential of the function Amax (+) has been calculated in Example 2.89
on page 74:

0Zmax(A4) = conv{yy” : Ay = Jmax(A)y, Iyl = 1}.
Suppose A is a boundary point of S” . Then Apax(A) = 0, and
0Zmax (A) = conv(yy” : Ay =0, Iyl = 1}.
We can now apply Theorem 3.18 to obtain
[Ksn (A)]° = cone[dimax(A)] = cone[ conv{yy” : Ay =0, ||yl = 1}].

The last set can be written in a more transparent way. By interchanging the operations
of taking the convex hull and the conic extension we arrive at the expression

[Kgn (A)]° = conv [cone{yy” : Ay =0, |||l = 1}]
= conv{any Ay =0, lyll=1, a >0}
Since ayy” = (Jay) (ﬁy)T for o > 0, we finally obtain
Ngr (A) = [Kgn (A)]° = conv{yy” : Ay = 0}. (3.19)
At A = 0 the normal cone is just the polar cone,

Ngr (0) = [S’L]O,
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and thus
[Sri]o = conv{yy! : y € R"}. (3.20)

Each element of the set on the right hand side is a positive semidefinite matrix,
because forall y; € R" and alla; > 0,i =1, ..., k, we have

k k k
(d, Za,(yiyf)d} => ailyld,yld) =D ailyld|* =0,
i=1 i=1 i=1
forall d € R". On the other hand, every symmetric matrix Q can be represented as

n
T
Q= Zijz]-zj ,
Jj=1

where z1, . . ., z, are orthogonal eigenvectors of Q of length 1,and 41, . . ., 4, are the
corresponding eigenvalues. Q is positive semidefinite if and only if its eigenvalues
are nonnegative. Therefore every positive semidefinite matrix Q is an element of the
set on the right hand side of (3.20) (the fact that the eigenvalues do not total 1 does
not matter here, because this set is a cone). Consequently, we obtain the following
formula for the polar cone to the cone of negative semidefinite matrices:

[s"]° =s".

We have thus re-established the result of Example 2.31.
Suppose A is not necessarily 0, but A pax(A) = 0. The normal cone (3.19) can
also be derived as follows. We know from Example 2.21 on page 27 that

Te (A)=S" —{rA:1 >0}

It is a sum of cones, and thus its polar cone is the intersection of the corresponding
polar cones (see Example 2.24 on page 28):

Ngi (A) = [Tsr WD) ]" =[S"]"N[{-tA: 7z = 0}]°
=S} N{H eS" : tr(HA) > 0}.

In fact, for every H € S’} we must have tr(H A) < 0, and thus the last equation can
also be written as

Ny (A) =S, N{H € " : r(HA) = 0}.
This is the same as (3.19). By symmetry, atevery A € S}, we also have the formula
Ngn (A) =S N{H € S" : w(HA) = 0}.

This formula is of importance for semidefinite programming, which we discuss later
in Example 3.36.
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3.3.4 Smooth—Convex Constraints

Let us now consider the case when both smooth and nonsmooth (but convex)
constraints are present:

X={xeXy: h(x) e Yy, g(x) e R"}. (3.21)

We assume that the function 2 : R" — IR” is continuously differentiable,
the functions g; : R" — R,i =1, ..., m are convex, and that X and Y} are
closed convex sets in R” and R”. The symbol R” denotes the nonpositive
orthant: {v € R" :0v; <0, j=1,...,m}.

Our objective is to describe the tangent cone to the set X defined by (3.21)
at a point xo € X in terms of the tangent cones to the sets X, and Y, the
derivatives of 4 (-), and the subdifferentials of g;(-).

Consider the set defined by the convex constraints,

C={xeXp:gx)<0,i=1,...,m},
and let 7°(%) be the set of active constraints:
I’®)y={1<i<m:g&) =0}

THEOREM 3.23. Assume that there exists x; € X such that g;(xs) < O,
i =1,...,m. Furthermore, let Robinson’s condition be satisfied:

h (X)Kc(x) — Ky, (h(x)) = RP.
Then

[Tx ($)1° = [Tx, ®)1° + {[' ()] 4 : 1 € [Ty, (h(£))]°}
+ Z cone(dg; (%)). (3.22)

iel% (%)

Proof. By virtue of Theorem 3.20,

Te(®) = Ty, (}) N (1) [cone(dg; ())1°.

iel%(%)
Under Robinson’s condition we obtain from Theorem 3.15 that
Txy(X) = {d e R" : K (X)d € Ty, (h(?)), d € Tc(%)}.
The polar cone can be calculated as follows. First, formula (3.15) yields:

[Tx(R)1° = [Tc(@)1° + {[W' )2 : 4 € [Ty, (h(£))]°}.
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Second, formula (3.18) implies:

[Tc(®)]° = [Tx,®)]° + D cone(dg;(%)).

iel0(%)

Combining the last two expressions we get the required expression for the
polar of the tangent cone. O

Our system of constraints (3.21) encompasses, as special cases, all systems
considered before. The representation of the polar to the tangent cone allows
us to formulate necessary conditions of optimality for problems involving
such combined constraints. Unfortunately, the verification of the constraint
qualification conditions is very difficult in this case.

Another way to derive the representation (3.22) of the polar to the tangent
cone is to assume metric regularity of the system of constraints (3.21), as in
the analysis of system (3.4). However, the constraint function (g, /) becomes
nondifferentiable and nonconvex in this case. The derivation of the tangent
cone then requires application of techniques of nonsmooth calculus, which
are beyond the scope of this book.

3.4 OPTIMALITY CONDITIONS FOR SMOOTH PROBLEMS

Consider the constrained optimization problem

minimize f(x), (3.23)
xeX

with a differentiable function f : R — R and a set X C R". If its
solution X is a boundary point of the feasible set X, the necessary condition
of optimality formulated in Theorem 3.1 does not have to be satisfied. The
main reason is that the perturbations of the point X which take it out of
the feasible set X are not allowed, and therefore they may correspond to a
decrease of the objective function. In order to obtain necessary conditions of
optimality, we restrict the set of possible perturbations to tangent directions
at x.

THEOREM 3.24. Assume that X is a local minimum of problem (3.23) and
that f(-) is differentiable at X. Let Tx (x) be the tangent cone fo the set X
at x. Then

—Vf(@®) e [Tx®)]". (3.24)

Conversely, if the function f(-) is convex, the set X is convex, and a point
X € X satisfies relation (3.24), then X is a global minimum of problem (3.23).
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Proof. Suppose our assertion is false:
—VFE) ¢ [Te@)]"
This means that there exists a direction d € Tx(x) such that
(Vf(x),d) <0. (3.25)

As d is a tangent direction, there exists a sequence of points x* € X conver-
gent to X and a sequence of scalars 7 | 0 such that

xk—z

lim
k— 00 Tk

=d. (3.26)

Since f(.) is differentiable at x,

FO5) = fFR) = (VFE), x =) + ax,

where a; /||x* —X|| — 0, ask — oo. Dividing both sides of the last equation
by 7, we obtain
fGH -G -z
T

= (VF@). d) + (VF(R), — —d)+ X
k Tk Tk

Inequality (3.25) implies that ||d]|| 7 0 and thus
Ak

. . alld||
Iim — =lm — =
k—o0 Ty k—o00 ||xk — x|

By virtue of (3.25) and (3.26) we conclude that

o F69 = FG)
Tk

k— 00

= (Vf(#),d) < 0.

On the other hand, all points x* are feasible and they approach X. Since % is
a local minimum, f(x*) > f (%) for all sufficiently large k. Hence

lim inf M >0

k—o00 ‘[k

B

a contradiction. Therefore, relation (3.24) is valid.

Assume now that the function f(-) and set X are convex, and that (3.24)
is satisfied at a point x € X. Since the set X is convex, for every y € X the
direction

d=y—x
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is a tangent direction for X at ¥ (Lemma 3.13). Thus, condition (3.24)
implies that

The function f(-) is convex and Theorem 2.67 yields

FO) = fE)+(VfR), y —x).
Therefore f(y) > f(x) forall y € X, as required. O

If the function f(-) has only directional derivatives at x, then the necessary
condition of optimality is

f'R:d) >0 forall de Tx(). (3.27)

The proof of this condition can easily be obtained by following the argument
of the proof of Theorem 3.24, after formula (3.26). We just need to use the
directional derivative f’(x, d) instead of (Vf (x), d).

The development of necessary conditions of optimality for various classes
of nonlinear optimization problems consists mainly in deciphering the fun-
damental relation (3.24) for different forms of feasible sets X. The formulas
for the polar cone of the tangent cone to X at x play the key role there.

Let us consider the nonlinear optimization problem

minimize f(x)

subject to g; <0, i=1,...,m,
) 8i() <0, i " (3.28)
h,-(x):(), lzl,"'apa
x € Xp.

We assume that the functions f : R" - R, g : R" > R,i =1,...,m,
and h; : R" - R,i =1,..., p, are continuously differentiable, and that
the set Xy C R" is convex and closed. The feasible set of this problem is
denoted by X.

The optimality conditions of Theorem 3.24 for problem (3.28) involve the
tangent cone to the feasible set X at the optimal point X. In Theorem 3.15 on
page 103 we established that if the system of constraints of problem (3.28) is
metrically regular at the point X, then the tangent cone to the feasible set X
has the form

Tx(®) = {d € Ty, (X) : (Vgi(£),d) <0, iel’®),

3.29
(Vhi(%),d) =0, i=1,...,p} e

As before, 1°(X) is the set of active inequality constraints at %:

@) ={l<i<m:gE) =0).
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Formula (3.29) is valid, if all constraint functions g;(-) and /;(-) are affine
and the set X is a convex polyhedron. In the nonlinear case, Robinson’s con-
dition (3.11), which is equivalent to metric regularity, is sufficient for (3.29)
to be true. For Xy = R" the Mangasarian—Fromovitz constraint qualifica-
tion condition is sufficient (see Lemma 3.17 on page 106). Using Corollary
3.21 for smooth convex functions, we see that formula (3.29) is also valid if
problem (3.28) satisfies Slater’s constraint qualification condition: the func-
tions g;(-), i = 1,...,m are convex, the functions /;(-),i = 1,..., p are
affine, there exists a feasible point x¢ such that g;(x;) < 0,i = 1,...,m,
and x; € int X if p > 0.

If any of the sufficient conditions for (3.29) is satisfied, we say that problem
(3.28) satisfies the constraint qualification condition.

THEOREM 3.25. Let X be a local minimum of problem (3.28). Assume
that at x the constraint qualification condition is satisfied. Then there exist
multipliers A; > 0,i =1,...,m,and g; €e R, i =1, ..., p, such that

m P
0e V@) + D 4Livei®) + D 4;Vhi(®) + Nx, @), (3.30)
i=1 i=1
and
ligi®) =0, i=1,....m. (3.31)

Proof. By the constraint qualification condition, the cone Ty (x) defined by
(3.29) is the tangent cone to the feasible set X at x. Then, by virtue of
Theorem 3.24,

—Vf (&) € (Tx(x))°.

It remains to describe the polar to the tangent cone. Assume for simplicity

that I°(X) = {1, ..., m}. Robinson’s condition implies that the assumptions
of Theorem 2.36 are satisfied with
(Vg1 ())" 7]
_ (ngo (2))T _ N — mo p
A= (Vhl(f))T 5 Kl — TXo(x)9 KZ =R x {O} .
| (Vh,(3)"

If the constraint functions g; () and 4; (-) are affine and the set X is a convex
polyhedron, Theorem 2.36 holds true without the regularity assumption.
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Since K§ = R x R”, we deduce that there exist multipliers 1; > 0,
i el°#),and 4; e R,i =1,..., p,such that

p
—VI@) e D Aive®) + D A Vhi®) + [Tx, ®)1°.

iel%(%) i=1

Fori ¢ I1°(%) we formally define i =0. As [Tx,(X)]° = Ny, (%), the last
relation becomes identical with (3.30). The requirement that the multipliers
A; are 0 for inactive constraints can be algebraically formulated as (3.31). O

Equations (3.30)—(3.31) generalize to the case of inequality constrained
problems the classical Lagrange multiplier rule for problems with equality
constraints only. The multipliers ii, i=1,...,myand g;,i =1,..., p,in
(3.30)—(3.31) are called Lagrange multipliers. Conditions (3.30)-(3.31) are
called Karush—Kuhn—Tucker (KKT) conditions.

LEMMA 3.26. Let X be a local minimum of problem (3.28) and let A (%) be
the set of Lagrange multipliers A € R and i € R” satisfying (3.30)~(3.31).

(1) The set A (X) is convex and closed.

(ii) If problem (3.28) satisfies Robinson’s condition at X, then the set A (X)
is also bounded.

Proof. The set Nx, () is convex and closed, and thus the set of (1, ) sat-
isfying (3.30) is convex and closed. Conditions (3.31) are linear equations
in A, and thus assertion (i) is true.
Assume that problem (3.28) satisfies Robinson’s condition (3.11) at X and
that (4, 1) € A(X). Then we can choose d € K, (X) such that
(Vei®),d) < -1, iel’®),
. -1 ifga. >0, .
(Vhi@).dy =1 HIZ =1 p.
1 ifg; <0,

It follows from (3.30) that there exists z € Ny, (*) such that

m p
0=VF@&) + > LiVg®) + > 4, Vhi(®) +z.

i=1 i=l

Multiplying both sides by d we find that

14
0 <(VF®).d) — D Ji— D luil + (z.d).
1

iel9(%) i=
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As (z,d) =0,

p

D hi+ D Il < (VfR),d).

iel%(%) i=1

This, combined with the nonnegativity condition A >0, proves the bound-
edness of the set of multipliers /(). |

Let us introduce the Lagrangian associated with the constrained problem:
m p
L(x, 2, 0) = fO) + D higi(x) + D pihi(x). (3.32)
i=1 i=1
Using the Lagrangian, condition (3.30) can be written compactly as
—~V.L(&, 1, i) € Ny, (%). (3.33)

Thus the necessary condition of Theorem 3.24 for a minimum of the function
L(x, A, 1) over x € X is satisfied at x. We explore this observation in
Theorem 3.27 below and in Chapter 4.

THEOREM 3.27. Assume that the functions f(-)andg;(-),i = 1,...,m, are
convex and the functions h;(-), i = 1, ..., p, are affine. If the point X € X
and multipliers i,- >0,i=1,....mand g; € R, i = 1,..., p, satisfy
conditions (3.30)—(3.31), then X is a global minimum of problem (3.23).

Proof. 1t follows from the assumptions that the Lagrangian L(x, 2, [) is
convex with respect to x. By (3.33) and the second part of Theorem 3.24,

L(%, A, 0) < L(x,i,0) forall x € Xo.
At feasible points of problem (3.28) we have
L(x, 4, 1) < f (),
and at the point X condition (3.31) implies that
f@) =L@&, 4 ).
Hence f(x) < f(x) forall x € X. O

Example 3.28. Let A be an m x n matrix of rank m and let b € R™. Consider the
set of points in IR" satisfying the equation

Ax = b.
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It is a linear manifold. Our objective is to calculate the projection of a point z € R”
on this manifold (see Section 2.1.2 on page 20). The projection is the solution of
the problem

minimize |lx — z||?

subjectto Ax —b = 0.

It has form (3.28) with
fO) =llx —zII?

and
hi(x) = (aj,x) —b;j, i=1,...,m,

where a; denotes the ith row of A. The constraints are affine and therefore the
constraint qualification condition is satisfied.

Introducing the vector of Lagrange multipliers 4 € R”, we can write the neces-
sary condition of optimality (3.30) as follows:

2(x —2)+ ATu =0. (3.34)

Let us multiply both sides of this equation by A. Using the fact that Ax = b we
obtain
AAT =2(Az - b).

The matrix A has row rank m and thus AA” is a nonsingular matrix. Therefore
u=2(AAT) "' (Az — b).

Substitution into (3.34) renders
1
x=z— EATy =z—AT(AAT)" 1 (Az - D).

The reader can verify directly that Ax = b and that the vector z — x is perpendicular
to the subspace {d : Ad = 0}. Thus the necessary and sufficient conditions for the
projection, as stated in Lemma 2.11 on page 21, are satisfied.

Example 3.29. Let Q be a symmetric matrix of dimension n. Consider the
quadratic form

J(x) = (x, Ox)

on the unit sphere
S={xeR": x| =1}

To find the minimum value of the quadratic form on the sphere, we formulate the
problem

minimize (x, Ox)

subject to 1 — ||x||> = 0.
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The gradient of the constraint function is equal to —2x. It is never zero for x € S
and therefore Robinson’s condition is satisfied. The optimal solution of the problem
must satisfy the necessary conditions (3.30)—(3.31).

Introducing the Lagrange multiplier x associated with the equality constraint, we
can write (3.30) as follows:

20x —2ux =0,
or simply as
Ox = ux.
It follows that x is an eigenvector of Q having length 1, and x is the corresponding

eigenvalue. In order to find the best eigenvector, we calculate the value of the
objective function:

(x, Qx) = (x, ux) = p.

Therefore the optimal solution is an eigenvector of length 1 corresponding to the
smallest eigenvalue of Q. This is illustrated in Figure 3.5.

Figure 3.5. The minimum and maximum of a quadratic form on a sphere are attained
at eigenvectors +z; and +2z5.

The largest value of the quadratic form (x, Qx) on the sphere can be calculated
by minimizing (x, (—Q)x) in S. The solution is an eigenvector of Q corresponding
to the largest eigenvalue, and the maximum value of the form is equal to the largest
eigenvalue.

Example 3.30. Two points, a and b, are connected by a chain consisting of n mass
points joined by extensible links. Each point has mass m, and the spring constant of
the links equals K. We considered this problem in Example 3.4 on page 91, where
we calculated the location of the mass points at equilibrium.
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Let us assume now that the point b is located on a horizontal board, which
constitutes an obstacle for the chain, and the point a is above the board (a; > by), as
illustrated in Figure 3.6. No friction exists between the board and the mass points.

a

Figure 3.6. The chain with elastic links and a horizontal obstacle.

All mass points have to remain on or above the board, that is, their locations have
to satisfy the inequalities

X5 >by, i=1,...,n.

Our goal is to calculate the location of the mass points at equilibrium.
In Example 3.4 we derived the expression for the potential energy of the mass
points:

K n ) ) n )
PO x) = 2 3 I =2 g Y e, x'),
i=1 i=1

with the convention that x° = @ and x"T! = b, and with e = (0, 1). The problem
of minimizing the potential energy in the presence of an obstacle can be formulated
as follows:

K n n
minimize > Z [t — x> + mg Z(e, x')
i=1 i=1

subject to by — (e, x') <0, i=1,...,n.
The constraint functions
gi(x)=by—(e.x"), i=1,...,n,

are affine, and therefore the constraint qualification condition is satisfied. Let us
introduce Lagrange multipliers 4; > 0,7 = 1, ..., n. Condition (3.30) has the form

V@) + D AiVgi(x) = 0.

i=1
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Observe that each constraint function g;(-) depends on x’ only, and thus the last
equation can be written for each mass point separately:

Vi f(x) +4iV,igi(x) =0, i=1,...,n.
Substituting the formulas for f(-) and g;(-) and differentiating we obtain
KQxi —x' ' = x4 (mg—A)e=0, i=1,...,n. (3.35)
The complementarity conditions (3.31) have the form
Ailby — (e, x') =0, i=1,...,n. (3.36)

In general, solving systems like the last one requires considering 2" cases, for all
possible sets I of active constraints. For each set I we require that 1; = 0 for
i ¢ I and that the inequality constraints are satisfied as equations fori € /. In
this example we can drastically reduce the number of cases to be considered, by
employing our understanding of the physical nature of the problem.

Equation (3.35) for the first coordinate, xi, i=1,...,n,reads

xi“ —xi =xi —xi_l, i=1,...,n.
That is, the mass points are horizontally equally spaced.

The vertical locations are more difficult to calculate. Common sense suggests
that if a mass point j is on the board, then all mass points j+1, . .., n should remain
on the board as well. Formally, we can derive this as follows. Equation (3.35) for
the second coordinate has the form:

KM —xd) = K(x5 — x5 +mg— 2, i=1,....n. (3.37)

Suppose x{ = by, but x{“ > by. From (3.36) we obtain Aj;1 = 0. The last
equation fori = j + 1 implies:

x£+2 - x%“ = x%“ — xé + ?g > 0.
This propagates to the following points and we get xé“ > xé foralli =j,...,n.

This contradicts the equation xé’“ = b;.

Consequently, all pointsi = j, ..., n are located on the straight line between x/
and b and are equally spaced.

Let us denote by j* the first mass point that lies on the board. It follows that
xé >byfori=1,...,j*—1, andxé = by fori = j*, ..., n. Equation (3.37) for
i = j* implies that

> 0. (3.38)
Since A; =0fori =1,..., j* — 1, equation (3.37) fori = 1, ..., j* — 1 yields

AL S B S (3.39)
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Combining the last relation for i = j* — 1 with (3.38), after simple manipulations
we conclude that

x> L8 3.40
Xy =Xy = X (3.40)
Summing equations (3.39) fori =1, ..., j* — 1 we obtain
oy, G =1Dj*mg

by —ay = (j* —1)(x3 —x3) + —

Therefore, j* is the smallest index for which the inequality

NP
G l)mgS

by —
K 2 —az

(=D —23) +
is satisfied. Dividing by j* — 1 we obtain

by —ay j*mg
1 0
RTRE T T g

Because of (3.40),
a—by _jimg
j*—1 = 2K

The left hand side of the above inequality is a decreasing function of j*, while the
right hand side in an increasing function. The critical index j* is the smallest integer
in {1, ..., n}, for which this inequality is satisfied. If such an integer does not exist,
all mass points are above the board. If j* can be found, the mass points j*, ..., n
lie on the board and are equally spaced, and the mass points 1, ..., j* — 1 can be
found from the unconstrained problem with ends at ¢ and x/ ", asin Example 3.4.

The solution, for the same data as in Example 3.4, is displayed in Figure 3.6. Let us
observe that the active constraints in the constrained problem cannot be determined
by verifying which constraints are violated by the unconstrained solution. The
second mass point is below the board level in the unconstrained solution, but the
corresponding constraint is not active at the optimal solution of the constrained
problem.

If the point b is located above the obstacle, we also have to determine the /ast
mass point lying on the board. We leave to the reader the analysis of this case.

If the obstacle is not horizontal, the solution method is similar, but more compli-
cated. The main property, though, that there will be two key mass points — the first
and the last one on the obstacle — remains valid.

Example 3.31. Consider the unconstrained optimization problem
minimize f (x), (3.41)
xeR"
with the function f : R" — IR defined by

fx)= i:maxN fi(x).

1.,
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We assume that each f; : R" — R,i = 1,..., N, is continuously differen-
tiable. The necessary condition of optimality for this problem can be developed
from optimality conditions for constrained optimization problems. Let us consider
the problem

minimize v

] ) (3.42)
subjectto fi(x)—0v <0, i€l,...,N,

with decision variables x € R" and v € IR. For every x € IR” the minimum value
of v is equal to f(x), and therefore this problem is equivalent to (3.41).

Any feasible point (x, v) of problem (3.42) satisfies the Mangasarian—Fromovitz
constraint qualification condition with the directiond = (0, 1) € R" x R.

Denote by (%, 0) the optimal solution of (3.42). Optimality conditions (3.30)-

(3.31) have the form
N
H Z [Vf’(x)} 0, (3.43)
0,

4i(fi(x) —0) =

At the optimal solution we must have © = f(x) and therefore condition (3.44)
means that A; = 0, if f;(X) < f(X).
The first n rows in equation (3.43) have the form

Ai i=1,...,N. (3.44)

N
0= LVAi).

i=1

The last row reads

Therefore, zero is a convex combination of the gradients Vf; (x) of these functions
fi (), for which f; (x) = f(X) (active pieces).

Example 3.32. We can now apply the results of Example 3.31 to a nonlinear
version of the approximation problem of Example 3.3. A model represents the
output variable, y € R, as a function

y=0(u,x)

of input variables uy, ..., u,. Here ¢ is a function from R x R" to R. The
quantities x, . .., x, are unknown model coefficients.

We have N observations of values of input variables and the corresponding values
of output variables: (u/,y/), j = 1,..., N. One way to determine the values of
the coefficients xp, ..., x, is to minimize the largest deviation between the values
observed and those predicted by the model:

flx)= max !y — (!, x)|.
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Such uniform approximation (Chebyshev approximation) has already been dis-
cussed in Example 3.7 on page 94 (for a model linear in x and for a continuum
of “observations”). Assume that for each u/ the function ¢ (-, u/) is smooth. Then
we can represent f(x) as the maximum of 2N smooth functions

@)=y —p@/,x), j=1,....N,
fix)=—fj-n(x), j=N-+1,...,2N.

We focus on the most interesting case, when the smallest distance is positive (the
perfect match is impossible). Then f(x) > O for all x. It is apparent that if
fi(x) = f(x) then — fj(x) # f(x). Let us define the set

JE) ={1<j<N:|y/ —p@,x)|=f&)

Optimality conditions of Example 3.31 imply that there exist a subset A of no more
than n + 1 indices from J (%) and nonnegative coefficients a;, j € A, totaling one
and such that _ . _

Z ajsgn(y’ —pu’,x)) Vep(u!, %) = 0.

jeA
This condition extends to the nonlinear case the conditions obtained in Example 3.7.
Of course, here we are comparing the model and the reference outcomes y/ at finitely
many points, while in Example 3.7 we considered the maximum over an interval.
When the model is nonlinear in parameters x, the maximum function is nonconvex
and nonsmooth, and our techniques only allow us to analyze the case of finitely
many points.

In Figure 1.4 on page 14 we illustrate the optimal approximation of 21 data points

with a model having 5 parameters. As predicted, 6 data points determine the error
of the approximation.

3.5 OPTIMALITY CONDITIONS FOR CONVEX PROBLEMS

If the objective function or the constraint functions in a nonlinear optimiza-
tion problem are convex, but not necessarily differentiable, we use their
subgradients in the necessary conditions of optimality. Although the results
of this section can be derived as special cases of the results of the follow-
ing one, we analyze the convex case separately for educational reasons, and
because of wide applications.

At first we establish the counterpart of the fundamental relation (3.24)
from page 113 and of Theorem 3.5 from page 92. Consider the constrained
optimization problem

minimize f(x), (3.45)
xeX

with a convex function f : R” — R and a convex set X C R".
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THEOREM 3.33. Assume that x is a local minimum of problem (3.45) and
that there exists a point xo € X such that f is continuous at xo. Then there
exists s € 0f (X) such that

—s € Nx(%). (3.46)

Conversely, if a point X € X satisfies relation (3.46) for some s € 0f (X),
then X is a global minimum of problem (3.45).

Proof. Consider the indicator function

0 ifx € X,
+o00 otherwise.

ox(x) = [
Problem (3.45) is equivalent to the unconstrained optimization problem
minimize f(x) + dx (x).
xeR"

If f(-) is continuous at xo € X then Theorem 2.85 on page 68 renders

o[ f () +ox(D)] = of (%) + dx (%).

By Theorem 3.5 on page 92, X is a minimum if and only if

0 €9[f(X) +ox(®)].

Combining the last two relations we see that there must exist a subgradient
s € of (X) such that

—§ € GJX(JE)

Using Example 2.81 on page 67 we note that 00y (x) = Ny (x), and formula
(3.46) holds true.

To prove the opposite implication, suppose (3.46) is satisfied for some
s € 9f (x). Then, for every y € X,

FO) = fE) + s,y —%).
Since y — X € Kx(X) and —s € Nx(X),

<S:y_x>20-

Therefore f(y) > f(x) forall y € X. |
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This general fact helps us to obtain optimality conditions for the following
problem:

minimize f(x)

subject to g; <0, i=1,...,m,

ubj gi(x) < i m (3.47)
h,-(x):O, lzl,"'apa
x € Xp.

We assume that the functions f : R" — R, and g 'R'"—>R,i=1,...,m,
are convex, and the functions &#; : R* — R,i =1, ..., p, are affine. The
set X is convex and closed.

Recall from page 109 that Slater’s constraint qualification condition for
convex constraints takes on the form: There exists a point x; € X, such that
gilxy) <0,i=1,...,m, hi(xs) =0,i =1,..., p, and x; € int X, if
p > 0.

In Theorem 3.20 on page 109 we established that under this condition

p
Nx(®) = [Kx,(®)]° + D cone[dg;(£)] + D _lin[Vh;(®)].  (3.48)

iel0®) i=1

Here 1°(X) is the set of i € {1, ..., m} for which g;(#) = 0. This can be
combined with Theorem 3.33 to obtain the following optimality conditions
for problem (3.47).

THEOREM 3.34. Assume that X is the minimum of problem (3.47), the func-
tion f(-) is continuous at some feasible point xo, and Slater’s condition is
satisfied. Then there exist /. € R"! and ji € R” such that

m p
0€0f(®) + > 4iogi®) + D i, Vhi(®) + Ny, (&) (3.49)
i=1 i=l1

and
ligi(®) =0, i=1,...,m. (3.50)

Conversely, if for some feasible point X of (3.47) and some l e RY and
i € RP conditions (3.49)—(3.50) are satisfied, then X is the global minimum
of problem (3.47).

Proof. Using Theorem 3.33, the formula (3.48) for the normal cone, and the
equation [Kx,(X)]° = Ny, (¥), we see that there exists s € df (¥) such that

p
—s € Nx,(}) + D _ cone[dg;(®)] + D _ Lin[Vh; (£)].

iel%(%) i=1
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This means that there exist 4; > 0,i € 1°(%), and 2 € R” such that
A P
—s € Nx, (¥) + z 4108 (¥) + z f1;Vhi(%).
iel0(%) i=l1

Setting i,- =0 fori ¢ I°(X) we obtain (3.49)—(3.50).

To prove the converse, assume (3.49)—(3.50). This implies that there exist
subgradients s € 0f (%), s; € 9g;(%),i € 1°(%), and some v € Ny, (%) such
that

p
0 =S + Z iiSi + Zﬁ,Vh,(i) + V.
iel%(%) i=1

Suppose y is a feasible point of problem (3.47). Evaluating the scalar product
of y — x with both sides of the last equation we obtain:

p
0=(s,y = &)+ > Jils,y — &)+ D @4 (Vhi®),y — &) + (v, y — 2.

iel0 (%) i=1

Since y is feasible, y — X € Kx,(*). Thus (v, y — Xx) < 0, because v €
Nx, (%). Moreover, g;(y) < 0 and therefore for every i € 1°(%) we have

(si,y —%) < 8i(y) — &) 0.
Finally, the feasibility of y implies that
(Vh;(x),y—x)=0, i=1,...,p.
The last three displayed equations yield the inequality
(s,y —x)>0.
This means that f(y) > f(X), as postulated. |
Again, using the Lagrangian,
m P
L(x, 2, 1) = fO) + D digi(x) + D uihi(x),

i=1 i=1

we can write the necessary condition of optimality (3.49) as
0€d, L&, 1, A) + Ny, (%),

which is nothing else but the necessary and sufficient condition of optimality
for the problem of minimizing L(x, 4, i) over x € Xj.
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Example 3.35. Given a matrix A of dimension m x n and vectors ¢ € R" and
b € R™, the linear programming problem is formulated as follows:

minimize {c, x)
subject to Ax =D,

x > 0.

We see that the problem has form (3.47) with

fx) = {c,x)
hi(x)=b; — (a;j,x), i=1,...,m,
X0=R}_1’_.

The constraints are affine, and therefore formula (3.48) for the normal cone to the
feasible set remains valid. We can use Theorem 3.34.
Condition (3.49) has (at the optimal solution x) the form

m
c— Zﬂiai € —[Tr: (X)1°.
i=1
We know from Example 2.21 on page 27 that
Ty (§) =R} +{cX: 7 € R}
Thus, by virtue of Example 2.24 on page 28,

[T (£)1° = Nrr () =R N{d e R" : (d, X) = 0}.

Setting u = —d, we conclude that there exist # € R™ and u € R/, such that
c— ATy =u,
(u,x) =0.

These relations can also be derived from direct linear algebraic considerations, but
it is instructive to see them in a more general framework.

Example 3.36. Givensymmetric matrices Ay, ..., A, and C in S” the semidefinite
programming problem is formulated as follows:

minimize tr(CX)
subjectto tr(A; X)=b;, i=1,...,m,
X eS|,

The last condition means that the decision variable X in this problem is a symmetric
positive semidefinite matrix.
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We see that the problem has form (3.47) with

f(X) = t(CX)
hi(X)=b; —tr(A;X), i=1,...,m,
Xo :Sﬁ_.

The functions f(-) and h;(-) are affine. Assume Slater’s constraint qualification
condition (see page 109). In our terms it means that there exists a positive definite
matrix X, satisfying the equality constraints. Under this condition we can use
Theorem 3.34.

Condition (3.49) has (at the optimal solution X ) the form

m
C - Z,uiAi € —Ngi(ﬁ)

i=1
We know from Example 3.22 on page 110 that
Ny (X) =S N (D eS": w(DX) = 0}.

Setting U = —D, we conclude that there exists a vector 4 € R and a quadratic
matrix U of dimension n such that

m
C _Z#iAi =U,

i=1
(3.51)
Uefl,

tr(UX) =0.

These conditions are formally similar to the optimality conditions in linear program-
ming, as presented in Example 3.35. However, their derivation requires application
of the formulas for the tangent cone to the positive semidefinite cone S'| and for
its polar cone, and the use of the optimality conditions of Theorem 3.34. The op-
timality conditions cannot be obtained by imitating the linear programming case.
In particular, the constraint qualification condition (the existence of a feasible pos-
itive definite X) is crucial in this case, while in linear programming the constraint
qualification condition is always satisfied.

Example 3.37. There are n investment opportunities, with random return rates
R1, ..., R, in the next year. We assume that the return rates have a joint normal
probability distribution. We have a practically unlimited initial capital and our aim
is to invest some of it in such a way that the expected value of our investment after
a year is maximized, under the condition that the chance of losing more than some
fixed amount » > 0 is smaller than a, where a € (0, 1). Such a requirement is
called the Value at Risk constraint.

Letxy, ..., x, be the amounts invested in the n opportunities. The net increase of
the value of our investment after a year is random and equals G (x, R) = >/_; Rix;.



OPTIMALITY CONDITIONS 131

Its expected value is linear in x:
n

E[G(x, R)] = Z riXi,

i=1
with r; = E[ ] Our problem takes on the form:

n
maximize E rixi
i=1

n
(3.52)
subject to ]P’{Z Rix; > —b} >1—a,

i=1
x > 0.
We do not impose any constraint of the form x| + ... + x, = Wy, where W) is the
total invested amount. We also assume that 7 7~ 0, otherwise no improvement over
x = 0 is possible.
Denote by C the covariance matrix of the joint distribution of the return rates.

The distribution of the total profit (or loss) is normal, with the expected value (7, x),
and the variance

[G(x R) Z(R r,)x, = (x, Cx).

We assume that C is positive definite. If x # 0 then the random variable
G(x,R) —
(x, Cx)

has the normal distribution with mean zero and variance one. Our probability
constraint is therefore equivalent to the inequality

b+ (r,x)
—— = Za>
(x, Cx)

where z,, is the (1 — a)-quantile of the standard normal random variable. If the risk
level o < 1/2 then z, > 0. Therefore the last constraint (after multiplying both
sides by +/{x, Cx)) is equivalent to a constraint involving a convex function:

Za/ (x, Cx) — (r,x) <b.

The convexity follows from the positive definiteness of C (see Example 2.84 on page
68). If x = O the last constraint is satisfied as well, because b > 0. Consequently,
we obtain the following convex optimization problem equivalent to problem (3.52):
minimize — (r, x)
subject to z4+/{x, Cx) — (F,x) —b <0, (3.53)

x > 0.
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It satisfies Slater’s condition with x; = 0.

To formulate the necessary (and sufficient) conditions of optimality, let A > 0 be
the Lagrange multiplier associated with the constraint. Condition (3.49) takes on
the form

Substituting the explicit form of the normal cone (as in Example 3.35) we conclude
that

L4 2,
(x, Cx)
(3.54)
<x (1 + 17 — 22aCx_ > -
’ (x, Cx)

If we ignore the nonnegativity constraint on x we can solve this system analytically.
The optimality condition becomes

_ AzaCx _

Since 7 is nonzero, 4 > 0 and thus the inequality constraint must be satisfied as
equality. From the last equation we deduce that the vectors Cx and 7 are colinear:
there exists a scalar ¢ such that Cx = ¢r. Substitution to the constraint (which is
active) yields

t=b/oGa—0), 2= za/o—1)"", with g=+/(7 C 5.

Note that C~! is positive definite and hence (7, C~'7) is positive. If p = z4, no
solution to the system exists. If p > z,, the solution has 4 < 0, and thus no optimal
solution of the problem exists. In both cases the problem is unbounded.

If p < z4, the vector
N b -
xX=——C'r
0(za —0)
is the solution to the problem without sign restrictions on x. If, in addition,
C~'F > 0, then the vector £ solves our original problem.

If C~'7 # 0 the sign restrictions on x cannot be ignored. We have to find a
subset I of decision variables, such that the problem restricted to this subset (with
other variables set to zero) can be solved as above and its solution is nonnegative.
Then we need to have

Coyim =0,

with C(;y denoting the quadratic submatrix of C corresponding to 1, and 7(y) is the
subvector of 7 with components from /. Moreover, for the remaining variables the
first relation of (3.54) must hold, and this requires tedious testing of many subsets 7.

Numerical methods of convex optimization, which we discuss in Chapter 6, avoid
examining all possible subsets of assets.
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3.6 OPTIMALITY CONDITIONS FOR SMOOTH-CONVEX PROBLEMS

Our techniques allow us to develop optimality conditions for problems in-
volving both nondifferentiable and nonconvex smooth functions. We con-
sider the following problem formulation:

minimize f(x)

subject to g;(x) <0, i=1,...,m,
ject to g;(x) = (3.55)
h(X) € Yy,
x € Xp.
We assume that the functions g; : R” — R, i = 1, ..., m, are convex, but

possibly nonsmooth, and the functions f : R" — R and & : R" — R’ are
continuously differentiable. The sets Xy C R” and Y, C R” are convex and
closed.

The assumption that f(-) is smooth is not restrictive, for if f(-) is convex
and nonsmooth, we can introduce an additional variable v € IR, an additional
constraint f(x) < v, and transform (3.55) to a problem of minimizing v
subject to the additional constraint as well as other constraints originally
appearing in the problem. Example 3.39 at the end of this section illustrates
this transformation.

If the functions g; (-) are smooth, but nonconvex, we can define

g1(x)

7 (x) = Yie = R” x Y,

gn(x) |’
h(x)
and formally remove the inequality constraints from (3.55). Thus, from the
theoretical point of view, it is sufficient to analyze the case when f(-) is
smooth and the functions g; (-) are nonsmooth, but convex.

Consider the set defined by the convex constraints,

C={xeXy:gx)<0,i=1,...,m},
and let 7°(%) be the set of active constraints at the optimal point X:
1°(%) = {i : gi(¥) = 0}
This renders the formulation

minimize f(x)
subject to h(x) € Yy,
x eC.
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Recall that Robinson’s condition (3.6) for this problem has the form
(@)K () — Ky, (h(3)) = R?. (3.56)

The set K¢ (X), in general, is difficult to describe exactly, but under Slater’s
condition we can find its nonempty subset. Indeed, if there exists x; €
Xy such that g;(x;) < 0,i = 1,...,m, then the set Kg(;?) of directions
d € Kc(X) such that g/(£;d) < 0,i € 1°(®), is nonempty. It obviously
contains the direction d = x; — X. We can, therefore, formulate a more
explicit sufficient condition for Robinson’s condition by replacing K ¢ (X)
with K g (x). In the theorem below it does not constitute any additional
restriction.

THEOREM 3.38. Assume that x € X is a local minimum of problem (3.55).
Assume that the functions g;(-), i € I°(X), are subdifferentiable at X and
that there exists xy € X such that g;(x;) <0,i =1,...,m. Furthermore,

let Robinson’s condition be satisfied at x. Then there exist i€ RY and
i € [Ty, (h(x))]° such that

0€ VF®) + D 4iogi®) + @)1 + Ny, (%) (3.57)
i=1

and
Jigi®) =0, i=1,....m. (3.58)

Furthermore, the set A (X) of multipliers (i, [) satisfying the above condi-
tions is convex and compact.

Proof. Let X be the feasible set of problem (3.55). By Theorem 3.24 on
page 113,

—Vf(x) € [Tx(X)]°.

By Theorem 3.23 on page 112, the polar of the tangent cone to X has the
form

[Tx($)]° = Nx, (&) + {[h' ) w = p € [Ty, (h(E)]°}
+ z cone(9g; (x)).

iel9(%)
It follows that there exist 4; > 0 and i € [Ty, (h(x))]° such that

0eVI®) + D 4iogi®) + D1 i + Ny, (R).

iel%(%)
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This is equivalent to (3.57)—(3.58).

To prove the compactness of the set of Lagrange multipliers, we can adapt
the idea of the proof of Lemma 3.26 in a straightforward manner. We leave
the details of this adaptation to the reader. m|

If the objective function f(-) is convex and nonsmooth, the standard trans-
formation discussed at the beginning of this section reduces it to the form
analyzed in Theorem 3.38. The multiplier associated with the additional
constraint f(x) — v < 0 equals one, and the optimality conditions can be
reduced back to (3.57)—(3.58), with the only difference that Vf (x) should
be replaced by of () in (3.57).

Theorem 3.38 encompasses as its special cases all formulations of non-
linear optimization problems discussed in the preceding sections. Clearly,
the verification of its constraint qualification conditions is very difficult. A
formal simplification of the optimality conditions can be achieved by using
the concept of metric regularity of the entire system of constraints. Due
to the possible nonconvexity and nondifferentiability of the constraints, the
analysis of metric regularity requires special techniques of nonsmooth cal-
culus. This leads to other technical complications and exceeds the scope of
this book. However, the techniques that we have mastered so far allow us
to analyze many important problems involving nonconvex and nonsmooth
functions, as in the example below.

Example 3.39. Let 7 : R" — IR™ be a continuously differentiable function.
Consider the unconstrained minimization problem

minimize [|A(x)]l, 3.59)

where || - || is a norm in IR™. The Chebyshev approximation problem of Example
3.32 can be formulated in this way.

Since the objective function is nonsmooth and nonconvex, the optimality condi-
tions for unconstrained optimization of Section 3.1 cannot be directly applied here.
However, we can use conditions for constrained problems, after an appropriate
transformation.

By introducing the variables y € R™ and » € R we can transform problem
(3.59) to an equivalent constrained problem

minimize v
subjectto [|yllo —ov <0, (3.60)
h(x) —y=0.

Indeed, for every point x the triple: x, y = h(x), and v = |yl|¢, is feasible in
problem (3.60), and the objective values of both problems coincide. Therefore the
optimal value of (3.60) is less than or equal to the optimal value of (3.59). If the
triple X, y, and 0 are a solution to problem (3.60) then we have y = h(x) and
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b = |I3llo = Ih(X)lo. Thus the optimal value of problem (3.59) is less than or
equal to the optimal value of (3.60). This means that both values are the same, and
the x-part of the optimal solution of (3.60) is an optimal solution of (3.59).

Let us verify the constraint qualification conditions for problem (3.60). Slater’s
condition is satisfied, because for each y we can find v > ||y||¢. Consider the set

C={(x,y,0):lyllo —o =0}
The cone of feasible directions to C at (X, y, 0) satisfies the inclusion
Kc(x, ﬁ: 5) D {(dx, dy, dy) € R'xR"xR:d, > ”dy”()}-

Indeed, for every z > 0 and for d, > ||dy||¢, we have
Iy + dyllo — (v + 7dy) < lIyllo + tlidyllo —v — 7dy < llyllo — 0.

If the pair (y, v) is feasible for C, the pair (y + 7dy, v + td,) is feasible for all
7 > 0, as claimed. Thus each d, € R™ is feasible and

(W (®)dy —dy : (dy,dy, dy) € Ke@, §,0)} = R”.

Consequently, Robinson’s condition is satisfied.
The constraint [|y]l¢ — v < 0 must be active at the solution. It follows from
Theorem 3.38 that there exist A > 0 and x € R™ such that

0 0 [h/(,e)]T
e |0 +2]|alvllo |+ -1 |u.
1 -1 0

oS o O

The first block of equations, associated with x, yields
[" )] =0 (3.61)
The third one implies that A = 1. Then the middle block reads

u€0l3lo-

The subdifferential of the norm has been calculated in Example 2.78 on page 63.
We obtain

dllo =1{s e R™ : sl = 1, (s, ) = [IIllo}.
Here || - ||« is the dual norm to || - ||¢. We conclude that if a point % is an optimal

solution of problem (3.59) then there exists u € R" such that

lalls < 1,
(u, h(X)) = NhE)l o,

and equation (3.61) is satisfied. In the typical case, when ||A(X)|| > 0, we actually
have || u|l« = 1.
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In the special case when || - ||y is the Euclidean norm || - || this system is equivalent
to the equation

[7'@&)] h() =0,

which can be obtained as the necessary condition of a minimum of the smooth
function || (x)||.

Example 3.40. We are given N points y!,..., y" on the plane and a convex,
bounded and closed set X C R2. Our objective is to find a point x € X for which
the distance to the nearest point y' is the largest possible. Formally, the problem is

maximize min |x — yi||.
xeX  1<i<N

Defining
fik)=—llx=y'll, i=1,...,N,

we can equivalently formulate the problem as
minimize max f;(x).
xeX  1<i<N fi()

The “max” function can be dealt with by introducing an auxiliary variable v € R
and formulating an equivalent constrained optimization problem

minimize v
subjectto fi(x) —v <0, i=1,...,N,
x € X.
At the optimal solution (£, ) we have ||£ — y’|| > Oforalli =1,..., Nandd < 0.

Therefore the functions f; (+) are continuously differentiable in a neighborhood of x.
Our problem has form (3.55) with

hi(x,v) = fi(x) —v, i=1,...,N,
and Yy = RY. Define the set of active constraints

[={1<i<N:|x—y|=-b)

and let m be its cardinality. Robinson’s condition at X (written for active constraints
only) has the form

[[vAiG.d0) —d, —d)] _+di € Kx(), d, € R, dy <0) =R,

Itis obviously satisfied, because by setting d,, = 0 (whichis always tangentto X) we
can obtain each vector as a combination of d, < 0 and a vector with all components
equal to d, (which can be any real number).
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The necessary condition (3.57) for a local minimum has the form: there exist
multipliers u; > 0,i € I, such that

[ } + Zu, [n)_x”} N [Nx (x)]

The first block (corresponding to x) means that there exists a normal vector s €
Ny (x) such that

l‘ A
— X
E ,Ui“yii_),e” +s=0. (3.62)
iel Y

The second block is simply

Zﬂi =1L
iel

Define .
o= —_—
Z vk — x|l
kel
and let i
Vi = 471A, iel
allyt — x|

By construction, Zi civi= 1. Dividing both sides of (3.62) by a we find that
PR s
Z}’i()’ _x) + E =0,
ief

which can be rewritten as

A s i
x——=§y,’y.
o A

iel

If the point £ is an interior point of X, then s = 0. Hence X is a convex combination
of the pomts y,ie€ I By Lemma 2.7, x is a convex combination of at most three
points y* with i € I. Since % is different than pomts y!, the number of points in
the convex combination is at least two. Moreover, X is the center of a circle passing
through these points and not containing strictly any other points y/.

If the local minimum is a boundary point of X then we may have s # 0. In
this case, £ — § is a convex combination of active y’, for some normal § = s/a.
Considering points x — 75, € [0, 1], we can choose the smallest 7 for which X — ¢ §
is a convex combination of active points. Then the number of active points in this
combination need not be larger than 2. If there are two such points, the solution x
is equally distant from both of them. If one point y' is active, £ — y' is normal to
X at x.

All these cases are illustrated in Figure 3.7 for an example of three points y!,
y2, and y3, with the set X represented by the shaded area. The point x ! is a local
minimum: it is a convex combination of equally distant y!, y2, and y3. The point
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N

Figure 3.7. Points satisfying necessary conditions of optimality.

x2 is a local minimum: x

10

2 — ylis normal to X at x2. The point x'? is another local

— s is a convex combination of y! and y3. In fact, x'° is the global
minimum. Other local minima are located at x*, x°, and x3. The remaining points:

x3, x5, x7, %%, and x !, satisfy the optimality conditions but are not local minima.

minimum: x

3.7 SECOND ORDER OPTIMALITY CONDITIONS

3.7.1 Second Order Tangent Sets

Consider a set X C R" and a point xo € X. Our development of optimality
conditions for problems involving the constraint x € X was based on the
analysis of the tangent set Tx(xp). This is the set of directions s such that
the ray xo + ts, ¢ > 0, is very close to X:

dist(xo + s, X) = o(1r),
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atsome points 7; | 0. Inorder to develop second order optimality conditions,
we consider parabolic trajectories of the form

2
x(t) =xo+ 15+ %w, >0, (3.63)

where s is a tangent direction. Our idea is to have their distance to X infinitely
smaller than 7.

DEFINITION 3.41. A direction w is called second order tangent to the set
X C R” at the point xy € X and in direction s, if there exist a sequence of
pointsxk € X,k=1,2,...,andasequence of scalars 7, > 0,k =1,2, ...,
such that 7; | 0 and

. Xk — X0 — TS
w = lim 1—2
k—o00 E(‘[k)

Denoting by oy the difference between the left hand and right hand sides
of the last equation, we can write

2 72 72
x5 =xo+ ws + Eku) — ok?k =x(1x) — Okzk-

It follows from the definition that the points on the parabolic trajectory (3.63)
are, for t = 7, and k — oo, very close to the set X:

dist(x (z1), X) = o(z}).

It is implicit in Definition 3.41 that s is a (first order) tangent direction:
s € Tx(xp). Indeed, if w is a second order tangent direction, then for the
limit in Definition 3.41 to exist, it is necessary that

Xk — X0 — TS

lim =0,

k— 00 Tk
and thus (x* —x¢) /7 — s. Fors ¢ Tx(xo) no second order tangent direction
exists.
The set of all second order tangent directions to X at (xg, s) is called the
second order tangent set and denoted by T (xo, 5).

LEMMA 342, Let X C R", xg € X, s € Tx(xo). The set T)% (xq, 8) is closed
and

T)%(xo,as) = azT)%(xo,s) forall a > 0.
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Proof. Let w € TZ(xo, s) and let {x*} and {z;} be the sequences satisfying
Definition 3.41. For every a > 0 we obtain

5 a’(x* — xg — 1¢s)

o w = lim ; >
k—o00 E(‘[k)
i Xk —xp — ;k(as)
=l
k 1 (72
e (%)

Thus o?w satisfies Definition 3.41 for the direction as, with the same se-
quence of points {x*} and with the corresponding sequence of scalars {Tk /o }

The reverse argument goes the same way.

To prove that the second order tangent set is closed, consider a sequence
{w’} converging to some w, where each w’/ € T)% (x0, 5). We need to show
that w satisfies Definition 3.41 for (x¢, s). Choose any sequence ¢; | 0. For
each w/, Definition 3.41 is satisfied with some sequences of points x/** and
scalars 74, k = 1,2, .... We can then find x/*") and ;4 (;) such that

»
H XKD — xo — 7548

—w’ H <e:
1 — “J
5 (Tik(h)?

Therefore

xj,k(j) — X0 — TS j
H : 0 2j,k(J) _ wH <&+ lw! — w]|,
3 (k)

and w satisfies Definition 3.41 with sequences x7*() and z; 1), j = 1,2, ...
O

In general, the second order tangent set is not a cone, and it may not be
convex, even for a convex set X." But for the case of a polyhedral set X,
the second order tangent set has a nice representation, and is in fact a convex
cone.

LEMMA 3.43. If X is a convex polyhedron then
T}?(X(), S) = TTx(xo) (S)

Proof. Let us recall that if X is a convex polyhedron, then the tangent cone
Tx (xp) is identical with the cone of feasible directions Ky (x(), and both
cones are polyhedral: they are defined by finitely many linear inequalities.

TThere exist alternative definitions of second order tangent sets, which guarantee the
convexity in this case, but then other complications arise. The reader is referred to the
literature cited at the end for further studies of this topic.
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Denoting by a;, i = 1, ..., m, the vectors defining the inequalities active
at xo, we can write

Tx(xp) ={s e R": {a;,s) <0,i=1,...,m}.

Consider a direction s € Tx(xo) and a sequence
i3
x(t) = xo + s + Sw
with some 7; | 0. The vector w is an element of the second order tangent
set if and only if dist(x(zx), X) = o(z}). This is equivalent to
(ai, x(r) —x0) <o(z}), i=1,...,m. (3.64)

Two cases are possible for eachi = 1,...,m. If (a;,s) = O then (3.64)
holds true if and only if (a;, w) < 0. If {(a;, s) < O then (3.64) is satisfied
for all w € R". Therefore w € TZ(xo) if and only if

(a;, w) <0 forall i suchthat {(a;,s)=0.
This is equivalent to the inclusion w € Ty (xy) (5). O
Consider now the set X of points x € R” satisfying the system of relations
gi(x)s(), izl,"'am:
hi(x)=0, i=1,...,p, (3.65)
X € X().

Let X € X and let all functions g;(-) and &;(-) be twice continuously differ-
entiable at x. Furthermore, let X be a convex set.
Under Robinson’s condition (3.11), the cone

Tx()e) = {S S Txo(f) :
(Vgi(®),s) <0, i e I°%), (3.66)
(Vhi(),s)=0,i=1,...,p}

is the tangent cone to the feasible set at x. We shall derive an algebraic
description of the second order tangent set.

LEMMA 3.44. Assume that Robinson’s condition is satisfied at X € X. Then
for every s € Tx(X),
T (&, 5) ={w e T)%O()?,s) :
(Vgi(R), w) < —(s, Vg (X)s), i € I(R,s),  (3.67)
(Vh;(£), w) = —(s, V?h;(R)s), i = 1,..., p},
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with
1°(%,5) = {i € I°(R) : (Vg (%), s) = 0}.

Proof. Lets € Tx(x) and let w be an element of the set on the right hand
side of (3.67). Consider the parabolic trajectory (3.63). For each i € 1°(%)
we can expand g; (x (7)) as follows:

8i(x(0) = (&) + (Ve (£). x(1) — )
2
+ 5 (x(0) — £ Vg (®)((r) = £) + o(r?) (3.68)

2
= T(Vgi(®). 5) + (Ve (). 0) + (s, Vgi(D)s) + 0(c?).

(3]

We have used here the fact that g;(X) = 0 fori € I°(%). Two cases may
occur. Ifi ¢ I%°(%, 5) then (Vg; (%), s) < 0. It follows that for every w € R”
we have g;(x(7)) < O for all sufficiently small z > 0. In the second case,
when i € 1%(X, 5), the first order term vanishes. But if w is an element of
the set defined in (3.67), then the second order term is nonpositive. Similar
arguments apply to equality constraints. We conclude that if w satisfies the
conditions on the right hand side of (3.67), then

gi(x(x)) <o(e?), iel’®),
|hi(x(2))| < o(z®), i=1,....p, (3.69)
dist(x(7), Xo) = o(z?).
The last relation follows from the fact that s € T, (%) and w € Ty (%, 5).
By Theorem A.10, it follows from Robinson’s condition that the system
of constraints is metrically regular at X. Using Definition 3.14, we deduce

that there exist C > 0 and 7y > 0 such that for all 7 € [0, 73] we can find a
point ¢(7) € X satisfying the inequality:

lo(@) — x ()] < C[dist(x(r), Xo)
p
+ > max (0, g (x(r))) + | |h,-(x(r))|].
iel%(%) i=1
By virtue of (3.69),
lp(r) — x(2)ll < o(z?).

Therefore dist(x(7), X) < o(z?), and indeed w € TZ(X, s).
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To prove the converse, assume that w € TX2 (x,s). Then we have (3.69)
for some sequence 7, | 0. Inspecting the expansions (3.68) we conclude
that w must be an element of the right hand side of (3.67). |

It follows from the last two lemmas that for a polyhedral X and under
Robinson’s condition, the second order tangent set to the set defined by (3.65)
is a closed convex cone.

3.7.2 Optimality Conditions

We are now ready to develop the second order counterpart of the fundamental
optimality condition of Theorem 3.24. We consider the general problem
formulation

minirg(lize f(x). (3.70)
xXe

We assume that X is a set in R”, and f : R" — R is twice continuously
differentiable.

THEOREM 3.45. Assume that X is an optimal solution of problem (3.70).
Then for every s € Tx(X) such that (Vf(X), s) = 0 we have

(VFE), w) + (s, VEf(X)s) = 0 forall we TE(E,s). (3.71)

Proof. Consider the function x(z) defined in (3.63) with xo = x. If s €
Tx(x) and w € sz(i, 5), there exist sequences of points x* € X, x* — %,
and scalars 7; | 0O, such that

[x* — % — zs — %kw” = o(7?).

Since £ is a local minimum, f(x*) > f(%) for all sufficiently large k.
Therefore

fx (@) — fR) = o(z)).
The second order expansion of f(x(7)) at 7 = 0O renders
2 2
@)= F ) = 6 (V@) 5)+ 2 (VF @), )+ (5, V2F @) Fo(r),

Hence

2 2
T(VEE), s) + L(VF@E), w) + s, V2F(E)s) = o(zD).
2 2 k

By assumption, the first term on the left hand side equals 0. Dividing both
sides by z/ and letting 7; | 0, we obtain inequality (3.71). m|
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This general result allows for the formulation of second order conditions
for a variety of nonlinear optimization problems. Most important is the
problem with constraints involving inequalities and equations:

minimize f(x)

subject to g;(x) <0, i=1,...,m,
] gi(x) < | (3.72)
h,-(x):(), l=1>"~5p:
XEXO.

We assume that all functions are twice continuously differentiable at a local
minimum X. The set X is convex and closed. The associated Lagrangian
has the form

m )4
L(x, 2 p) = f) + D Aigi(x) + D pihi(x).
i=1 i=1

It follows from Lemma 3.44 and Theorem 3.45 that, under Robinson’s con-
dition, for every s € Tx(X) such that (Vf(x), s) = 0, the optimal value of
the problem
minimize (Vf(X), w) + (s, V2f(%)s)
subject to w € TXQO(JE, s),
(Vgi (%), w) < —(s, Vg (X)s), i € I, s),
<Vhl(-£): U)) = _<Sa Vzhi(ﬁ)s% i = 1» e Dy

(3.73)

is nonnegative. In order to analyze this problem in more detail, we make an
additional assumption that X is a convex polyhedron.

Optimality conditions for problem (3.73) provide the second order condi-
tions for problem (3.72). We use X to denote the feasible set of this problem.

THEOREM 3.46. Assume that X is a convex polyhedron and that a point
X € X is alocal minimum of problem (3.72) satisfying Robinson’s condition.
Then for every s € Tx(X) such that (Vf(x), s) = 0 the following condition
holds true:

max (s, VL L(X, 4, u)s) > 0, (3.74)
(.)€ ()

where A (X) is the set of optimal values of Lagrange multipliers (1, ) in
problem (3.72).

Proof. Before starting the proof, we note that under Robinson’s condition
the set A () is compact (Lemma 3.26), and therefore the maximum in (3.74)
exists.
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Consider problem (3.73). By virtue of Lemma 3.43,
szo (X, 5) = Try, (1) (5)-
Furthermore, Example 2.21 yields that
Try, ) (s) D Tx, (X).
Therefore the following problem

minimize (Vf(X), w) + (s, V2 £ (%)s)

subject to w € Tx, (X),
(Vai(R), w) < —(s, V2gi(R)s), i € IV, 5),
(Vhi(®), w) = —(s, V?h;(X)s), i =1,..., p,

(3.75)

is a restriction of problem (3.73), and its optimal value must be nonnegative
as well. It follows from Robinson’s condition that the feasible set of problem
(3.75) is nonempty. Problem (3.75) has a linear objective function and linear
and polyhedral constraints. Therefore it has an optimal solution: ©.
Denote by 1;,i € 1%(%,s)and ji;,i =1, ..., p, the Lagrange multipliers
associated with the constraints. The necessary and sufficient conditions of
optimality of Theorem 3.25 from page 116 for problem (3.75) read

p
V@) = D LiVei®) = D@ Vhi(®) € [Try ) (w)]°,

iel%(z,s) i=1
Ai[(Vgi(®), @) + (s, Vigi(®)s)]| =0, i€ I®R,s),
J>0.

Therefore the set of optimal values of Lagrange multipliers for problem
(3.75) is included in the set A (X) of optimal values of Lagrange multipliers
of problem (3.72) (we formally define 4; = 0 fori ¢ 1°°(%, s)). Moreover,
the optimal value of problem (3.75) is equal to the value of its Lagrangian:
Ly, Z, 1) = (Vf (%), ) + (5, V2 (£)s)
+ O A[(Vei®), D) + (s, Vi (®)s)]
iel%0(%,s)
p
+ D0 E[(Vhi(R), D) + (5, Vhi()s)].
i=1

Recall from Example 2.21 on page 27 that

Try, ) (0) = Tx, (%) + {aw : o € R}.
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If the minimum of the Lagrangian L, (-, , i) in Ty, () occurs at ©, then

p
(Vf@) + D AiVei®) + D Vi), ) =0.

iel%(z,s) i=1

The first order terms of the Lagrangian disappear and we conclude that

Ly(D, 4, @) = (s, V2 fF®)s) + D ils, Vigi(®)s)

iel%(%,s)
p -
+ > fi(s, Vhi(R)s) = s, VAL, 1, £)s).
i=1

The optimal value is nonnegative, and therefore inequality (3.74) is valid. O

Another way to prove this theorem is to apply to problem (3.75) the duality
theory in conic programming, which we discuss in Section 4.3.

We can mention here that the assumption that X is a polyhedron allowed
us to use the explicit form of its second order tangent set. It is also possible
to develop more general second order conditions, for a convex X, but they
are more involved. One has to replace in problem (3.73) the second order
tangent set by its convex subsets, and involve general convex duality to
analyze problem (3.75).

In the development of the second order sufficient conditions for problem
(3.72) we do not assume explicitly any constraint qualification condition,
but we assume the existence of optimal Lagrange multipliers. The set (3.66)
may be larger than the tangent cone, but we still denote it by 7y. We also do
not assume any special structure of the set X, except for its convexity and
closedness.

THEOREM 3.47. Assume that a point X satisfies the first order optimality
conditions for problem (3.72), and let A (X) be the set of Lagrange multipliers
(i, [) for this problem. Assume that for every nonzero s in the set (3.66)
such that (Vf(x), s) = 0, we have

sup (s, VAL(Z, 4, f)s) > O. (3.76)
(. a)ed(®)

Then % is a local minimum of (3.72).

Proof. We argue by contradiction. Suppose X is not a local minimum. Then
there exists a sequence of feasible points y* such that y* — % and

fOX) < f(x) forall k. (3.77)
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We define the sequence

k A
k_ Y —X
[ y* — %l

and denote its accumulation point by s. It exists, because {s*} is bounded.
For i e I°(X) we can expand the function g;(-) around X:

0> g (") = (Vgi(®), Yy — %) +o(y* — %),

with 0(z)/||z]| — O for z — 0. Dividing both sides by ||y* — £ || and passing
to the limit over the subsequence for which s¥ — s, we obtain

(Vgi(®),s) <0, i€l
A similar analysis of equality constraints yields the relations
(Vh;(x),s) =0, i=1,...,p.

Therefore s is an element of the cone (3.66).

It follows from the necessary conditions of optimality that (Vf (x), s) > 0.
In view of (3.77), (Vf(x),s) = 0. By assumption (3.76), we can choose
(1, &) € A(%) such that

(s, V2L, 1, 2)s) > 0. (3.78)

By Taylor’s formula

FOH) = FEHTFE), =84 508 1, PF@ 0 —0) 4004 ),

(3.79)
N .k A
with ﬁ)ﬁ—}i% — 0. Similarly,
g =gi(®) + (Vg (%), y*¥ — %)
1 . . R R
+ §<y" — X, V@) =) + 70" = %),
(3.80)

hi () =hi(R) + (Vhi (%), y* = %)
1
FSOR = & VB 08 - D) 45,05 - D),

where y; and J; are iIAlﬁnitely small with respect to ||y* — £||%. Let us add
(3.80) multiplied by 4; and f1;, respectively, to (3.79). The sum of the first
order terms on the right hand side satisfies the first order optimality condition:

(VPG + 2 AiVei®) + D 4 Vhi(®), v = £) = 0,
i=1 i=1
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because y* € X,. Therefore the sum of (3.79)—(3.80) renders the inequality
a1 N P . 2 N
FON = f@ + 50 = £ VELE, 4 6" = D) + 00" = 9,

in which d(y* — %) is infinitely small with respect to || y* — £ ||>. Using (3.77)
and dividing both sides by || y* — £||?, we obtain for large k the relation

1

. o(y* — %
E(sk, V2 L&, 1, @)sk) + OF - %)

Iy* — 2112

When k — oo (over an appropriate subsequence), then s¥ — 5. It follows
that

(s, V2L, 4, @)s) <0,
which contradicts (3.78). |

Theorem 3.47 can be used to obtain simpler versions of the second order
sufficient conditions. For example, a point X is said to satisfy the semi-strong
second order sufficient conditions, if there exist multipliers (1, 2) € A(%)
such that

(s, V2. L(%, 1, @)s) > 0, (3.81)
for all nonzero s included in the plane:
D(®) = {s € R" : (Vg (%), s) = O for all i such that 1; > 0,
(Vhi(2),s) =0, i=1,...,p}.

We shall show that these conditions imply the assumptions of Theorem 3.47.
Suppose s is a nonzero element of Ty (X) such that (Vf(X), s) = 0. The first
order necessary conditions imply that

p
<Vf()€) + 3 Ve ® + > 4 hi(®), s) > 0.

iel%(%) i=1
Since (Vf(X), s) = 0 and (Vh;(X), s) = 0, we deduce that
D 4i{Vei(®),5) = 0.
iel%(%)

All terms on the left hand side are nonpositive for s € Tx(X), and therefore
they must lge equal to 0. This implies that (Vg; (X), s) = O whenever 4; > 0.
Thus s € D(x). Therefore the assumptions of Theorem 3.47 are satisfied.
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Example 3.48. Let Q be a symmetric matrix of dimensionzn. Consider the problem
of minimizing the quadratic form on the unit sphere S:

minimize (x, Qx)

subjectto 1 — ||)c||2 =0.

We analyzed this problem in Example 3.29, where we found that the first order
necessary conditions of optimality,

Ox —ux =0,

are satisfied by each eigenvector of O, and the corresponding eigenvalue is the value
of the Lagrange multiplier x. We shall show that the second order conditions allow
us to find the optimal solution.

Let u1 < pp < --- < u, be the eigenvalues of Q, and let z1, ..., z, be the
corresponding orthogonal eigenvectors of unit length. Suppose X = zz and g = .
The tangent plane to the sphere S at X has the form:

DGE)={d € R": (%,d) =0} = {d € R" : (z,d) = 0}.
Therefore every tangent direction d is a combination of the remaining eigenvectors
d= Z 0iZi.
i#k
The Lagrangian has the form
L(x, p) = (x, Qx) — ullx]* = (x, (Q — uD)x),
and its Hessian at z; and u; becomes
VAL(x, 1) = Q — il
The second order necessary condition of optimality of Theorem 3.46 requires that
(d, (Q — wxDd) = 0
for every tangent direction d. In particular, setting d = z; for i # k we obtain
(zi, (Q — uxD)zi) = pi — pk = 0.

Therefore the local minimum is an eigenvector corresponding to the smallest eigen-
value of Q.

3.8 SENSITIVITY

Let us now consider the problem with parameters b € R and ¢ € R”:
minimize f(x)
subjectto g;(x) <b;, i=1,...,m, (3.82)
hix)y=c¢;, i=1,...,p.
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We assume that f : R" - R, g; : R" - R,i =1,...,m, and h; :
R" - R,i=1,..., p, are twice continuously differentiable functions.
We are interested in the dependence of the solution and of the optimal
value of this problem, on the parameters b and c.
Assume that x° is a local minimum of (3.82) for » = b° and ¢ = ¢°. As
before, define the set of active inequality constraints

PG ={1<i<m:g&" =5h).

We assume that x° satisfies a constraint qualification condition and we de-
note the vector of Lagrange multipliers at x° by (1°, £°). We can analyze
the sensitivity of problem (3.82) by considering the system of the first or-
der conditions of optimality, under the semi-strong second order sufficient
condition (3.81) discussed on page 149.

THEOREM 3.49. Assume that the gradients of all active constraints are
linearly independent at x°, and that 19 > 0 for all i € 1°(x°). Further-
more, let the semi-strong second order sufficient condition (3.81) be satisfied
at x°. Then there exists a neighborhood U of (b°, c°) in which we can define
functions (b, ¢), A:(b,c), i € I°GO°), and j;(b,c), i = 1,...,p, such
that £ (b, ¢) is a local minimum of problem (3.82), and (A(b, c), fi(b, ¢)) is
the corresponding vector of Lagrange multipliers. Moreover, the functions
£(b, ¢), A(b, ¢), and [i(b, c) are differentiable at (b°, c°) and

df &(®°, ")

=-)°
db ’
EC) o
dc
Proof. For simplicity of notation, we assume that p = 0 (no equality con-
straints) and that 7°(x®) = {1, ..., mo}. Define the Jacobian of the active
constraint functions:
(Vg (X))T
Ax) = :
(Vem, ()"

If we ignore the constraints that are not active at x°, the first order necessary
condition reads:

Vi) +Ax)T A =0. (3.83)

We postulate that the inequalities that are active at x° be satisfied as equations
for b close to b°:

gix)=0b;, i=1,...,my. (3.84)
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The Jacobian of the system of equations (3.83)—(3.84) at (x°, A°) has the
form

2 0 90 0\1T

Owing to the strong second order sufficient condition and the linear inde-
pendence condition, it is a nonsingular matrix. Indeed, suppose

rli]=o

[sT uT] JO |:Z:| = sTV)%XL(xO, /lo)s + 2sT[A(x0)]Tu

Then A(x)s = 0. Moreover,

=57V L(x°, 1%s.

If s # 0, then the second order condition implies the positivity of the last
expression, a contradiction. Thus s = 0. But then

JO m = [AC)u =0,

and the linear independence of the rows of A(x?) implies that u = 0.
Since the Jacobian is nonsingular, system (3.83)—(3.84) defines in a neigh-
borhood of 5° an implicit function (X (b), A(b)) whose derivative at b° satis-

fies the equation:
dz(b°)
5 {—ﬂ, } _ [o]
dA(®%) I
db

Using (3.85) we obtain the relations:

dx<b°> Aoy

V2 L(x°, 2% -

0
Al O)dx(b) .

We can use these equations to calculate the derivatives of x(b) and i(b)
at b°. We leave these manipulations to the reader (Exercise 3.17) and we
concentrate only on the second equation, which simply follows from the fact
that g;(x(b)) = b,i = 1,...,mo. Multiplying the last displayed equation
from the left by [/IO]T we get

dx(b )

[2] A —— =[2°]".
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Using (3.83) at b° we obtain

s 0 = [y

The left hand side of this equation is the transpose of the derivative of the
composite function f(xX(b)) at b° and therefore

dfGOY)  Tdi)T _. o o
db _[ db }Vf(x)__i

as required. As the implicit function (x(b), i(b)) is continuous, we have

g(E®) <0, i¢I°(:"),
Ji(b)y >0, ieI’®,

for all b sufficiently close to b°. Therefore the pair (£(b), A(b)) is feasible
and satisfies the first order optimality conditions.

It remains to show that x () is indeed a local minimum. To this end we
shall prove that x () satisfies the strong second order sufficient conditions,
for all b sufficiently close to b°. Suppose the opposite: for every ¢ > 0 we
can find b and s # O such that ||b — b°|| < ¢ and

A(x(b))s =0,
(s, V2 L(Z(b), A(b))s) < 0.

We can always normalize s to get ||s|| = 1. Let us consider a sequence
e | 0 and the corresponding sequences {b*} and {s*} satisfying the above
conditions. By construction, we have b* — b°. The continuity of the implicit
function renders X (b*) — x° and i(bk) — A%, By choosing a subsequence
(if needed) we also have the convergence of the sequence {s*} to some limit
s of length 1. Passing to the limit in (3.86) we obtain a contradiction with
the strong second order condition at x°. O

(3.86)

If the linear independence condition or the semi-strong second order suf-
ficient condition are not satisfied, the value function f (x(b, ¢)) may be non-
differentiable. The sensitivity analysis then requires specialized tools of
nonsmooth calculus, and exceeds the scope of this book.

In Section 4.6 we return to the sensitivity analysis in the convex case,
without the strong second order sufficient condition.

EXERCISES

3.1. Let
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with givena; € R" and b; € R,i =1, ..., m. The analytic center of X is defined
as the point at which the function

f(x)= (b1 — (a1, x)) (b2 — (a2, x)) -+ (b — (am. X))
attains its maximum. Find an algebraic characterization of the analytic center.

3.2. We have a discrete real random variable Y with realizations yx, k = 1,...,n,
attained with probabilities px > 0, >/, px = 1.

(a) Find the minimum of the function
f@) =E[(¥ —x)?]
(b) Find the minimum of the function
f(x)=E[lY —x|].
(¢) Fora € (0, 1) find the minimum of the function
f(x) =E[max (a(Y —x), (1 —a)(x —Y))].
3.3. Consider the problem:

minimize (x| — 2)2 + (x2 — 1)2
subjectto x1 +x2 < b,

xp > 0.

How do the solution X (») and the optimal value f (X (b)) depend on the parameter b?
Calculate the derivative A
df (x(b))

db
and relate it to the value of the Lagrange multiplier.

3.4. Consider the problem:

minimize — x| + X3
subject to (x1 —2)° 4+ x2 < b,
x2 > 0.

How do the solution X (») and the optimal value f (X (b)) depend on the parameter b?
Calculate the derivative A
df (x(b))

db
and relate it to the value of the Lagrange multiplier.
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3.5. Consider the problem

maximize xixp

subject to x1 + 2xp = 4.

Is the objective function convex or concave? Is the feasible set convex? Using
necessary conditions of optimality find the optimal solution. Prove its optimality
by second order sufficient conditions.

3.6. Describe the orthogonal projection on the set
X={xeR": x| <1, x >0}.

3.7. A ship at sea is observed from three stations located on the coastline 500 meters
apart. At each station i, the angle a; between the line to the ship and the normal to
the coastline is measured (see Figure 3.8). The observed angles (which are subject

a3

a2

al

Figure 3.8. Three stations observe the ship (Exercise 3.7).

to measurement errors) are
a; =0.083, ax =0.024, a3z =-0.017

(in radians). Correct these results in a consistent way, so that the lines given by the
angles cross at one point, and the sum of the squares of the differences of the errors
is minimized. Then determine the location of the ship. Use the approximation
tan oo & a for small angles. Hint: Express the condition that the lines cross at one
point as a linear constraint on the angles.

3.8. The output variable y € R of a system depends on the input variable x € R.
We have collected observations y;, i = 1, ..., N, for N different settings x; of the
input variable x, with x; < xp < --- < xn.
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(a) We know that the dependence of y on x should be nondecreasing. Formulate
the problem of finding new values y; such that y; < y, <--- < yy and the
sum of the squares of adjustments is minimized.

(b) We know that the dependence of y on x should be convex and nondecreasing.
Formulate the problem of finding new values y; such that this condition is
satisfied and the sum of the squares of adjustments is minimized.

(c) Solve both problems for N = 4, input values x; equal to 1, 2, 5, and 10, and
the corresponding observations y; equal to 2, 1, 5, and 9.

3.9. We have three assets with uncorrelated returns R;, i = 1,2,3. They all
have variance 1, and the mean values are 1, 2, and 3, respectively. We consider
nonnegative portfolio allocations x1, x2, x3 totaling one, and the portfolio return

R(x) =x1R1 +x2R2 + x2R3

as a function of x. Let r(x) denote its mean, and V (x) its variance. We considered
this example in the Introduction (see (1.4)).
(a) Find the minimum variance portfolio as the solution of the problem
minimize V(x)

subject to x € X,

where X is the set of possible allocations. Denote by m its expected return.

(b) The mean—variance efficient portfolios are computed by solving the problem

minimize V(x)
subject to r(x) = m,
x € Xo,

for all m > mq for which this problem has a solution. Find the set of all
mean—variance efficient portfolios (so-called efficient frontier).

(c) Assume that in addition we have a risk-free asset with a guaranteed return of
0.5. Describe the efficient frontier in this case.

3.10. Let p > 1 and let

n

ol = (X 17) .

j=1
(a) Solve the problem
minimize ¢! x

subject to [|x||, < 1.



OPTIMALITY CONDITIONS 157

(b) Prove that the point X found in (a) solves the problem

minimize [|x]|,

subject to cTx <cT3.

3.11. Derive the necessary conditions of optimality for the problem

n
minimize ¢/ x — ¢ Zln Xj
j=l1
subjectto Ax = b,

where ¢ > 0, A is an m x n matrix of rank m, and ¢ and b are given.

3.12. A dynamical system evolves in time according to the equation

1
x(t+1)=§x(t)+u(t), t=0,1,...,T —1,

inwhich x (r) € R denotes the state value attime rand u(t) € IR is the control value at

timez. Theinitial stateis x (0) = 1. Find the sequence of controls u(0), . .., u(T—1)
and the resulting sequence of states x (0), .. ., x(7') that minimize the cost function
of the system
= , 1 )
F(x,u) = 5 Z [u(t)] + E[X(T)] .
t=0

How will the solution will change if we additionally impose the requirement that
x(T)=0?

3.13. The performance of a technical device is described by m quality measures
fi :R" = R, j=1,...,m. The smaller their values the better the performance
is. The requirements of technical feasibility have been formulated in the form of s
inequalities:

gilx)y<0, i=1,...,s.

The vector x € R” represents design decisionsand g; : R" — R,i =1,...,s.
All functions f;(-) and g;(-) are continuously differentiable.
The builder is considering three different approaches to the design problem.

Approach 1: She selects one of the performance measures, for example f1(x), to
minimize, while keeping all the other measures f;(x) below some specified
target levels b;, j =2, ..., m.

Approach 2: The builder creates an aggregate objective function
m
f) = w,f;(x),
j=1

where w; > 0 are some selected weights, at least one of which is positive.
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Approach 3: She uses target values b; and weights w; to create an aggregate
objective function

F(x) = max wj(fj(x)—b;
() = max w;(f(x) ~bj)
representing the worst weighted excess over the targets.

(a) For each of these three approaches formulate the resulting nonlinear opti-
mization problem.

(b) Assuming that constraint qualification is satisfied, formulate the first order
necessary conditions of optimality for the corresponding problem.

(c) Prove that for every solution obtained by Approach 2 we can find target levels
b; such that the same solution is optimal in Approach 1 and in Approach 3.

(d) Prove that if all functions are convex and a constraint qualification condition
is satisfied, for every solution obtained by Approach 1 we can find weights
wj such that the same solution is optimal in Approach 2 and Approach 3.

(e) Prove that for every solution obtained by Approach 3 we can find a per-
formance measure to minimize so that the same solution is optimal in Ap-
proach 1. Prove that if the functions are convex then this optimal solution is
also optimal in Approach 2.

3.14. A large retailer wants to establish n distribution centers to serve m stores
located at points s, ..., s™. The average monthly demand of the jth store is D i
j = 1,...,m, and the cost of supplying a store from a center is proportional to
the distance between them, and to the amount supplied. For simplicity we do not
distinguish different products. Formulate this problem as a nonlinear optimization
problem with a smooth objective function and convex constraints. Write and analyze
the necessary conditions of optimality.

3.15. Consider problem (1.7) of optimal processing the signal from n receivers.
Formulate for it the necessary and sufficient conditions of optimality. Assume that
the matrix O is positive definite.

3.16. Consider the nonlinear optimization problem

minimize f(x,z)

subjectto gi(x,2) <0, i=1,...,m,

with the decision vector x € IR” and some model parameters z € R!. We know that
z € Z for some compact set Z C R/, but the exact value of z is not known.

We assume that the functions f : R” x R — Rand g; : R"” x R! — R,
i = 1,...,m, are convex with respect to the first argument, for all values of the
second argument z € Z.

The principle of guaranteed resultrequires determination of the values of decision
variables that minimize the worst possible value of f(-), subject to the requirement
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that the constraints are satisfied for all possible values of z in Z. Formulate this
problem as a convex optimization problem, and formulate necessary conditions of
optimality for it.

3.17. Consider problem (3.82) under the conditions of Theorem 3.49. Calculate
the derivatives of the optimal solution and the Lagrange multipliers with respect to
the parameters b and c.

3.18. Consider the convex programming problem

m
minimize f(x), subjectto x € ﬂ Xi,

i=1

where f : R" — R is a convex function, and the sets X;,i = 1, ..., m are closed
convex subsets of IR”. Suppose it has an optimal solution X. Prove that there exist
at most n sets X;,,..., X;,, k < n, such that x is also an optimal solution of the

problem
k

minimize f(x), subjectto x € ﬂ Xi; .
j=1
Hint: Suppose the statement is not true, and apply Helly’s theorem (Theorem 3.10
on page 97) to obtain a contradiction.



Chapter Four

Lagrangian Duality

4.1 THE DUAL PROBLEM

We start from the general nonlinear optimization problem

minimize f(x)

subject to g; <0, i=1,...,m,
j gi(x) < i m @1
hi(x)z(), lzl,"':]),
XEXO,

with some functions f : R* - R, g : R" - R, i =1,...,m, h; :
R" - R,i=1,...,p, and with a set Xo C R". At this point we do not
make any convexity assumptions about the functions of this problem and
about the set Xj.

The Lagrangian has the form:

m p
L(x, Ay p) = fO)+ D 4igi(x) + D uihi(x). 4.2)
i=1 i=1

We view it as a function of both x € Xy and (4, u) € Ay, where
Ag =RY x RP.
We define the primal function associated with problem (4.1) as

Lp(x) 2 sup L(x, 2, ), 4.3)
(4, 1) Ao

and the dual function as
Lp(Z, p) = inf L(x, 2, p). (4.4)
xeXo

If the supremum in (4.3) is 400 we set Lp(x) = +oo. Similarly, if the
infimum in (4.4) is —oo we set Lp(4, u) = —oo. Thus, we consider the
primal function Lp(-) and the dual function Lp(-) as functions attaining
values in the extended real line R = R U {+00} U {—0o0}.
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The primal problem is to find

min Lp(x), 4.5)
xeXo
and the dual problem is to find
max Lp(4, u). (4.6)
(4,p)e4o

The duality theory investigates relations between the primal problem and the
dual problem.

We can easily calculate the primal function at each x € X. If x satisfies
all constraints of problem (4.1) then the terms in (4.2) that depend on A are
nonpositive and the y-terms are identically 0. Consequently, Lp(x) = f(x).
Suppose at least one constraint is violated, e.g., g;(x) > 0. Then increasing
A;j in (4.2) we can obtain arbitrarily large values of 4;g;(x). Thus Lp(x) =
00 in this case. A similar argument can be made for a violated equality
constraint, and thus

f(x) if x is feasible for (4.1),

] .7
+00 otherwise.

Lp(x) = [

We conclude that the primal problem (4.5) is equivalent to the original prob-
lem (4.1).

The dual function, however, is more difficult to calculate in an explicit
form. In some cases, like linear or quadratic programming, a closed form of
the dual problem can be derived. Before proceeding to the analysis of the
properties of the dual problem, we present several examples.

Example 4.1. Consider the projection problem,
T | 2
minimize E||x —z|l
subjectto Ax =0,

where z € IR” is fixed, and A is a matrix of dimension m x n. We considered this
problem in Section 2.1.2.
Introducing multipliers 1 € IR™ we can write the Lagrangian:

1
Lx, ) =5 lx = zlI? + (u, Ax).

Differentiation with respect to x yields the minimizer in the problem at the right
hand side of (4.4):

fuy=z-Au.
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This can be substituted to the Lagrangian to obtain the dual function. The dual
problem takes on the form:

R ST
maximize 2||A ull®+{u, Az).

It is an unconstrained quadratic optimization problem. If we add and subtract the
constant % IzlI? to complement to the full square, we can write the dual problem as
follows:

o1
maximize 5[ — 1A = z)* + 11zII?].

Its solution, AT/, is the point of the range of A7 that is closest to z: the projection
of z onto the orthogonal subspace to the null space of A.

We can also note that the optimal values of the original and the dual problems
are equal, because of the Pythagorean Theorem:

2 I 2 T~ 2
izl =lx =zl + 11472 — z|I”.

The equality of the optimal values of both problems is not coincidental. We explain
it in the next section.

Example 4.2. Consider the linear programming problem

minimize (c, x)
subject to Ax > b, 4.8)

x>0,

with a matrix A of dimension m x n, ¢ € R"” and b € R™. In (4.1) we have
f(x) ={c,x), g(x) =b— Ax and Xo = R,. We formulate the Lagrangian:

L(x,2) = {(c,x)+ (A,b— Ax) = (c — ATJ, x) + (b, 1).
The dual function has the form
Lp(A) = (b, )) + inf (c - ATA, x).
x>

By Lemma 2.26 on page 145, the infimum above is finite if and only if c — AT2 > 0.
In this case the infimum value is just zero. We conclude that

(b, 1)y ifATA <,
—o0  otherwise.

Lp(i) = |

The dual problem can therefore be formulated as the linear programming problem

maximize (b, 1)
subject to AT} < c, “4.9)
A=>0.



LAGRANGIAN DUALITY 163

A similar analysis can be carried out for a formulation of a linear programming
problem with equality constraints.

It is instructive to consider the dual problem to the dual problem (4.9). We
change the sign of the objective function to obtain a minimization problem and we
use # € R’} to denote the Lagrange multipliers associated with the constraints. We
define the Lagrangian:

1(Z,u) = —(b, 2) + (u, ATA — ¢) = (Au — b, A) — (c, u).
The dual function can be calculated similarly to the previous case:

—(c,u) if Au>b,

l =inf (A, u) =
D) >0 (4, u) |—oo otherwise.

We can thus write the dual problem as

maximize — (c, u)
subject to Au > b,

u>0.

Changing the sign of the objective function again, we arrive at the primal prob-
lem (4.8).

It should be stressed that the fact that the dual problem to the dual problem
coincides with the original problem is due to the bilinear form of the Lagrangian.
This is true for linear programming and, more generally, for problems with linear
objective, linear constraints and additional cone constraint, as in the next example.

Example 4.3. Given symmetric matrices Ay, ..., A, and C of dimension n, the
semidefinite programming problem is formulated as follows:
minimize tr(CX)
subjectto tr(A; X)=b;, i=1,...,m, (4.10)
X eSL.
The last condition means that the decision variable X in this problem is a symmetric

positive semidefinite matrix of dimension n. We have considered this problem in
Example 3.36 on page 129. We show now that its dual problem can be written

explicitly.
Our problem has form (4.1) with
J(X)=(C, X)s
hi(X) =b; — (A;, X)s, i=1,...,m,
Xo = Sﬁ_,

with the symbol (-, -)s denoting the Frobenius inner product (see page 31). The
functions f(-) and A; (-) are affine. Assume Slater’s constraint qualification condi-
tion (see page 109). It means that there exists a positive definite matrix X ¢ satisfying
the equality constraints.
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The Lagrangian has the form

L(X, @) = (C, X)s + D _ pi(bi — (Ai, X)g)
i=1

< Z,u,A,,X) + (b, w).

Let us calculate the dual function

Lp(uw) = inf, [( 2 i X) + bm}

Consider for a fixed u the problem

m
minimize (C — -A-,X> . 4.11
Xesh < Zﬂt i S ( )

For the infimum to be finite, it is necessary and sufficient that the Frobenius scalar
product of C — >/ | u;A; and X be bounded below for all X belonging to the
cone S} . By Lemma 2.26 on page 29, this is equivalent to

m
—Z#,A €
i=1

The polar cone is calculated in Example 2.31: [Si]o = —8". Therefore Lp (1) >
—oo if and only if

m
C—> uiAi €St (4.12)
i=1
Under this condition the lower bound of the scalar product in (4.11) is zero, and it

is attained at X (1) = 0. Then Lp (1) = (b, u).
We have arrived at the following formulation of the dual problem:

maximize (b, u)
m
4.13
subject to C — ZﬂiAi eS. (4.13)
i=1
It is a semidefinite programming problem again.

Let us return to the general nonlinear optimization problem (4.1) and
the associated dual function (4.4). The dual function has many remarkable
properties facilitating the solution of the dual problem.

LEMMA 4.4. The dual function Lp (1, ) is concave.
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Proof. Since the Lagrangian L(x, A, ) is affine in (4, u) for every x € Xy,
the dual function is an infimum of a family of affine functions. Thus —Lp(-)
is a supremum of a family of affine functions and is convex by Lemma 2.58
on page 46. m|

Our second observation uses the affine function at which the minimum is
achieved.

LEMMA 4.5. Assume that for (1°, u°) we can find x° € X such that
Lp(2°, 1% = LG, 2%, ).
Then for all (A, u) we have
Lo(A, ) < Lo(A% 1%) + (), A = 2°) + (h(x%), 1 — 1), (4.14)

where g(x) and h(x) are the vectors with coordinates g;(x), i = 1,...,m,
and h;(x), i =1, ..., p, respectively.

Proof. By the definition of the dual function
Lp(h, 1) < L(x°, 2, ) = L(x°, 2%, g +(g(x°), A=20)+(h(x"), u—p°),
which was what we set out to prove. O

We can define the subdifferential of the dual function at (1°, 4°) as the set
of vectors (s;, s,) € R™*? such that

Lp(A, 1) < Lp(A°, u®)+ (57, 2= 2%+ (s, 1 — u°) forall (4, u) € R™P.

Note that Lj (+) is concave, and therefore we appropriately modify Definition
2.72 of the subdifferential of a convex function. Our definition corresponds
to the set —8[ — Lp(A°, 1°)], and thus all properties of the subdifferential
of a convex function can be easily translated to properties of a subdiffer-
ential of a concave function. We still use the notation 6Ly (A%, 1) for the
subdifferential; it never leads to any confusion.

If the set X is compact, Theorem 2.87 provides the representation of the
subdifferential:

0 ,0y_ g(x°)
oLp(A°, 1) = conv( AU [h(xo)]), (4.15)
x0eX (A9, 10)
where X (1°, 1) is the set of the minimizers of the Lagrangian:

X% 1% = {x e Xo: L%, 2%, 1% = Lp(2°, 1%)).
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If the set X is not compact, we can still describe the entire subdifferential of
the dual function by using the fact that it is defined as a minimum of affine
functions, rather than just concave functions. We present these calculations
at the end of Section 4.6.

Formula (4.14) provides us with means to apply nonsmooth optimization
methods to the solution of the dual problem. We discuss these methods in
Chapter 7. But the main question is, of course: why should we solve the
dual problem at all? In the next section we show that the solutions of the dual
problem and the solutions of the primal problem are very closely related.

4.2 DUALITY RELATIONS

Let us return to the Lagrangian of problem (4.1):

m p
LGx, 20 1) = f(0) + D Aigi(x) + D pihi(x).

i=1 i=1

Recall that we consider it as a function of both x € X, and (4, u) € 4y,
where 49 = R} x R”. The following concept of a saddle point is central
to the duality theory.

DEFINITION 4.6. A point (%, (1, 7)) € Xo x Ay is called a saddle point
of the Lagrangian, if for all x € X, and all (4, u) € 4, the following
inequalities are satisfied:

L(X, 2, 1) < L, 1, i) < L(x, 2, o). (4.16)

In other words, a saddle point is such a point at which the maximum of
the Lagrangian with respect to (4, ¢) € Ao and the minimum with respect
to x € X, are attained:

L(%, 4, u) = L&, 1, fi) = min L(x, 1, fi).
Jmax ¥, 4, ) = L(%, 4, jt) = min L(x, , 1)
For convex optimization problems the optimal solution and its Lagrange
multipliers (if they exist) constitute such a saddle point. The theorem below
uses the first order optimality conditions in the subdifferential form (Theo-
rem 3.34). An identical result holds for problem (4.1) with smooth convex
functions, analyzed in Theorem 3.25.

THEOREM 4.7. Assume that the functions f(-) and g;(-), i = 1,...,m,
in problem (4.1) are convex, the functions h;(-), i = 1,..., p, are affine,
and the set X is convex. Then a point X satisfies the first order optimality
conditions of Theorem 3.34 with Lagrange multipliers (i, [) if and only if
(%, (A, Q) is a saddle point of the Lagrangian.
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Proof. We provide the proof for the convex nonsmooth case. Readers who
prefer to deal with the smooth case of Theorem 3.25 can substitute the gra-
dients V, L, Vf, and Vg; for the subdifferentials 0, L, df, and 0g;.

Assume that x is an optimal solution satisfying the optimality conditions
with multipliers (1, /). For fixed values of (1, 1) € Ay, the Lagrangian is
a convex function of x. By Theorem 2.85, its subdifferential at X can be
calculated as follows:

m V4
O,L(E, 1, ) =af ®) + D 4idgi(®) + D 4;Vhi(R).

i=1 i=1
The first order optimality condition of Theorem 3.33 has the form

0 € 6,L(%, 1, i) + Nx, (%). 4.17)
It follows from Theorem 3.46 (or Theorem 3.24 in the smooth case) that

L(%, 2, ) = min L(x, 4, ).
xeXop
Thus the right inequality in (4.16) holds true for all x € X,. We shall prove
the left inequality. By the complementarity condition (3.50), we have

L&, 20 = fG).

Since g;(x) < 0,i = 1,...,m,and h;(x) = 0,i = 1,..., p, for every
(1, u) € Aoy we have the inequality

m p
LR, 2, ) = fR) + D 2igi() + D pihi(®) < f(R).
i=1

i=1

Combining the last two displayed relations we obtain the left inequality in
(4.16) for all (1, ) € Ag. Therefore the point (£, (1, 2)) is a saddle point
of the Lagrangian.

Let us now prove the converse. Suppose (%, (i, [)) is a saddle point of
the Lagrangian. By virtue of Theorem 3.46, the right inequality in (4.16) is
equivalent to (4.17). This is identical with (3.49).

The left of the saddle point conditions (4.16) implies that > | 4;g;(%)
is bounded from above for all A > 0. Hence g;(¥) < 0,i = 1,...,m.
Similarly, h;(x) = 0,i = 1,..., p. Consequently, the point x is feasible.
As the maximum of 7" | 1;¢;(X) is attained at 1, we have 4, g:(%) = 0 for
alli = 1,...,m. Thus, (3.50) holds true as well. O

The relation between saddle points and the primal and dual problems is
straightforward.
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THEOREM 4.8. If the Lagrangian has a saddle point (x, 1, [), then X is a
solution of the primal problem, (1., fi) is a solution of the dual problem, and
the duality relation holds true:

in Lp(x) = Lp(A, p). 4.18
min p(x) Jmax p(4, 1) (4.18)

Proof. By the saddle point relations, forevery x € Xqandevery (4, u) € 4y
we have

L(%, A, 1) < L(%, 2, i) < L(x, Z, fi). (4.19)

This means that Lp (%) = Lp (4, ji). The minimization of the left hand side
of (4.19) in x and the maximization of the right hand side in (4, x) may only
strengthen the inequalities, so

LD()"J /u) S L(ia j’a ,u) S LD(Za ,&) = LP(i) S L(-x> Za ,[2) S LP(X):
which completes the proof of the duality relation. |

Note that no explicit convexity assumptions are made in this theorem. The
duality relation is illustrated in Figure 4.1.
We can also state the converse implication to Theorem 4.8.

THEOREM 4.9. Assume that the duality relation (4.18) is satisfied with
finite values of the primal and dual functions. Then for every solution X of
the primal problem and for every solution (1, i) of the dual problem the
point (%, 1, fi) is a saddle point of the Lagrangian.

Proof. The definition of the primal function yields
Lp@) = max L(E 40 = L, A, ).
Similarly, from the definition of the dual function we obtain
Lp(Z, i) =min L(x, A, i) < L(%, L, f0).
Since by (4.18)
Lp(®) = Lp(4, ),
we must have
LG, A p) < Lp(®) = LG, A, ) = Lo(, ) < L(x, L, 1) (4.20)

for all x € X and all (4, u) € 4. Thus (%, 2, [) is a saddle point. O
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| () ]

"o 0.5 1 15 2 2.5

Figure 4.1. Illustration of the duality relation for the problem of minimizing f (x) =
x? subject to g(x) = 1 —x < 0. The graphs represent the Lagrangian,
as a function of x, for several fixed values of A. The minimum of the
Lagrangian, i.e., the dual function, is maximized when it is equal to the
minimum of the constrained problem.

Based on these results we can look for a solution to the primal problem by
first solving the dual problem to get (4, /1) and then determining the primal
solution x from the saddle point conditions.

THEOREM 4.10. Assume that the duality relation (4.18) holds true. If

(1, 1) € Ay is a feasible point of the dual problem, then every point X € X
such that

(i) L(%, 4, 1) = min L(x, 2, 2);
xeXo
(ii) all constraints of (4.1) are satisfied at X;
(i) 4ig(X)=0,i=1,...,m,

is a solution of problem (4.1).



170 CHAPTER 4

Proof. Conditions (i), (ii) and (iii) imply that (X, 2, ) is a saddle point of
the Lagrangian, and the result follows from Theorem 4.8. In fact, the point
(4, @) is then the optimal solution of the dual problem. m|

The following example from game theory motivated the development of
the duality theory.

Example 4.11. A two-player game is defined as follows. We have a matrix A of
dimension m x n. Player C chooses a column j of the matrix, that is, a number
between 1 and n. Player R chooses a row of the matrix, a number i between 1 and
m. None of them knows the opponent’s decision. Then the decisions are revealed
and the matrix entry a;; in row i and column j is the amount that C pays R (if it is
negative, R pays C).

Itis difficult to decide on the course of action in such a game. The key concept that
radically clarifies the problem of choosing the best play is that of a mixed strategy.
A mixed strategy of Player C is a probability distribution x on the set of columns
{1, ..., n}. In other words, we assume that Player C chooses her column at random,
according to some probabilities x;, j = 1,...,n. The set of all possible mixed
strategies is equal to

n
Xo={xeR": > xj=1, x>0, j=1,....n}.
j=1

If Player R chooses row i then the expected amount that C pays R equals

n
Z aijxj = (aj, x),
j=1
with a; denoting the ith row of A. To minimize the worst possible outcome, Player

C solves the following problem:

minimize max {(a;, x). 4.21)
xeXo 1<i<m

As usual in min-max problems, we can reformulate it as a constrained problem:

minimize o
,X
subjectto (g;,x) —0 <0, i=1,...,m,
x € Xop.

The set Xo is a compact polyhedron and the constraints are affine. Therefore,
problem (4.21) has an optimal solution and the first order necessary conditions of
optimality are satisfied.

Denote by y the vector of Lagrange multipliers associated with the constraints.
We use the notation y instead of 1 because of the specific interpretation of the
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multipliers in our context. The Lagrangian has the form

L.x,y) =0+ X yi(laix) —v) =o(1 Zy,) (7, Ax).

i=1
Let us calculate the dual function:

m

Lp(y) = inf L(v,x,y) = 1nf v( y,) + min (y, Ax).
;:)]?0 i=1 xeXo

We see that the infimum with respect to v is finite if and only if >, y; = 1. Thus
y is an element of the set

n
Yo={y€RmIZ)’i=1, yi=0,i=1,...,m}.
i=1

The dual function becomes

Lp(y) = min(y, Ax) = min(A”y, x).
xeXo xeXo

If we use a’ to denote the jth column of A, we can rewrite the dual function as
follows:

n
Lp(y) =;2%2)ij<ajay> = min (a/,y).
j=1

1<j<n
The dual problem takes on the form

maximize min (a’, y). (4.22)
yeYo 1<j=n

A comparison with (4.21) reveals that the dual problem is the problem of finding
the best mixed strategy of Player R. By using the fact that

max {(a;, x) = max (y, Ax),
1<i<m yeYy

we can rewrite both problems as follows. The primal problem is

minimize max (y, Ax),
xeXo yeXp

and the dual problem is

maximize min (y, Ax).
yeXy xeXo

The Lagrangian for every x € X and y € Y has the form

L(x,y) = (y, Ax).
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From the duality theory it follows that the optimal values of both problems are
identical and that their solutions, X and ¥, form a saddle point of the Lagrangian

(v, AX) = (y, AX) = (3, Ax) forall x € Xo, y € Yo.

It is the equilibrium of the game: if both players follow the mixed strategies X and y,
it is not profitable for any of them to deviate from their solutions.

Our second example is from the area of finance.

Example 4.12. We have n securities with present prices c1, . . ., ¢,. The securities
can be either bought or sold short, that is, borrowed and sold for cash. Any amounts
can be traded.

At some future time one of m states may occur. The price of security j in state i
will be equalto a;j,i =1,...,m, j =1,...,n. At this time we will liquidate our
holdings: the securities held will be sold, and the short positions will be covered by
purchasing and returning the amounts borrowed.

An arbitrage is the existence of x € IR” such that (c, x) < 0 and Ax > 0. Such
a portfolio x can be “purchased” with an immediate profit and then liquidated at a
future point in time with no additional loss, whatever the state. We analyzed this
problem in Example 2.30 on page 31. Now we can interpret the results in the context
of the duality theory.

Consider the linear programming problem

minimize (c, x)

subject to Ax > 0.
If this problem has a feasible solution x with (c, x) < 0, then no optimal solution
exists, because the value of the objective goes to —oo at feasible points Mx, with
M — oo (this is the essence of the concept of arbitrage). Thus, an optimal solution
exists if and only if the optimal value is 0.

Using p € R", p > 0, to denote the Lagrange multipliers, we can write the
Lagrangian in the form

L(x, p) ={c,x)—{(p, Ax) = {c — AT ,X).

The infimum of this function with respect to x € R” is —oo, unless ¢ — ATp =0,
in which case the infimum is simply zero. It follows that

0 if ATp=c
L = inf L(x,p)= ’
o(p) xeR” (x. ) [ —oo otherwise.
The dual problem, therefore, has the simple form of a system of equations
ATp =c.

This is the non-arbitrage condition of Example 2.30, and the Lagrange multipliers
p are the state prices found there.
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Finally, we have an illustration of relations of duality theory to expected
utility theory in economics.

Example 4.13. Our decisions x € X C IR" affect a certain random outcome F (x).
We assume that the number of possible elementary events is finite and we denote it
by m. For every elementary eventi € {1, ..., m}, we denote its probability by p;.
Obviously, p; > 0Oand >/, pi = 1.

The realization of the random outcome F(x) in event i is denoted by f;(x).
To focus attention, we assume that we prefer larger values of f;(x) over smaller
values (for example, f;(x) may represent profit in event ;). We also assume that the
functions f; : R" — IR are concave, and the set X is convex.

One way to formulate a meaningful optimization problem, in the presence of
uncertainty and with risk aversion, is to consider a benchmark random outcome Y,
with realizations y;, i = 1, ..., m. We require that our random outcome F'(x) has
an expected shortfall below each target level ¢ € IR at most as large as that of Y:

E[max (0,t — F(x))] < E[max (0,t — Y)] forall r € RR. (4.23)

The symbol E[-] denotes the expected value. In the theory of stochastic optimization
models, constraint (4.23) is called the second order stochastic dominance constraint.

Observe that the functions ¢ — IE[ max (O, t— F(x))] andt — IE[ max (0, t—Y)]
are convex. The second one is also piecewise linear, with break points at yq, ..., Y.
Thus it is sufficient to enforce constraint (4.23) at the break points t = y;:

E[ max (0, yj — F(x))] <E[max (0, y; —Y)] forall j=1,...,m.

We formulate the optimization problem

m
maximize Z pi fi(x)

i=1

m m
subject to Zp,- max (O, yi — ﬁ(x)) < Zpi max (O, yi — yi), j=1,...,m,
i=1 i=1
x € X.
(4.24)
The objective function represents our desire to have the average value of the outcome
F (x) large, while the constraint represents risk aversion: we want to perform better
with respect to each target level than the benchmark Y.
We can develop the dual problem to problem (4.24). Denoting by 4;, j =
1, ..., m, the nonnegative Lagrange multipliers associated with the shortfall con-
straints, we write the Lagrangian:

L(x,2) =D pifitx) = > 4 > pi[max (0,y; — fi(x)) — max (0, y; — y)].
i=1 =1 i=1
! (4.25)



174 CHAPTER 4

Define the function# : R — R as

u(t) =—> Jjmax (0,y; — ). (4.26)
j=1

By changing the order of summation in (4.25) and using (4.26) we obtain the identity

=>4 > pimax (0,y; — fi(x)) == pi > Ajmax (0, y; — fi(x))
=1 j=1

j=1 =1
= Zpi”(fi (x)) = E[u(F(X))]
i=1

Similarly,
m m m
>4 D pimax (0,y; — yi) = — > piu(yi) = —E[u(¥)].
j=1 =l i=1

The function u(+) is concave and piecewise linear with break points at yy, ..., yu.

It vanishes to the right of the largest realization of Y. Every nonnegative vector 4 of

Lagrange multipliers can be associated with a function u(-) defined in (4.26), and

every function of such a form defines a vector of Lagrange multipliers 4 > 0.
Thus we can rewrite the Lagrangian (4.25) as a function of x and u(-):

L(x,u) =E[F(x)] + E[u(F(x))] — E[u(Y)]. (4.27)

We keep the symbol L for the Lagrangian, although it is a different function now.
Its arguments are x € R” and a concave function u(-). All duality results for the
Lagrangian (4.25) can now be formulated in terms of the Lagrangian (4.27). The
dual function has the form:

D(u) = sup {E[F(x)] +E[u(F(x)] - E[u(Y)]}. (4.28)

xeX

Observe that in this problem we do not maximize the expected value of the outcome,
but rather the expected value of a certain utility function w(t) =t + u(t),

E[y (F(x))] = E[F(x) + u(F (x))].
The dual problem has the form
minimize D (u),
u()
where the function u(-) has to be chosen from the class of piecewise linear concave
functions with break points at y1, . . ., y,», and equal to zero for all sufficiently large

values of the argument. Its solution, (), is such that a solution x of (4.28) satisfies
the stochastic dominance constraint, and

E[a(F ()] = E[a(Y)].
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4.3 CONIC PROGRAMMING

We now focus on the following problem structure:

minimize (c, x)
subject to Ax = b, 4.29)
x €K,

where x € R",c € R", b € R™, and A is an m x n matrix. The set K is a
closed convex cone in R".

The linear programming problem of Example 4.2 fits into this model with
K = R’.. Another special case is the semidefinite programming problem
of Example 4.3, with x denoting a symmetric matrix of dimension d (so
n = d*), and the scalar product (-, -) understood in the Frobenius sense:
(¢, x) = tr(cx). In this case A is a linear operator from the space of square
matrices to R"™ and therefore has the form

tr(Aqx)
Ar — tr(Asx) ’
tr(;4'n',x)
with A;,i =1, ..., m, being square matrices of dimension d. The cone K

is the semidefinite cone S} .
The development of the dual problem follows the argument of Examples
4.2 and 4.3. We introduce the Lagrangian

L(X, :u) = (C,)C) + (/u, b— Ax)
and the dual function

Lp(w) = inf L(x, u) = inf (c — A%u, x) + (u, b). (4.30)
xek xekK

Here A* denotes the adjoint operator to A and is defined by the equation
(u, Ax) = (A*u, x). The specific algebraic form of A* depends on the
scalar product employed. For example, in linear programming we have
A* = AT, and in semidefinite programming A*u = > " | ;i A;.

By Lemma 2.26, the infimum in (4.30) is finite if and only if c — A*u €
—K°, and then Lp(u) = (u, b). This leads to the following formulation of
the dual problem:

ma)%lmlze (b, u) @31)
subject to A*u —c € K°.
We are now ready to state the duality theorem for conic optimization prob-
lems.
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THEOREM 4.14. Assume that there exists a point x; € int K such that
Axg = b. If the primal problem (4.29) has an optimal solution then the
dual problem (4.31) has an optimal solution and the optimal values of both
problems coincide.

Proof. Recall from page 109 that the assumed existence of the point x
is nothing but Slater’s constraint qualification condition for problem (4.29).
Under this condition, Theorem 3.34 implies that the optimal solution satisfies
the first order conditions of optimality. Then it follows from Theorem 4.7
that the Lagrangian has a saddle point, and from Theorem 4.8 that the dual
problem (4.31) has an optimal solution, and that the optimal values of both
problems are equal. |

We can also conclude that under Slater’s condition for every solution x of
the primal problem and every solution £ of the dual problem, the comple-
mentarity condition

&, A —c)=0 4.32)

holds true. Indeed, the constraint of the dual problem yields (A*u — ¢, X)
< 0. Hence

(b, 1) < (b, 1) — (A"t — ¢, %)
= (e, %

(c,X) + (b — AR, 1) = (c, %),

with the equality occurring if and only if (4.32) is satisfied.

In linear programming the cone K is polyhedral, and we do not need
Slater’s condition for Theorem 4.14 to hold true.

If we develop the dual problem to the dual problem (4.31) we obtain
the primal problem again (see Exercise 4.8). In linear programming, the
existence of an optimal solution to the dual problem implies the duality
relation and the existence of an optimal solution of the primal problem,
by virtue of Theorem 4.14 (without Slater’s condition). In semidefinite
programming and conic programming, in general, application of Theorem
4.14 to the dual problem requires the dual Slater’s condition: there exists
us € R™ such that A*ug — ¢ € int (K °). We thus obtain the stronger
version of Theorem 4.14.

THEOREM 4.15. Assume that both primal and dual Slater’s conditions are
satisfied. Then the primal problem (4.29) has an optimal solution if and only
if the dual problem (4.31) has an optimal solution, in which case the optimal
values of both problems coincide.
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Example 4.16. Let A be an m x n matrix and b € R"™. Consider the approximation
problem:

minimize ||b — Ax||, (4.33)
where || - [l is @a norm in R™. If || - [l = | - |l, the above problem is simply
the projection problem of Section 2.1.2, while for || - [[¢ = || - oo We obtain the

Chebyshev approximation problem of Example 3.32.
Introducing new variables y € R™ and v € IR, as in Example 3.39, we can
equivalently formulate the problem as follows:

minimize v
subjectto Ax +y = b, (4.34)
Iyllo <o.

. A . . .
Since K = ep1(|| . ||<>) is a convex cone, we can compactly write the last constraint
as

(y,v) € K.

It follows that problem (4.34) is a conic programming problem. Specializing the
derivation of (4.31), we arrive at the dual problem

maximize (b, u)
subject to ATy =0,
(u,—1) e K".

The polar cone to K has the form
K°={(Aa) e R" xR : a < —|Al+},

where || - ||« is the dual norm (see Exercise 2.13). Therefore the dual problem can
be equivalently written as follows:

maximize (b, u)
subjectto ATy =0, (4.35)
laells < 1.

Problem (4.34) satisfies the constraint qualification condition, because v can be
arbitrarily large. Therefore Theorem 4.14 applies and we conclude that the dual
problem (4.35) has a solution, and that the optimal values of both problems coincide.

It might be instructive to notice that the optimality conditions for any of the
problems (4.33) or (4.34) are special cases of the general conditions derived in
Example 3.39 for smooth nonlinear mappings A.

Example 4.17. Consider the semidefinite programming problem (4.10) discussed
in Example 4.3. Suppose the constraints (A;, X)g = b; imply that tr(X) = k. This
is the case, for example, when (4.10) is a semidefinite relaxation of a 0—1 quadratic
optimization problem, as in Exercise 4.11.
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Problem (4.10) augmented with the redundant constraint has the form:

minimize (C, X)g

subjectto (A;, X)s=b;, i=1,...,m,
(I, X)s =k,
X eS.

(4.36)

Associating with its constraints multipliers ¢ € R™ and uo € R, we obtain the
following form of the dual problem (4.13):
maximize (b, u) + kuo
m
4.37
subject to C — ZﬂiAi —uol €S (4.37)

i=1

If problem (4.36) satisfies Slater’s constraint qualification, we can use Theorem4.14.

The constraint tr(X) = k implies that every optimal solution X of problem (4.36)
is nonzero. In view of the complementarity condition (4.32), every optimal solution
of the dual problem must satisfy the equation

m
(€= X wiri = ot &), =0,
i=1

Since X # 0, the matrix C — > miAi — pol is singular. As it is positive
semidefinite, we must have

m
imin(C - ZﬂiAi - ,UOI) =0.
i=1

We use the notation Apin (A) and Apax (A) to denote the smallest and largest eigen-
values of a symmetric matrix A. The last relation is equivalent to

m
Imin(C = D" widi) = wo. (4.38)
i=1
It follows that the dual problem (4.37) is equivalent to

m
maXi]III{liZC (b, 1) + kAmin (C — Z yiAi).
nelR™ :

i=1

Since Amin(A) = —Amax(—A), we can write this problem equivalently as an uncon-
strained convex optimization problem:

m
mlﬂnelﬁlr}ze k/lmax(;,uiAi - C) — (b, 1. (4.39)
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We know from Example 2.89 on page 74 how to calculate subgradients of the
maximum eigenvalue function, and thus we can apply methods of convex non-
smooth optimization to this problem.

By Lemma 2.83 on page 67, each subgradient of function (4.39) has the form

kAW — by

kAW — by
8= . >

kAW — by,

where W € [Amax(Q)] at Q = D/L, fi;A; — C. The last relation can be made
more explicit by employing the results of Example 2.89:

m m
(D AiAi = C.Wg = max ( Z
i=1 i=1

tr(W) =1,
WeSL.

(4.40)

At the optimal solution we have g = 0 and thus there exists w satisfying the above
three conditions, such that

kAW =b;, i=1,...,m.

We shall show that X = kW is the optimal solution of the original semidefinite
programming problem (4.36). As we have just noticed, it is feasible. Define

m
fig = (C — Z/&iAi’ W)g

Together with the second relation in (4.40) this implies that
m
(c- 2&-& ~ figl, W), =0.
i=

Recalling that X = kW, we can replace w by X in the last equation to obtain the
complementarity condition for problem (4.36).

We conclude that optimality conditions (3.51) from page 130 are satisfied for
problem (4.36), with Lagrange multipliers (&, (o). Consequently, X is the optimal
solution.
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4.4 DECOMPOSITION

Consider the nonlinear optimization problem

minimize f(x)

subjectto g;(x) <b;, i=1,...,m,
hix)y=¢, i=1,...,p,
X GXQ,

with b € R™ and ¢ € R”. Assume that we can partition the vector x as
K
x =@l x5, X e R™, an =n,
k=1

in such a way that the objective and constraint functions can be represented
for all x as sums:

K
HOEDIACSE
k;l
gi(x) = ng‘(xk), i=1,...,m,
k=1

K
hiGo) =D hiaY, i=1,...,p.
k=1

Moreover, we assume that
Xo=Xpx...XE, X§cR™, k=1,....K.

The Lagrangian has the form

m p
L(x, 2o p) = f) + D i(gi(x) = bi) + D wilhi(x) — c7)
i=1 i=1

m D

K
=D (S + D0 2gb ") + D ik () — (4, b) = (u. o).
k=1

i=1 i=1

Therefore the dual function can be calculated as follows:

LD(/IJ lu) = )l(lellxr(l)L(x’la lu)

K m p
— : k(. .k § Iy ki k § hkoky ] — i _ .
Ikrg)l(lk [f (x ) + lgl (x ) + p ;ulhz (x )] ( > b) <1ua C)

k=1" €%0 i=1
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It follows that the calculation of the dual function decomposes into K smaller
problems, each for the subvector x*, k =1,..., K:

m 14
LG ) = min | 10+ 30 digh () + 3 it (x)].
R i=1 i=1

In some cases these problems can be solved in a closed form, as in the
examples below. Inother cases, efficient numerical methods can be employed
for their solution. In any case, solving the dual problem

K
maximize > LEG, 1) — (A, b) — (u,c)

ueRP k=1
may be much easier than solving the primal problem. If the duality relation
is satisfied, the above decomposition approach, together with Theorem 4.10,
provides the optimal solution of the primal problem. If duality does not
hold true, a lower bound for the optimal value of the primal problem can be
obtained (see the next section).

Example 4.18. Suppose n power plants have to satisfy jointly some demand b > 0
for power. We assume that each plant j can generate power x; between 0 and some
upper bound u; at the cost (per time unit) equal to

g )
fiGg) = cjxj+ )% j=1,n.

The coefficients ¢; and g; are assumed to be positive for all j, and thus the cost
functions are strictly convex. Moreover, we assume that > j=1lj = b, in order
to be able to satisfy the demand. To satisfy it at a minimal cost, we formulate the
optimization problem

n
minimize Z fiGxp)

j=1

n
subject to ij > b,
j=1
0<xj<uj, j=1,...,n

The feasible set is compact and nonempty, because > j=1uj = b. Therefore an
optimal solution must exist. All constraint functions are affine and thus the optimal
solution has to satisfy the necessary conditions of optimality. Since the problem is
convex, the duality relation holds true.

Denoting by A the Lagrange multiplier associated with the demand constraint,
we can write the Lagrangian as follows:

n

L) =Y o +a(b =D x).
j=1

j=1
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Hence the dual function has the form

Lp(i) = bi+ min > (f;(x)) = Ax;)
srsu i

n

=bl+ Z;Os%igw (f () = 2x;).

Consider the subproblem:
. qi
Lh(%) =  min (cjx] ) - /lxj). (4.41)

If we interpret the Lagrange multiplier 4 as the unit price for energy paid to the
plants, this subproblem has a clear meaning: choose the production level x; to
maximize the profit of plant j.

We can minimize the quadratic function of one variable in (4.41) by simple
calculus. The optimal solution is:

0 if0<1<g,
)?j(i)= (/I—Cj)/qj iij §/I§Cj+qjuj,
uj if > c; +qju;.

We see that the power output X;(4) of plant j is a nondecreasing function of the
multiplier (price) 4. It follows from the duahty theory that there exists an optimal
value /4 of the price, for which the vector X with coordinates %; (1) is an optimal
solution of the problem. We must, therefore, have

n
> %) =b.
j=1

The equality here is necessary because of the complementarity condition (iii) of
Theorem 4.10. The optimal price / can thus be calculated as the price for which
the power plants, driven by their profits, jointly satisfy the demand.

Each dual function can be calculated explicitly,

0 if0 <1 <gc,
L)(A) = 1 (4 — ¢)?/(2q)) ifcj <4 <cj+qjuj,
(cj — Muj +q;j@j)?/2 if A > cj + qju;.
It is nonpositive for all A > 0, which means that no plant has losses (we cannot

force them to have losses), and the plants that produce power have positive profits.
The dual problem

ma)/%mllze b+ Z} sz) 1)
J
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can be interpreted as follows: find the price that maximizes the value of power sold,
bA, minus the profits of the plants (recall that —LI]) is the profit of plant j).

If the cost functions of the plants are not convex, or if their feasible sets are
disconnected, for example, x; = 0 or/; < x; < u;, the optimal solution of the dual
problem provides a lower bound for the optimal value of the primal problem.

Example 4.19. There are n horses in a race. For every horse k we know the
probability pj that it wins and the amount sy that the rest of the public is betting
on it. The track keeps a certain proportion C € (0, 1) of the total amount bet and
distributes the rest among the public in proportion to the amounts bet on the winning
horse. We want to place bets totaling b dollars to maximize the expected net return.

Let us denote by x; the amount bet on horse k. If horse k wins the race, we gain

Axy
Xk + Sk ’

Fr(x) =

where A 2 (1—-C)(b+ >} si) is the total amount to be split among the winners.
We can now write the corresponding optimization problem as follows:

DPkXk

minimize — A 4.42
Z Xk + Sk ( )
subject to Zxk =b, (4.43)
k=1
x >0. (4.44)
Note that each function
N Sy

Xk + Sk Xk + Sk

is convex in x;. Therefore, (4.42)—(4.44) is a convex problem. Clearly its feasible
set is nonempty and bounded, and hence it has an optimal solution. Since, in fact,
the objective function is strictly convex, problem (4.42)—(4.44) possesses a unique
optimal solution.

The constraints are affine and thus the dual problem of (4.42)—(4.44) has a
nonempty set of optimal solutions. No duality gap exists between these problems.
We will be able to write their optimal solutions explicitly.

Denoting by u the multiplier associated with the budget constraint (4.43), we can
write the Lagrangian:

L(x, 1) = _Azxf:ksk u(éxk—b)
:Z(,uxk—A kak )—b,u.




184 CHAPTER 4

To calculate the dual function we observe that

n
. DXk
[ - ( —A ) —b
p (1) = min k§—1 Xk 1

Xk + Sk
! X,
=Zmin (yxk—A Prk )—b,u
k=1xk20 Xk + Sk

The minimization can be carried out for each k separately. Two cases are possible:
if the unconstrained minimum of the expression

PkXk
Xk + Sk

Li(xk, ) = pxp — A

is attained at a positive xg, then x is the constrained minimum as well. Otherwise
the constrained minimum is zero. Simple calculations yield the minimum as a
function of u:

A
)?k(u)=max(0, p"s"—sk), k=1,...,n.
u

This means that X;(¢) > 0 if and only if

Apisk
> Sk,
u
which can be rewritten as follows:
L (4.45)
Sk A
Ordering the horses (and scenarios) in such a way that
LA N
s1 sy T sy

we see that there must exist / (which depends on x) such that

Apisk
n — =5, k=1,...,1,
EAMER AT k (4.46)

0, otherwise.

At the optimal value gz of the Lagrange multiplier, the corresponding solution x ()
is feasible for (4.43). For every [ this yields the candidate value of the multiplier:

p=—2=_ (4.47)
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This value should guarantee that (4.45) is true only fork = 1, ..., [. To ensure that,
we find / as the smallest integer for which

N
pi S k=t 1 > [ Pl+1 ‘
S Si+1
b+ Z Sk
k=1
Note that the left inequality holds for / = 1. If such an integer does not exist, we

set/ = n. Once [ has been determined, we can calculate the Lagrange multiplier by
(4.47). The substitution into (4.46) renders the optimal bets.

1

Example 4.20. The idea of decomposition can also be applied, in a slightly more
involved fashion, to dynamic problems. Consider the optimal control problem with
discrete time

T-1

minimize Z fi(uy) (4.48)
=1

subjectto x;41 = Ayxy + Byuy, t=1,...,T — 1, (4.49)
xr =d, (4.50)
upely, t=1,...,T — 1. (4.51)

Here x; € R" denotes the state of the system at time ¢, and u; € R™ denotes
the control at time ¢. The initial state x; is given. The matrices A; and B; have
dimensions n and n x m, respectively.

The functions f; : R™ — R, =1,...,T — 1, are assumed to be convex and
the sets Uy C IR™ are also assumed to be convex. Therefore, problem (4.48)—(4.51)
is a convex optimization problem.

Assume that Slater’s constraint qualification condition holds true: there exists a
sequence of controls iy, = 1,...,T — 1,suchthatu, € intU;,t =1,...,T — 1,
and the corresponding system’s trajectory x;, t = 1,..., T, obtained from (4.49),
satisfies (4.50). Under this condition, if an optimal control exists, it satisfies the first
order optimality conditions. Moreover, the duality relation holds true.

Let us associate Lagrange multipliers u; € R*,r = 1,..., T — 1, with the state
equation (4.49), and a Lagrange multiplier v € IR" with the terminal state condition
(4.50). Consider the Lagrangian:

T-1 T-1
LOc,u, ) = > filu) + D (e Xi41 — Aixe = Bug) + (. d — x7).
t=1 t=1

The unconstrained minimum of the Lagrangian with respectto all x;, t =2, ..., T,
is finite if and only if

Ui—1 =Afuy, t=2,...,T—1, and pr_; =y. (4.52)
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We use A* to denote the transpose of A. These equations are called adjoint equa-
tions. The control function u, is a solution for each ¢ of the problem

minimize f,(ut)— (u,,B,ut), t = 1,...,T_ 1. (453)

urel;

Suppose this problem has a unique solution i, (x,) for each u,. Then for every
w € R we can solve the adjoint equations (4.52) and obtain the dual trajectory u;,
t=T—1,...,1. Then (4.53) defines the controls u; = it;(u;), t =1,...,T — 1.
The substitution of the control function to the state equation (4.49) determines the
state trajectory X, (u), t = 1, ..., T. It follows from Theorem 4.10 that if x7 = d,
then the solution is optimal. Otherwise, we have to change y to maximize the dual
function,
T—1
Lp(u, w) = D [ fiGi(uo) — (e, Beik (u))] + (d. w),

t=1

subject to equations (4.52). We can eliminate the variables x, from this problem by
solving the adjoint equations and getting

T-1

/4,:( H A’;)t//, t=1,...,T —1.

s=t+1

After the substitution into the dual function, we obtain a function of the terminal
state multiplier, . The dual problem is equivalent to the problem of unconstrained
maximization of this function with respect to .

4.5 CONVEX RELAXATION OF NONCONVEX PROBLEMS

If a saddle point of the Lagrangian does not exist, which is typical for noncon-
vex problems, the duality relation (4.18) is not valid. Nevertheless, we can
still use the dual problem to bound the optimal value of the primal problem
from below.

LEMMA 4.21. For every (4, ) € Ao and for every x € X,
Lp(Z, u) < Lp(x).
Proof. The result follows from the chain of inequalities:

Lp(A, p) = L(x, 2, ) < Lp(x).

The difference

0 = min L — max Lp(4 >0
xe}Xo P (x) u,ﬂ)eon o4, 1) =
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is called the duality gap.

In many applications the lower bound of Lemma 4.21 is very useful.
We discuss here its relations to conjugate duality theory of sections 2.6.1
and 2.6.2.

Consider an optimization problem with linear constraints:

minimize f(x)
subject to Ax > b, 4.54)
X € Xo.

Here f () is some function from R” to R, A is a matrix of dimension m xn and
b € R™. The set Xy is an arbitrary subset of R". No convexity assumptions
are made about f(-) or X,. We write the inequality constraints in the “>"
form for the convenience of notation only.

Define the function

fx) ifx € Xo,
+00 otherwise.

fxo(x) = |

Then problem (4.54) can be rewritten as

minimize fy,(x)

_ (4.55)
subject to Ax > b.
Together with it we consider the convexified problem
minimize fy(x
X ) (4.56)

subject to Ax > b.

Here f§* is the biconjugate function to f,, as defined in Section 2.6.2. We
know from Theorem 2.95 that if fx, has at least one affine minorant then
fX*: is the largest convex minorant of fx,. Thus problem (4.56) is indeed a
convex relaxation of (4.55).

Let us return to the original nonconvex problem (4.55). Its Lagrangian
has the form

L(x, ) = fx,(x) + (4, b — Ax).
We can calculate the dual function as follows:
Lp(2) = inf { fx,(x) + (2, b — Ax)}
= —sup {(A72,x) = fx, ()} + (4 b)

= —f35,(ATA) + (b, 2).
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Here fy denotes the conjugate function to fy,. The dual problem therefore
can be written as follows:

sup {(b, ) — fx,(ATD)}. (4.57)

24>0

This transformation allows us to relate the dual problem (4.57) and the con-
vexified problem (4.56).

THEOREM 4.22. Assume that the duality relation (4.18) holds true for the
convexified problem (4.56). Then the dual problem (4.57) has an optimal
solution and its optimal value is equal to the optimal value of the convexified
problem (4.56).

Proof. As the convexified primal problem has a solution, the function fy7
is proper. This means that fy is proper. It is always convex and lower
semicontinuous. Theorem 2.95 implies

* 3 x| *
fX0=[fX0] =[fX0] :
It follows that problem (4.57) can be rewritten as

sup {0, ) =[] (AT},

which is the dual problem of the convexified problem (4.56). By assumption,
the duality relation for the convexified problem holds true. This implies the
assertion of the theorem. |

The above result can be used to generate lower bounds for nonconvex op-
timization problems by selecting some constraints that enter the Lagrangian
and specifying the set X by all remaining constraints. Such an approach is
widely used in integer programming.

Example 4.23. A retailer wants to establish b distribution centers to serve m stores.
Possible locations of the centers are fixed at some given n points. The cost of
supplying store i from the center located at j equals ¢;;. We have already considered
a similar situation in Exercise 3.14, but with free locations of the centers. When the
locations have to be chosen from a finite set, the problem has purely combinatorial
character.

Denote by x; the binary variable representing the decision to locate a center at a
possible site i, where i = 1, ..., n:

1 if a center is located at site i,
X =
' 0 otherwise.
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In the absence of capacity restrictions on the centers, it is best to cover the demand
of each store from exactly one center assigned to it. Introduce the variables:

|1 ifstore j is supplied from the center located at i,
Yij 0 otherwise.

We obtain the following optimization problem:

n m
minimize E Ecijy,-j

i=1 j=I

n

subject to in =b, (4.58)
n

Zyij:l’ j=1’.,,’m’ (459)

yij Exia i=19"'9n’ j=1""’m’ (460)

xi €{0,1}, y;j €{0,1}, i=1,...,n, j=1,...,m.

Constraint (4.59) reflects the requirement that each store has to be supplied, and
constraint (4.60) prevents assignments to centers which do not exist.

Since the feasible set is disconnected, the above problem is not a convex opti-
mization problem. Still, the duality theory provides useful Lagrangian relaxations
of this problem. Define

X =10, 1)" x {0, 1)"™".
Assigning Lagrange multipliers y € R, x € R™ and A € R/ to the constraints

(4.58), (4.59), and (4.60), respectively, we formulate the Lagrangian

L'G,y,w,p,2) =

chlfy’1+w(le_b)+2#1( Z)’lj)'*‘znlziu(yu Xi)

i=1 j=1 i=1 j=1

= ZZ(Cij — uj + Aij)yij +Z('/’ _Z’Iij)xi _b‘”+z"‘f'
i=1

i=1 j=I j=I j=1

The minimum of L! with respect to (x, y) € X é can be calculated by inspection

n m
Ly, u, 2) = D > min(0, cij — pj + 4ij)

i=1 j=1

+Zmln( Zz: )—bv/—f-é,uj.
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Itis a concave and piecewise linear function. By Theorem 4.22 it is equal to the dual
function of the convexified problem. This problem is simply the linear programming
relaxation of the original problem. This can be verified directly by noticing that the
minimum of the Lagrangian with respect to the variables restricted to the set {0, 1} is
the same as the minimum with respect to the variables allowed to take any values in
the interval [0, 1]. In fact, this property holds true for all integer linear programming
problems. Therefore the optimal value of the dual problem

maximize Lll)(w, U, ) subjectto 1 >0, (4.61)

is the same as the optimal value of the linear programming relaxation.

A more interesting situation occurs when the definition of the set X also involves
some inequality or equality constraints. Usually, we choose constraints that are easy
to handle directly, once the other constraints are moved to the objective function via
Lagrangian terms. In our case it is convenient to define

X2 = {(x,y)e O, 1) % {0, 1)™ :yyy <xi i=1,....n, j= 1m}
The corresponding Lagrangian has the form
n m n m
L2Ce,y, o ) = D D> (cij — wj)yij + ¥ D _xi —by + D uj.
i=1 j=1 i=1 j=1

The minimum of the Lagrangian with respect to (x, y) € X(z) is more difficult to
calculate than before. Recalling the idea of decomposition discussed in the preced-
ing section, we notice that the problem of minimizing L? splits into independent
subproblems for each potential locationi = 1, ..., n. Define the sets

Zi = {(x,-,y,-) € (0,1} x {0, 1™t yyj < xp, j = lm}

WehaveX%:Zl X --- %X Z, and
n

m m
min D20y, yo ) = > min (3 (e — up)vig + vni) = by + D u.
(x,y)eXx3 0 (xi,yi)€EZ; o o

Each of the functions
m
A .
Li(y, p) = o min (;(Cij — Wj)yij + wxi),

can be calculated by examining two cases. If x; = Othenally;; =0, j =1,...,m,
and the value is 0. If x; = 1 then we choose y;; = 1 for all j such that ¢;; < u;.
Hence

m
Li(y, #) = min (o, > min(0, ¢ — 1)) + w), i=1,....n. (462
=1
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The optimal value of the dual problem,
n m
maximize Z Li(y,n) —by + Zuj, (4.63)
i=1 j=1

provides a new lower bound for the optimal value of the original facility location
problem.
To analyze the relation between the two bounds (4.61) and (4.63) we notice that

X3=x\nv,
with
Y = {(x,y)eIR” xR™ 1y <x;,i=1,...,n, j= l,...,m}.
For the linear objective function

flx,y) = chu)’u

i=1 j=I1

we have
fx,y) if (x,y) € conv(X)),
fiey) = [ s 0
0 +00 otherwise.
Similarly,
fx,y) if (x,y) € conv(X}),
5 y) = [ ) 0
0 +00 otherwise.
Since

conv(X3) = conv (X, NY) C comv(Xy) NY,
we always have the inequality

FR6 ) = f7160 ).

Therefore the lower bound (4.63) is at least as good as (4.61).

4.6 THE OPTIMAL VALUE FUNCTION

Let us now consider the problem with parameters b € R™ and ¢ € R”:

minimize f(x)
subject to g; <b;y, i=1,....,m,
ject to gi(x) <bi, i " (4.64)
hix)y=c¢, i=1,...,p,

x € Xp.



192 CHAPTER 4

We assume that f : R” — Rand g; : R* - R,i =1, ..., m, are convex
functions, #; : R" — R,i = 1,..., p, are affine, and the set X, C R" is
convex.

We are interested in the dependence of the optimal value of this problem,
which we denote by v (b, ¢), on the parameters b and ¢. To define the optimal
value function formally, let

X(b,c)={x e Xg:gx) <b, h(x) =c}

be the feasible set of (4.64). If X(b,c) = @ we define v(b,c) = +oo.
Otherwise,

v(b,c) = inf f(x).

xeX(b,c)

We have considered the sensitivity of the optimal value function in Section
3.8, under rather restrictive linear independence condition and semi-strong
second order sufficient condition. In the convex case we can avoid consid-
ering the dependence of the optimal solution on the parameters and we can
concentrate directly on the optimal value function.

LEMMA 4.24. The optimal value function v(-) is convex.
Proof. Let
b=ab'+ (1 —a)b?, c=ac'+1—a)?
with o € (0, 1). Then it follows from the convexity of g;(-) that for every
xle X', ch, x*eX®? )
we have
ax'+ (1 —a)x? € X(b,c).
The convexity of f(-) implies that we also have

flox' + (1 —a)x®) <af () + (1 —a) f(x?).

Therefore
b,c) = inf < inf ! 1— 2
o) = dnf @) < it [afGh+ 0= @) f ()]
x2eX(b2,c2)
=a inf fGH+A-—a) inf f@P)
xlex(b!,ch) x2eX (b2,c?)

= ow(bl, cl) + (1 - Ot)l)(bz, Cz),

as required. m|
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To understand the differential properties of the optimal value function we
employ basic results of the theory of conjugate duality described in Sec-
tion 2.6.

Assume for simplicity that there are no equality constraints and consider
the Lagrangian

L(x’ }“) = f()C) + (i’ g(X) -

It is convenient here to extend the dual function by assigning the value —oo
to the argument values outside of the dual feasible set, that is

inf [fG)+ (4, 80x) = b%)], if 2 >0,
Lp(2) = '

—00, otherwise.
If A > 0, then

2,8(x) —=b% = inf (1,b—bO).

>gx

Thus we can transform the dual function as follows:

Lp(2) = inf [£(0)+ (2, b —b)]

b>g(x)
= inf inf Ayb—b°
bleI]lRmer)}(b) [f(x)—l—( b—b >]
= inf [o(b) + (A, b —b")].
Jnf [o(b) + (4, )]

Using v*(+) to denote the conjugate function to the optimal value function
v(+), as in Definition 2.90 on page 76, we obtain:

Lp(2) = — sup [ —0(b) = (2,b)] — (2, D)
beR™ (4.65)
= —0*(=2) — (4, b°).
If 2 # 0, then
—0*(=1) = inf |o(b A,b)y|=—
v*(—4) bgﬁ{m[’)()ﬂ’ )] = —oo,
because v (+) is nonincreasing and we can arbitrarily increase any component

bj corresponding to A; < 0. Therefore, formula (4.65) holds true for all
AeR™.

LEMMA 4.25. A vector (A°, u°) is a solution of the dual problem to (4.64)
atb = b° and ¢ = c° if and only if

0% ) +0*(=2% =) + (A%, B°) + (1, %) = 0.
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Proof. To simplify notation we assume that p = 0. A vector A° > 0 is a
solution of the dual problem if and only if

Lp(A%) = 0.
Combining the last equation with (4.65) we obtain
—0* (=29 = (4%, 6") = v ("),

which is the same as the postulated formula. If p > 0 the calculations are
almost identical. |

This useful transformation allows us to completely describe the subdiffer-
ential of v (-) at (b°, c*) as the negative of the set of optimal solutions of the
dual problem.

THEOREM 4.26.
ov(°, %) = —{(2°% 1% € Ao : Lp(A°, 1) = v(°, )}

Proof. In view of Lemma 4.24, the optimal value function v(-) is convex.
By Theorem 2.98, (s, u) is a subgradient of v(-) at (b°, ¢°) if and only if

o, %) +v*(s,u) = (s, b°) + (u, ).

By Lemma 4.25, this is equivalent to the fact that (—s, —u) is a solution to
the dual problem. |

It follows from Lemma 2.77 that the Lagrange multiplier vector of mini-
mum norm is the direction of steepest descent of the optimal value function.

Example 4.27. Consider Example 4.18 and suppose A is the optimal value of the
Lagrange multiplier associated with the demand constraint:

n
— E Xj < —b.
Jj=1

If Z?:l uj > —b, that is, if there is capacity reserve in the system, we can easily

verify that the Lagrange multiplier s unique. Indeed, at least one of the variables
%j(4) is strictly increasing for 4 about 4 and thus the equation

> %) =b
j=1

has a unique solution, /. Theorem 4.26 implies that the minimum cost of satisfying
demand b, denoted by v(b), is differentiable at b. Its derivative equals 4 (note the
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sign change due to the fact that we have a “greater than or equal to” constraint). In
other words, the cost of increasing the power output within the next time unit by a
small amount ¢ is equal to A5. This explains our interpretation of the multiplier
as the price of energy.

Formula (4.65) also allows us to calculate the entire subdifferential of
the dual function. If the optimal value function is lower semicontinuous,
Theorem 2.98 implies that

ov*(s) = {b e R" 1 0(b) + v*(s) = (b, 5)}.
Setting s = — /A and using (4.65) we obtain
0*(=4) ={b e R" : 0(b) + v*(=1) = —(b, 1)}
={beR":0(b)+(1,b—1" = Lp(A)}.
This can be re-stated in a more explicit way: b € v*(—A1) if and only if

inf [f(x)+(4,b—0b")]= inf [f(x) + (2, g(x) —b%)].  (4.66)

xeX(b)
For 4 > 0 we always have
inf [f(0)+(4,b—b"] > inf [f(x)+ (L g(x)—0")]
E(X)Eob g(x)fob (467)
= inf [f(0) + (4, g() = 5]
x€Xo

Suppose b € 0v*(—A4). Equation (4.66) means that all inequalities in (4.67)
become equations as well. Consider a minimizer x of the left member of
(4.67). Since the left member is equal to the middle one, substituting X into
the middle member cannot result in a smaller value. That is,

FR)+ (2, b =0 < f(R)+ (4, g&) — bO).

This simplifies into (4, b — g(x)) < 0. Since both vectors in this product are
nonnegative, we conclude that

(1,b—g®) =0 and b > g(®). (4.68)

Substituting X into the right member of (4.67) we obtain the same value of
the minimized function. Thus X is also the minimizer of the Lagrangian
in X 0-

We claim that

' (-1 = |J {peR":g® <band (2,b - g®) =0}.

£eX ()
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We have already proved that every subgradient is a member of this set.
Consider now a minimizer x of the Lagrangian. If b satisfies conditions
(4.68) then x is feasible for all three problems in (4.67) and all three optimal
values are equal. Relation (4.66) implies that b € dv*(—2).

Using (4.65) and the chain rule of subdifferentiation we get dLp(1) =
dv*(—A) — b°, which renders the final formula for the subdifferential of the
dual function:

dLp(H)= |J {deR™:g(®) — b’ <dand (1,d +b" — g(#)) = 0}.
£eX (1)
(4.69)
We leave to the reader the verification that this set is in fact convex and
closed.
Formula (4.15) (for a compact set X)) yields:

oLp(A) = | J deR": g(®) — b’ =d).
£eX ()
The slight difference results from the fact that in (4.69) we consider the
extended dual function Lp(-), and the elements of the normal cone to its

domain 4 = RR!} enter the subdifferential when 4 is a boundary point of the
domain.

4.7 THE AUGMENTED LAGRANGIAN

Consider the nonlinear optimization problem with equality constraints

minimize f(x)
subjectto h;(x) =0, i=1,...,p, (4.70)
X € Xo.

We assume that the functions f : R” — R and i; : R* — R are twice
continuously differentiable, and the set X is convex and closed. In general,
when the problem does not satisfy the assumptions of Theorem 4.7, we
cannot expect that its Lagrangian has a saddle point. However, in some
cases a local saddle point of an augmented Lagrangian function exists. We
define this function as follows:

p p
LG, ) = @)+ 2 i)+ 2 X [w@]. @7
i=1

i=1

Here ¢ > 0 is a fixed parameter of the function.
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Theorem 3.25 from page 116 provides the first order optimality conditions
for problem (4.70). If Robinson’s condition is satisfied, then there exist
multipliers £ € R? such that

)4
0. € V(@) + D 4 Vhi(®) + Ny, (2.

i=1
These are also the necessary conditions of the local optimality for the problem
minimize L, (x, &),
xeXo

evaluated at the point x. To verify whether sufficient conditions of a local
minimum are satisfied at the point (x, /1), we calculate the Hessian of the
augmented Lagrangian with respect to x:

p p
A A N R N R A AT
ViLe(E. 2) = V@) +e D 4, Vhi®) + e D 4, Vhi®)[Vhi(®)] .
i=1 i=1
Our intention is to show that for all sufficiently large p the Hessian is a
positive definite matrix, and that the point X is therefore a local minimum
of the augmented Lagrangian. To this end we first show a simple algebraic
property.

LEMMA 4.28. Assume that a symmetric matrix Q of dimension n and a
matrix B of dimension m x n are such that

(x, Ox) >0 forall x #0 suchthat Bx =0.

Then there exists oo such that for all p > o the matrix Q + o BT B is positive
definite.

Proof. Suppose the assertion is false. Then for every p; we can find ;. > o4
and some x; such that

(xe, (O + 2xB" B)xi) < 0. 4.72)

We can always normalize x; in such a way that ||x;|| = 1. Consider a
sequence {p;} diverging to +o0o and the corresponding sequence {x;}. By
choosing a subsequence, if necessary, we can assume that the sequence {x;}
is convergent. Let z be its limit.

Dividing both sides of (4.72) by p; we obtain

1
é—<xk, Oxi) + | Bxi|* < 0.
k
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Passing to the limit, as k — 0o, we conclude that || Bz|| < 0, thatis, Bz = 0.
Skipping the term || Bx;||> entirely, we also have

(X, Qxi) < 0.
Passing to the limit we get
(z,02) =0
which contradicts the assumption. m|

We use this result to establish local convexity of the augmented Lagrang-
ian.

THEOREM 4.29. Assume that a point X satisfies the second order sufficient
conditions of optimality of Theorem 3.47 with the Lagrange multipliers (.
Then there exists py > 0 such that for all p > pq the point x is a local
minimum over X of the augmented Lagrangian with y = [i.

Proof. The result follows directly from Lemma 4.28 with
[Vi ()]
0=Vf(&), B=h@E= :
17
[Vh, @]
O

It follows that the point (X, &) is a local saddle point of the augmented
Lagrangian: there exists g9 > 0 and a neighborhood U of x such that for all

2 > Qo

L L,(%, f)= min L,(x, ).
max L, o (&, 1) = Ly(x, 1) (nin o (X, 1)

The converse is also true.

THEOREM 4.30. Assume that a point (x, it) is a local saddle point of the
augmented Lagrangian (4.71) for some o > 0. Then x is a local minimum of
problem (4.70) and p is the vector of Lagrange multipliers associated with
the equality constraints.

Proof. Since i is a maximum of the function L, (x, -),
hi(x)=0, i=1,...,p.

The point x is a local minimum over X of the function

P
Z hi()]’

p
Lo(x, @) = f(x) + D fi;hi(x) +

i=1

l\)l!b



LAGRANGIAN DUALITY 199
which means that there exists a neighborhood U of x such that
f(x)=L,(x, 1) < L,(x,u) forall x e XoNU.
In particular, if x is feasible for problem (4.70) we obtain
f(x) = fx),

as required. m|
Example 4.31. The problem

minimize %(}q)2 — X1X2

subjectto x; +x2—1=0

has a nonconvex objective function. It has solution x| = % and xp = %, as can
be verified directly, by eliminating one variable and the constraint. The Lagrange
multiplier corresponding to the equality constraint equals g4 = %

The augmented Lagrangian has the form

1 0
Ly(x1,x2, u) = 5()61)2 —xixo+plxp +x2— 1)+ E(m +x2 — 1)%

Its Hessian can be derived easily:

) Tro—1 11
VLQ(xleZa/u)_l:_l 0i|+Q|:1 1l

It is positive semidefinite for o > % and positive definite for p > % By setting
u=pa= % we can easily verify that the point X is indeed the minimum of the
augmented Lagrangian.

Now consider the problem with inequality and equality constraints:

minimize f(x)

subjectto g;(x) <0, i=1,...,m,
hix)=0, i=1,...,p,
x € Xp.

(4.73)

We assume that all functions involved in this problem are twice continuously
differentiable, and that the set X, is convex and closed. The Lagrangian
associated with (4.73) has the form

m )4
L(x, A1) = f@)+ D Ligi(x) + D uihi(x).
i=1 i=1
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Suppose £ is a local minimum of problem (4.73) and that the set A (%) of the
Lagrange multipliers associated with the inequality and equality constraints,
respectively, is nonempty.

Consider the set of active constraints,

°@)={l<i<m:gE) =0}

DEFINITION 4.32. Problem (4.73) satisfies the strong second order suffi-
cient condition if there exist multipliers (4, i) € A4(x) such that

(i) 1 >0, iel’G%);
(i) {s, VZ,L(%, 2, 2)s) > 0, for all nonzero s satisfying the equations:

(Vgl(i)a‘g) = 0, i € 10(56):
(Vh;(x),s) =0, i=1,...,p.

The above condition implies the semi-strong sufficient conditions of op-
timality (3.81) of page 149.

In order to define the augmented Lagrangian for the inequality constrained
problem, we transform (4.73) to the equality constrained problem:

minimize f(x)

subject to g;(x) + (z))* =0, i=1,...,m,

) 4.74)
hi(x) =0, i=1,...,p,
X € Xo.
It is apparent that £ and 2? = —g;(£), i = 1,...,m, constitute a local

minimum of this problem. The set of Lagrange multipliers A (X) remains
unchanged.
The Lagrangian of problem (4.74) has the form

m p
L(x, 2,2, 1) = f() + D Zilgi(0) + @)°] + D piki(x).  (4.75)

i=1 i=1
The augmented Lagrangian (4.71) for problem (4.74) can be written as fol-

lows:

LoGrozdp) = Lx, 2, 2, ) + 2

l\)lfb

p
Z hi)]’

(4.76)

oY

Z gi(x) + (1)’

Here ¢ > 0 is a fixed parameter of the function.
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THEOREM 4.33. Assume that problem (4.73) satisfies the strong second
order sufficient condition. Then there exists py > 0 such that for all p > pg
the point (x 2) is a local minimum over X of the augmented Lagrangian

Ly(x,2, 4, ).

Proof. The main change from Theorem 4.71 is the presence of inequality
constraints. Because of that, and for simplicity of notation, we assume that
p = 0, that is, that there are no equality constraints in problem (4.73). Let
us calculate the Hessian of the Lagrangian (4.75), with respect to (x, z), at
the point (£, %) and A:

- .n VIF(R) + D, 1iV2igi(R) 0
VoL 2) = i=1 70T o -
(.2, 4) [ 0 2 diag{1;)

To verify the sufficient conditions of optimality of Theorem 3.47, consider
the set of nonzero directions (s, w) € R" x R™ that are orthogonal to the
gradients of the the equality constraints in (4.74):

(Vgi(X),s) +2z;w; =0, i=1,...,m. 4@.77)

Suppose s = 0. Since Z; > 0 for all i ¢ I°(%), it follows from the last
equations that w; = 0 for all i ¢ I°(%). But (s, w) # 0, and thus at least
one of w;, i € 1°(X), must be nonzero. This implies that

V2] S{_ )
- 1 >
[s" w"[V2L(, 2 [w} 2 E Aiw; >0
ielV(%)

owing to part (i) of the strong second order sufficient condition.
If s # 0, then it follows from (4.77) that

(Vgi(#),5) =0, iel°().

Therefore part (ii) of the strong second order sufficient condition implies that
[s w ] 2L(R,2, 1) [;:| > sTV2L(%, 1)s > 0.
Consequently, problem (4.74) satisfies the assumptions of Theorem 4.29,
which implies our assertion. m|

It follows that the point (x, Z, 3 () isalocal saddle point of the augmented
Lagrangian: there exists po > 0 and a neighborhood U of (%, Z) such that
for all p > g

maxLx y) Lx (l min L,(x,z, A, fi).
,,S{’n ( ° )= ( lu) (x,2)e(XoxR™)NU Q( < A

In a way identical to Theorem 4.72 we obtain the following result.
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THEOREM 4.34. Assume that a point (X, 7, A, it) is a local saddle point of
the augmented Lagrangian (4.76) for some o > 0. Then (x, 7) is a local
minimum of problem (4.74), and (X, j1) is the vector of Lagrange multipliers
associated with its constraints.

In practice, we rarely deal with the augmented Lagrangian in its full form
(4.76). The dependence of this function of z is simple, and the minimum
with respect to z can be calculated in a closed form. Substituting v; = Z,-2
and minimizing the function

pi() = Ai[gi(x) +vi] + %[gi(x) + Ui]2

with respect to v; > 0, we obtain

0; = max (0, —gi(x) — %)

This yields
~ ~ 0 ~ 12
pi(0;) = }“i[gi(x) + Ui] + E[gi(x) + Ui]

%(max (gi (x), —%))2.

1 (4.78)
= A; max (gi(x), —j) +

Thus the minimum of the augmented Lagrangian with respect to z takes on
the form:

m j.i V4
Lo(x, A, i) = f(x) + D A max (g (x), ) > wihi(x)

i=1 i=1

é(max 2 (), ——) %gp: [h: ()]

4.79)

leb

It is rather involved, but at close inspection we see that the terms corre-
sponding to the inequality constraints are similar to those associated with
the equality constraints. The only difference is that each function g;(x) is
replaced by max (g, x), —4 ) Although these terms are nonsmooth, be-
cause of the presence of the maximum operation here, the entire function is
smooth, as the following manipulation shows. Complementing (4.78) to the
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full square we obtain:

pi(0;)
= 2_|:/12 + 240 max (g; (x), —%) +0 (max (gi(x), —%))2} _ %
= Z[ii + o max (g; (x), —%)]2 —~ %
P |

Similar (but simpler) manipulations can be carried out for equality con-
straints. Therefore the augmented Lagrangian function (4.79) can be equiv-
alently written as follows:

m

2i 12
Lo 4 ) = f@) + 5 3 [ max (0,100 + )|

i=1

p 2 1 p
S [me+ 2] -5y 2 -y 2

i=1 i=1

+

l\)lfb

If all functions involved are continuously differentiable, then the augmented
Lagrangian L, is continuously differentiable, because the function 7 +—
[max (0, £)]? is smooth. Appropriate versions of Theorems 4.33 and 4.34
remain valid for this formulation.

EXERCISES
4.1. Consider the quadratic programming problem
N |
minimize E(x, Ox) + {c, x)
subject to Ax > b.

Here Q is a positive definite matrix of dimension n, A is a matrix of dimension
m x n,c € R", and b € R™. Derive the dual problem.

4.2. The matrix game has the payoff matrix

2 -5 2
Az[—s 4 —1]'

Find its equilibrium in mixed strategies.



204 CHAPTER 4

4.3. Solve the problem

n
minimize Z(x j)2

j=1

n
subject to ij =1,
j=1

0<xj<u;, j=1,...,n.

4.4. Formulate the dual problem to the support vector machine problem from the
Introduction (page 11).

4.5. Weare given vectors xand y!, ..., y" inIR". Our objective is to check whether
x € conv{y!, ..., y™}. Formulate an appropriate convex optimization problem and
its dual problem.”

4.6. A model represents the output variable, y € IR, as a linear function,

n
y= Z Xilti,
i=1

of input variables u1, ..., u,. The quantities xy, ..., x, are unknown model co-
efficients. We have N observations of input and output variables: (u/, y/), j =
I,..., N. One way to determine the values of the coefficients x1, ..., x, is to
minimize the maximum absolute error:

n
f(x) = max ’yj—Zx,-u{.
i=1

1<j<N
This problem can be written as a constrained optimization problem
minimize v
n .
subjectto —ov <y’ —inu{ <o, j=1,...,N.
i=1

Formulate and analyze the dual problem.

4.7. Consider the convex optimization problem

1
minimize 3 lx —zl* + f(x)

TProblems of this form arise in data envelopment analysis, which aims at verifying whether
the characteristics of a specific company’s branch (represented by x) can be reproduced by
other branches, represented by yl, Loy
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where
)= max ((ai,x) +bi).

The vectors z € R", a; € IR" and the scalars b; are fixed.
The problem can be converted to a quadratic programming problem by introduc-
ing a new variable v € R:

minimize %Hx — z||2 +0

subjectto v > (a;,x)+b;, i=1,...,m.
Formulate the dual problem.
4.8. Consider the conic programming problem

maximize (c, x)
subjectto Ax —b € K,

where K is a closed convex cone in R"”. The vectors ¢ € R”, b € R™ and the
matrix A of dimension m X n are fixed. Derive the dual problem and formulate the
duality theorem.

4.9. Assume that C is a closed convex cone in R”. The problem of projecting a
point z € R" on C can be formulated as follows:
UV S
minimize 7 Iyl
subjectto x +y =z,
x eC.

Formulate the dual problem and prove that y = I1¢-(z) and that y L x.
4.10. Consider the integer programming problem

minimize {c, x)
subjectto Ax > b,
x >0, x — integer,

in which the matrix A has integer entries. Prove that its optimal value is not smaller
than the optimal value of the linear programming problem

maximize ([b], 1)
subject to AT >c,
A>0.

The symbol [b] denotes the roundup of the vector b: the smallest integer vector
greater than or equal to b.
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4.11. Consider the integer optimization problem

minimize (x, Cx)
subjectto x; € {0,1}, j=1,...,m.
The symmetric matrix C has dimension n and is not assumed to be positive semi-
definite (otherwise O is an optimal solution).
(a) Prove that the following semidefinite programming problem provides a lower
bound for the optimal value of the original problem:
minimize tr(CX)
subjectto X;; =1, i=1,...,n,
X eS|

(b) Formulate the dual problem to the problem in (a).

4.12. Consider the convex two-stage stochastic optimization problem

N
minimize fp(x) + Z pifi(yj)
j=1
subject to go(x) 4+ gj(y;) <0, j=1,...,N,
xeXo, yje¥, j=1,...,N,
inwhich Xo C R"™ andY; C R%, j =1, ..., N, are convex sets, and the functions
forR" >R, ff:RY >R, g0:R*"—>R",g; :RY" >R",j=1,..., N,
are convex. The convexity of the functions g;(-) is understood component-wise.

The coefficients p; are nonnegative and total 1.
The splitting approach to this problem replaces it by a larger problem

N
minimize Z pilfoxp) + fi(p]
j=1
subjectto go(x;) +g;(yj)) <0, j=1,...,N,
XjGX(), ijYj, j=1,...,N,
X] = X2 = - =XN.
(a) Prove the equivalence of both problems.
(b) Each of the following two systems is equivalent to the splitting constraint:
X1 = X2,

X2 = X3,

XN—1 = XN,
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and
xk:ijxj, k=1,...,N.

Formulate and analyze the dual problems resulting from introducing La-
grangian terms associated with the splitting constraints, for both systems
above. Show that the calculation of the dual function decomposes into N
independent subproblems.

4.13. Consider the optimal control problem

1 T-1

minimize 3 Z(u,, Riuy)
=1
SubjeCttO Xr+1 =Atx,+Btu,, = 1,...,T—1,
XT = d.
The initial state x is fixed, and the final state x7 is required to be equal to d. Here

x; € R*, u; € R™, and A;, By, and R, are matrices of appropriate dimension. The
matrices R, are positive definite. Formulate and analyze the dual problem.

4.14. Consider the linear programming problem with parameters» € R andu € RR:
minimize ({c, x)

subjectto (a,x) > b
0<xj<u, j=1,...,n.

The vectors ¢ € R and a € R” are fixed.
Describe the optimal value of this problem as a function of (b, u).

4.15. The linear two-stage stochastic programming problem is defined as follows:

N
minimize (c,x)+ Z pita;, yj)
j=l1
subjectto Tjx +Wy; =h;, j=1,...,N,
XEX(), ijYj, j=1,...,N.
We assume that the sets Xg and Yj, j = 1,..., N, are convex closed polyhedra.

The coefficients p; are nonnegative and total 1.
One way to approach this problem is to consider the functions

Qj(x) =inf {(gj,y): Wy =hj =Tjx, ye Y}, j=1,...,N,

and to define the problem

minimize (c, x) —i—ij 0;(x).
xeXo 1
j=
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Assuming that Q;(x) > —oo, j =1,..., N, for all x, and that there exist points x
such that all Q;(x) < oo, describe the subdifferential of the objective function of
this problem.

4.16. Consider the nonlinear optimization problem

minimize — x1x3 + x3
subject to x1 + x2 + (x3)> <2
x1 >0, x2>0.

(a) Find the optimal solution and the multiplier corresponding to the nonlinear
constraint.

(b) Does the Lagrangian of this problem have a saddle point?

(c) Form the augmented Lagrangian. For which values of the penalty param-
eter does the duality relation hold true for the augmented Lagrangian in a
neighborhood of the optimal solution?



PART 2
Methods






Chapter Five

Unconstrained Optimization of
Differentiable Functions

5.1 INTRODUCTION TO ITERATIVE ALGORITHMS
Consider the unconstrained optimization problem

minimize f(x), 5.1
xeR"

where f : R" — R is a continuously differentiable function. We know

from Theorem 3.1 on page 88 that if a point X is a local minimum of problem

(5.1) then

VF () = 0. (5.2)

If the function f(-) has a simple form, we can find all its stationary points
and, among them, all local minima, by solving this system of equations. But
if the description of the function f(-) is involved, as is usual in applications,
the approach by the necessary conditions of optimality may fail. This is
always the case when f(-) is defined algorithmically, that is, we have some
procedure for calculating f(x) at each point x (and perhaps the derivatives
of f(-) at x), but no closed-form expression of f(-) is available.

In this situation, an iterative method for solving (5.1) is needed. Such a
method constructs a sequence of points x¥inR", k=0,1,2,...,so that it
converges (in some sense) to a solution of problem (5.1). We consider the
points x* as approximations of a solution to (5.1). In practical applications
of an iterative method we stop the calculations at some iteration k* and we
accept x** as a sufficiently good approximation of a solution.

To be more specific, suppose we have a certain point x*
want to find the next point, x**!, such that

FEY < £GN. (5.3)

Although this condition is neither necessary nor sufficient for a convergent
iterative method for solving (5.1), it is clearly the first idea that needs to be
addressed.

€ R” and we
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Figure 5.1. Search in directions.

One way to achieve progress, as defined in (5.3), is to choose a direction
d* € R" and then to make a step in this direction,

K= xk 4 dk, (5.4)

with some step size coefficient 7, > 0. This is illustrated in Figure 5.1. After
that, a new direction d**! can be chosen at the point x**!, and the method
continues.

Several fundamental questions arise in connection with this general idea.
How should the direction d* and step size 7; be chosen? When is the sequence
{x¥} convergent to a solution? In which sense is it convergent? Is the solution
a local or a global minimum? What is the speed of convergence, do we
need many or few iterations to reach a reasonably good approximation of a
solution? How can we detect that our current approximation is sufficiently
good?

While there have been many attempts to construct a general theory of
iterative algorithms of optimization, we believe that it is best to discuss
these questions in the context of particular methods. Our next section on
line search techniques and the following sections on the method of steepest
descent bring more specificity to these topics.
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5.2 LINE SEARCH

As discussed in the preceding section, line search algorithms are an essential
part of most iterative methods of unconstrained minimization. Formally,
given a point x € R" and direction d € R”, these methods look for an
unconstrained minimum of the function

p(t)= f(x+1d), 7eR.

As we shall soon see, finding the exact minimum is not so crucial here,
because the real goal is to find the minimum of f(-) rather than of ¢(-), but
a substantial improvement should be achieved.

Golden Section

The main idea of the method is to generate a sequence of intervals [a, ]
containing the minimum point 7 of ¢(-):

ap <o < - <oy <7< <---<3 <.

This is achieved as follows. At first, by expanding or contracting the step
size we construct four points

ag < Bo < yo <o

such that

p(a0) > ¢(fo) and ¢(yo) < ¢(do).

Then, for a continuous ¢ (), we are sure that a local minimum is contained
in the interval [a, do]-

Such relations will be maintained for all iterations k. It is convenient to
satisfy the proportions

Yk— ok 9= Pr _

= 5.5
51( — O 51( — Ok ( )
with the golden ratio
5-1
q = V5 ~ (0.618.
2
Then it is easy to calculate that also
- S —
B — o _ %~k _ (5.6)

w—ox 0 —Pi

The next operation is the comparison of the values ¢ (f;) and ¢ (y;).
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If p(Br) < @(yi) then we conclude that a local minimum is located in the
interval [0y, yx]. We discard the point J; and we make the substitutions

O] = O,
Ok+1 := Yk»
Vi1 = P,

Pis1 = qax + (1 —q)ys.

Due to (5.6), relations (5.5) hold true for k + 1 as well.
If (Br) > 0 (yi), a local minimum is located in the interval [fy, d;]. We
discard the point a; and we make appropriate substitutions:

Ok+1 := Ok,
et = P,
Pt = Vs

Vi1 i=qox + (1 — q) fr.

Because of (5.6), relations (5.5) remain true for k 4 1 in this case too. In this
way we guarantee that the length of the interval [ay, J;] containing a local
minimum is multiplied by g at each step. The operation of the method is
illustrated in Figure 5.2.

as p2 7 1)

Figure 5.2. Golden section.
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After a sufficiently small length of the interval is achieved, the point with
the smallest value of the function found so far is considered to be the ap-
proximation of a minimum of ¢ (-).

Interpolation

The golden section method, although elegant and applicable to all contin-
uous functions, has rather slow convergence. If the function ¢(-) is twice
continuously differentiable, we can approximate the minimum much faster,
by using interpolation techniques.

At iteration k of the method we have three points

OCk<‘[k<ﬂk

such that

p(ar) > () < o(Bi).

Then the function ¢ (-) has a minimum in the interval [ay, Si].

The initial three points can be found, for example, by scanning the val-
ues ¢ (0) (which is given), ¢ (z0), ¢(279), @ (410), ..., or p(—10), ¢ (—27p),
@ (—419), ..., depending on whether ¢ (7p) < ¢(0).

Next, we interpolate ¢(-) with the second order Lagrange polynomial,
determined from the values of ¢ (-) at the nodes ay, 7x, and f;. The minimum
of this polynomial is denoted by y;. Simple algebra yields

= 0(a)[BE — 2] + o ()|af — B + 0 (B[ 17 — o]
¢ 2(p(a)[Be — Tl + 9 ()low — Bl + 0 (Bt — oul)

It is evident that y, is in the interior of the interval (o, f).

After that, we evaluate ¢ (y;) and we remove one of the end points, so that
out of the remaining three points the middle one is best. This is illustrated
in Figure 5.3. In general, we cannot prove that this method generates a
sequence convergent to a local minimum of ¢ (-), unless we make strong and
unrealistic assumptions about the second derivative of the function ¢(-). In
practice, the method of interpolation is used with many technical safeguards
guaranteeing that the interval [ay, B ] shrinks sufficiently fast.

A variation of the interpolation method is obtained in the situation when
the derivative ¢’(0) is known. This occurs when the line search method is
used in conjunction with gradient methods of minimization. In this case
@' (0) < 0. At first, we search for a point # > 0 such that ¢ () > ¢(0). The
information about the values of ¢ at 0 and at f, and about the derivative at 0,
is sufficient to construct a quadratic interpolating polynomial. Elementary
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Figure 5.3. Quadratic interpolation.

manipulations yield the formula for its minimum:

o —¢'(0)4?
2[p(B) — 9 (0) — 9" (0)B1

Since ¢(B) > ¢(0), we have 0 < = < f/2. If we still have ¢(7) > ¢(0),
then we replace £ with 7 and we repeat the above interpolation.

If (7) < ¢(0), then we have three points with the best one in the middle,
and we can apply the interpolation method discussed before.

There are many variations of these techniques, using interpolation with
third order polynomials, and many heuristic techniques safeguarding con-
vergence in practical applications. The specificity of one-dimensional min-
imization problems is fully exploited in these techniques.

Two-Slope Test

When a line search method is employed in conjunction with a gradient
method for minimization, we frequently use a rather crude line search satis-
fying some basic improvement conditions.

In the two-slope test, which is widely used in practical optimization al-

"The two-slope test is also called Goldstein’s test.
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gorithms, we specify two coefficients, e and a,, satisfying the relations:
1>0;>a>0.

A line search procedure terminates its operation if the following conditions
are satisfied at the current point 7:

9(0) 4+ a17¢9'(0) < 9(7) < 9(0) + az79'(0). (5.7

Recall that ¢’(0) < 0. The right inequality in (5.7) ensures that the progress
made is proportional to the derivative at 0, while the left inequality prevents ¢
from becoming too small. In the next section we discuss the application of the
two-slope test within the method of steepest descent, where the roles of the
two inequalities in (5.7) become apparent. The two-slope test is illustrated
in Figure 5.4.

Jfx+1zd)

Figure 5.4. Two-slope test.

For a quadratic function ¢(-) its value at the minimum 7 satisfies the
relation

1
p(7) =9(0) + Efco’(o), (5.8)

and therefore it is most reasonable to use
1

ap > — > 0j.

2
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5.3 THE METHOD OF STEEPEST DESCENT

5.3.1 The Direction of Steepest Descent

Consider the iterative formula (5.4) and suppose the direction d* is fixed.
We can construct the first order expansion of f (x* 4 zd*) about the point x*:

SO+ d) = f5) + (V) @) +o(o),

with o(t)/t — 0as 7 — 0. Suppose Vf(x¥) # 0. If we want to ensure
that inequality (5.3) holds true for all sufficiently small step sizes 7; > 0, we
must make the first order term in the expansion above negative:

(VF (x5, d* <o0.

Recall that this term is the directional derivative f'(x*;d*) of f(-) at the
point x¥ in the direction d*. It seems reasonable to choose the direction d¥ in
such a way that the directional derivative is as negative as possible. However,
the directional derivative of a differentiable function is linear in the direction,
and has no minimum, unless Vf(x¥) = 0. In order to make the problem
of choosing the direction meaningful, we need to restrict the length of the
directions under consideration. Any bound does well here, in particular a
bound by || V£ (x*)||, as in the problem below:

minimize (Vf(x%), d)

5.9
subject to [|d||* < V£ 512 o

By using the necessary conditions of optimality of Theorem 3.25 on page
116, we can easily find the optimal solution of this problem:

d* = —Vf(h. (5.10)
Itis called the direction of steepest descent, and the resulting iterative method
=5k VvFEh, k=0,1,2,..., (5.11)

is called the method of steepest descent. The reader can easily verify that
imposing another bound on the length of the direction in problem (5.9) leads
to a direction of the form d = —a Vf (x*) with some o > 0. Since the direc-
tion is multiplied in (5.11) by a step size coefficient anyway, it is sufficient
to consider formula (5.10).

In (5.11) the step size coefficients 7, are positive. Different versions of the
method of steepest descent are obtained by detailing the rules for calculating
these coefficients.

Before proceeding to the analysis of the method of steepest descent, we
should stress that this method is almost never used in its pure form, because
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it is very slow. However, the understanding of its operation is crucial for the
understanding of many iterative methods of optimization. It also allows us
to introduce concepts and techniques of analysis of these methods.

5.3.2 Constant Step Size

The simplest version of the method of steepest descent is obtained by fixing
all step size coefficients 7; in (5.11) at some value 7 > 0:

= xk —VF(Y), k=0,1,2,.... (5.12)

THEOREM 5.1. Assume that the function f (-) is continuously differentiable
and its gradient is Lipschitz continuous with some constant M:

IVf(x) = Vi)l < Mllx =yl forall x,ye€R"

Furthermore, assume that the function f(-) is bounded from below. If the
step size t satisfies the inequalities

O0<7t < —,
M

then for every x° the sequence {x*} generated by algorithm (5.12) satisfies
the condition:

Jim Vb =o. (5.13)
Proof. Consider iteration k. Applying the mean value theorem we infer that
FE) = FOE 4 2d) = (5 +2(Vf (), dY),
where ¥ = x* + #zd* and 0 € [0, 1]. Therefore
fED = fON + (V6D dY) + (V) = VG, d)
< FOO) + o (VFED, dY) + IV = V@ - 1)

Setting d* = —Vf (x*) and using the Lipschitz continuity of the gradient we
get

SO < FOS) = TIVAEODIP + oMt = F11 - 1VFEIL

But ||x* — X|| can be bounded above by ||x* — x**!|| = 7||Vf (x¥)| and the
last inequality yields
FED = FO6O) = tIVFEH 12+ 2 MV EOI?

= f(xk) — r(l — TM)”Vf(xk)Hz. (5.14)
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Since 7(1 — tM) > 0 by assumption, we conclude that f(x**!) < f(x*)
for all k.

The sequence { f(x¥)} is nonincreasing and bounded from below by as-
sumption, and thus it has a limit. Hence

lim [£65) = fGHH] =0, (5.15)
Combining the last two relations we see that
0< (1 —eMIVFHI® < [F(") = D] =0,
and the assertion of the theorem follows. m|

If we can additionally ensure that the sequence {x*} is bounded, we can
obtain convergence to a stationary point. Let us observe that all points x*
generated by the method belong to the set

Xo={xeR": fx) = f(x")},
because f(x**1) < f(x*) for all k.

COROLLARY 5.2. In addition to the conditions of Theorem 5.1, assume
that the set X is bounded. Then the sequence {x*} is bounded and every
accumulation point x* of this sequence satisfies the equation Vf (x*) = 0.

It should be stressed that the above result guarantees only that the accu-
mulation points are stationary points. Nothing more can be obtained in this
setting, because if V£ (x®) = 0 then the method cannot leave the starting
point.

5.3.3 Two-Slope Test

The main disadvantage of the method with constant step size is the need to
know the Lipschitz constant M of the gradient. A simple way around this
difficulty is the use of an adaptive line search procedure. It is easiest, and
most instructive, to analyze application of the two-slope test here. Recall
that it uses two coefficients:

1>a; >0, >0,

and accepts every step size 7 satisfying conditions (5.7). Since the function
¢(t) = f(x* — tVf(x*)) has derivative at 0 equal to

9 (0) = —[VF ("I,
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the two-slope test is equivalent to the inequalities

O = arml VAEOIP < fOF = aViEh) < fO5) = and VI

(5.16)
The convergence of the method of steepest descent follows immediately from
these conditions.

THEOREM 5.3. Assume that the function f(-) is continuously differentiable
and its gradient is Lipschitz continuous with constant M. Furthermore,
assume that the set X is bounded. Then the sequence {x*} generated by
the method of steepest descent with the two-slope test is bounded and every
accumulation point x* of this sequence satisfies the equation Vf(x*) = 0.

Proof. The right inequality in (5.16) implies that
FOAY < £(xH, k=0,1,2,....

As the set X is bounded, the sequence { f (x*)} is bounded from below and
therefore it is convergent. Moreover, the right inequality of (5.16) yields

FEED — f ()

a2

wl| VF ) <

and thus
lim 7 |Vf (5 |1> = 0. (5.17)
k—o00

We shall now investigate the implications of the left inequality in (5.16).
Inequality (5.14) remains valid:

SO < fG5 = = adD VO
This combined with the left inequality of (5.16) yields

O =l VAEHI? < fO5) = ad = ad)IVFEIP.
Consequently, either V£ (x¥) = 0, or
> 1—0a
- M
These conditions and (5.17) imply that
Jlim |V ()] =0,

as required. m|

Our proof reveals the reasons for using two slopes in the line search pro-
cedure. The right slope ensures that the sequence { f (x*)} is monotonically
decreasing, while the left one guarantees that diminishing improvements
occur only if | V£ (x%)|| — 0.
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5.3.4 Directional Minimization

Another way is to choose the step size 7; by minimizing the function
() = f(* + 7d")

with respect to ¢ > 0. Such a task can be carried out numerically in a very
effective way, because the function ¢(-) is a function of one variable. We
discussed several directional minimization algorithms in Section 5.2.

THEOREM 5.4. Assume that the function f(-) is continuously differentiable
and the set X is bounded. Then the method of steepest descent with direc-
tional minimization generates a sequence of points {x*} such that each of its
accumulation points x* satisfies the equation Vf (x*) = 0.

Proof. By the construction of the method, we have f(x**!) < f(x*) for
all k. Furthermore, all points x* belong to the set X, which is compact. It
follows that the sequence { f (x*)} is bounded. Thus it is convergent.

Moreover, the sequence {x*} has an accumulation point. Consider any ac-
cumulation point x* and let K be the infinite ordered set of iteration numbers
such that

lim x* = x*.
k—o00
kelC

Since the sequence { f (x*)} is convergent, we have
f(x*) = lim f(x%). (5.18)
k— 00

We prove the theorem by contradiction.
Suppose the point x* is not stationary, i.e., Vf(x*) # 0. Consider the
direction of steepest descent —Vf (x*) and the points

y()=x*—-tVf(x"), ©=>=0.
Since Vf (x*) # 0, the problem
mininolize fy(z)) (5.19)

has a solution 7, > 0, and f(y(z4)) < f(x*) for every solution z,. Of
course, the method does not carry out the directional minimization at x *, but
we shall show that the outcome is similar, if the directional minimization is
carried out at points which are close to x*.

Consider the points x* for k € K, and the immediately following points
x*+1. By the directional minimization condition,

FOAY < f(xf — e VF(*)) forall 7 > 0. (5.20)
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When k — o0, k € K, then x¥ — x* and Vf(x*) — Vf(x*). Define
e = |Vf(x*)||. We have

X = ¥k — 7, Vb, (5.21)

and ||Vf(x*)|| > e/2 for all sufficiently large k € K. Therefore, for all
sufficiently large k € IC,
k1 _ ok )

<q = =Xl = I~ 2 Giam(xo),
VAN ~ e
with diam(X) denoting the largest distance between two points of X. Con-
sequently, the step sizes 7; for all sufficiently large k € K are uniformly
bounded. We can therefore choose an infinite subset X of /C such that the
sequence {7}, k € Ky, has alimit. We denote this limit by 7. Passing to the
limit in (5.21) yields

lim X! = x* — TVf(x*).

e
We can now pass to the limit in inequalities (5.20), when k — oo, k € K;.
We obtain:

FO* — TV < F(x* — tVF(x*)) forall 7 > 0.

We conclude that the step size 7 is an optimal solution of problem (5.19).
Hence

lim f(**) = () < fx9).

ke

Then also
lim f(x*) < lim f(x**") < f(x¥),
k—o00 IIEZICOT
which contradicts (5.18). O

5.3.5 Speed of Convergence

An important issue associated with the analysis of any iterative method is its
speed of convergence. Usually, the analysis of the speed of convergence can
be carried out under much stronger conditions than the analysis of conver-
gence alone. In the case of the method of steepest descent we assume that
the function f(-) is twice continuously differentiable and that its Hessian
satisfies the condition

ml < V2f(x) < MI forall x e R", (5.22)
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where 0 < m < M. Asin the preceding chapters, the relation A < B means
that B — A is positive semidefinite.

Observe that the left hand side of (5.22) implies thatthe set Xy = {x € R" :
f(x) < f(x%)} is bounded. Moreover, the function f(-) is strictly convex,
and thus it has a unique minimum point X. The method of steepest descent, in
any of the versions discussed before, generates a sequence convergent to the
unique minimum x of problem (5.1). But now we are also able to estimate
its speed of convergence.

Let us start from the analysis of the version with constant step size, con-
sidered in Theorem 5.1.

THEOREM 5.5. Assume that the function f(-) is twice continuously differ-
entiable and satisfies condition (5.22). Then the method of steepest descent
with fixed step size T € (0,2/M) generates a sequence {x*} satisfying the
relation

I — 2 < (@) I1x® — %1,
where
g =max (|1 —tm|, |l —tM]|) < 1.
Proof. We have the obvious relation
A% =xh =% — VD). (5.23)

Using the fact that Vf(X) = 0 we can represent the gradient as follows:

1

Vf (x5 = / [Vf (@& + 0" — %) — %) do.

0

Define
1
Ok = / [V2f (G +0(F — £))]a0.
0

With this notation we can write (5.23) as
xR =xf =R =10 —R) =T — 1 Q) (xF —R).
Therefore

k1 _ k_ 2
I =R < 1 = Okl - X" = I
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The norm of the matrix I — 7 Qy is given by the maximum absolute value of
its eigenvalue. It follows from condition (5.22) and the definition of Q that

ml < Qp < MI.

Thus all eigenvalues of Q; lie between m and M. Therefore the matrix
I — © Oy has all eigenvalues contained in the interval

[1—tM,1— tm]
and the result follows. O

It follows from the last theorem that the sequence {x*} approaches the
solution at the speed of a geometric progression with ratio g. An iterative
method that has this property is called linearly convergent.

We can choose the value of 7 to make the ratio ¢ as small as possible.
This occurs when the interval [1 — t M, 1 — tm] is located symmetrically
around 0. Thus the best step size equals

and the resulting ratio is

M—m

M+m

We notice that the key role is played here by the ratio

q:

= —.
m
It is called the condition index of the problem. It is always greater than or
equal to 1. We have

w—1

q:%—l-l

and if s is close to 1 then ¢ is close to 0, and convergence is very fast.
However, if ¢ is very large, then ¢ is close to 1, and convergence is slow.

The main disadvantage of the analysis above is the assumption that we
know the constants m and M and that we can use a constant step size. The
method of steepest descent is almost never used in this form. We focus
our attention, therefore, on the method with directional minimization, as a
convenient theoretical model of the method with line search procedures.

In general, to derive rate of convergence results, we have to establish some
relation between the improvements made by the method and a measure of
nonoptimality of the current point. This is the main motivation of the next
lemma.
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LEMMA 5.6. Assume that the function f(-) is twice continuously differen-
tiable and its Hessian at every point x satisfies (5.22). Then for all x we
have the estimate

IVFI? = m(1+ ) [F ) - £ @)
where X is the unique minimum point of f (-).

Proof. 1t follows from the left inequality in (5.22) that the function f(-)
is strictly convex and has bounded level sets. Therefore it has a unique
minimum point X. Using Taylor’s formula at x, we get

1
FO)=FE+ V@), x =3 + S - £, V2f(@)(x — %)),

where x = (1 — 6)x + 0x and 6 € [0, 1]. Since Vf(x) = 0, conditions
(5.22) render the estimates

M
%le —XP < f) = f@&) < 7 Ix — X% (5.24)

On the other hand, Taylor’s formula at x yields

F6) = £+ (V700§ = x) + 34— 6, VF@E ),

with some intermediate point X = (1 — 1)x + Ax and 4 € [0, 1]. Applying
the left inequality in (5.22) we deduce that

. N R
fx) = fF@) = (VFx),x — %) — = (& —x, VZF(H)(E — x))
2 " (5.25)
< IV e = £l = ol = 2%
This combined with the left inequality in (5.24) renders the relation
m n N m ~
—lx = £I* < UVF@I - llx — £ — = lx — 2117,
2 2
which simplifies into

mllx — x| < IVf (). (5.26)

Substituting this inequality and the right estimate of (5.24) into (5.25) we
obtain

£ = £ = S IVF@IF — 5[ £@) ~ FB)]

This is equivalent to the assertion of the lemma. |
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Now we can refine the estimates of Theorem 5.1.

THEOREM 5.7. Assume that the function f(-) satisfies condition (5.22).
Then for every x° € R" the sequence {x*} generated by the method of
steepest descent with directional minimization satisfies the inequalities:

FOH = fE) <" [F G0 - fF®)], (5.27)
It — 21 = 02 (2) i — 2, (5.28)
m
where
. m m2
0=l " np

Proof. Consider iteration k. Using Taylor’s formula at x* we get

=

FeF+1d) = FO&N) 4+ (VAR d) + 5 d*, V2 f(x)d"),

where ¥ = x* + 0rd* and § € [0, 1]. Using the right inequality in (5.22)
and setting d¥ = —Vf(x*) we obtain the estimate:

k k k ky (2 Mz? kyy 2
FOE—=VAEY) < f) = IVAED +T||Vf(X)||-

Since the step size 7; is calculated by minimizing the left hand side of this
inequality with respect to 7, the result cannot be worse than just using 7 =
1/M, which minimizes the right hand side. Hence

O = FG@H = S VAR

Applying Lemma 5.6 we can rewrite this inequality as follows:
m

O = f@ = [f&H - F®)] = 55

=o[f(:") — F(®)].
This entails (5.27). Inequalities (5.28) follow now from (5.27) and (5.24). O

(14 [ eH - @)

We see from the estimates (5.27) that the values of the function { f(x*)}
are convergent to the minimum value f(X) at least linearly, with quotient
o € (0, 1). The smaller p the better, and we notice that the key role is again
played by the condition index

JE
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If s is very large, then g is close to 1, and convergence is slow.

The estimates of Theorem 5.7 have a global character in the sense that
they hold true for all iterations k = 0, 1,2, .... An additional insight may
be gained by considering the asymptotic speed of convergence, measured by

tmsup LD = S G)
koo J(XF) = f(X)
The analysis in the proof of Theorem 5.7 provides an upper bound for this

limit, but a more precise bound can be found.
At first we analyze the quadratic case

1
flx) = §<x, Ox) (5.29)

with positive definite Q. It is relevant because every twice differentiable
function can be very well approximated by a quadratic function in a neigh-
borhood of its minimum point. The assumptions that the minimum point of
(5.29) is 0, and that the minimum value is 0 as well, have been made only for
simplicity of notation. They can always be satisfied by shifting the argument
and adding a constant to the function.

THEOREM 5.8. If the method of steepest descent with exact directional
minimization is applied to function (5.29), then

f(-xk+l) < j'n - /11
f(xk) (/ln +/11

where 1, and 1, are the largest and smallest eigenvalues of Q.

2
) L k=0,1,2,...,

Proof. For a given x we denote by

g =Vfx) = Qx.
Let us calculate the minimum of f(x — 7g) with respect to 7. We have

2

fx—19) = f) —tligl® + %<g, 0g). (5.30)

Thus the best step size is equal to

. el
T = .
(8, 08)
Substituting it into (5.30) and using the fact that f(x) = %(g, 0~ 'g) one

obtains the equation

. g2 gl
_ — __men 1—
fo=te) =10 =5 g &l (2. 02) (2. 0 'g)

). (5.31)
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Application to (5.31) of the Kantorovich inequality (see Lemma 5.9 below)
yields

e —ig) = f(1- )
X—71 X -,
o= (it + )2
which can be manipulated to the required result. m|

It remains to prove the Kantorovich inequality.
LEMMA 5.9. If Q is positive definite then for every g # 0 we have

lgl> 4k
(8, 08)(g, 0'8) ~ (o + )

where A1 and 1, are the minimum and maximum eigenvalues of Q.

(5.32)

Proof. Let z4, ..., z, be orthogonal eigenvectors of Q having length 1, and
let A1, ..., 4, be the corresponding eigenvalues. We assume that they are
ordered from the smallest to the largest. We can express g in the system of
coordinates defined by the eigenvectors: ¢ = > _, &z;. Denote by I the
left hand side of (5.32). We can calculate I" as a function of the coefficients
&,i=1,...,n,as follows:

_ I _ Ly
(8, 08)(.07'e) (XL &AL &)

Seta; = ¢7/(3)_, &). Dividing each sum in the denominator by (3°7_, ¢7)
we obtain

1 @(ZZ 1 i j“l)
(Zn 1 %i M(Z” 1 %7 ,1 Z?:] o D(4;)’

(5.33)

where @ (1) 2 % for 2 > 0. Since @(+) is convex,
D) = fi®(A) + (1 = B)P(4n),

where f; = i” A; We can add these inequalities multiplied by «; to estimate
the denominator of (5.33) as follows:

D wd () < ad () + (1 — ) (),

i=1
n
a = E (X,’ﬂi.
i=1
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We have used the fact that > _, a; = 1,
Let us calculate the numerator of (5.33). By the definition of 5;,

o = 2@ = G = A) D aifi = D 0i(hy = i) = dn — D tidi,
i=1 i=1 i=1
SO
D ki = dy = (= e = oy + (1 = a) 2.
i=1

Hence

(p(all + (1 - a)}“n) _ /ll/ln
T a®(A)+ (1 —a)P(y) ok + A —a)llod, + (1 —a)ii]’

with some 0 < a0 < 1. We do not know the value of a, but we can calculate
the worst case. The minimum of the right hand side with respect to a is
attained at a = % and this yields the lower bound (5.32). |

Using the estimate of Theorem 5.8 we can easily analyze the general case
of a twice continuously differentiable function.

THEOREM 5.10. Assume that the function f(-) satisfies condition (5.22).
Thenforeveryx® € R" the sequence {x*} generated by the method of steepest
descent with directional minimization satisfies the relation:

MY — @) e — A2
i sup =) — 1) f(znm)’

where L, and 1 are the largest and smallest eigenvalues of the Hessian

V2£(R).

(5.34)

Proof. By virtue of Theorem 5.11, the sequence {x*} is convergent to the
unique minimizer £ of £(-). Atevery point x* we have the Taylor expansion:
fat —2f (") = f65) = VFEHI?
e’ k 2 przk k (5.35)
+ S (VAN [V @]V ).

Denote the Hessian V2f(X) by Q and let g8 = Q(x* — %). It follows from
the continuous second order differentiability of f(-) that

V) = VER) + 0(xF — %) + o(xF, ) = g5 + o(x*, %),
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where o(x*, X)/||x* —X|| — O when x* — %. Noting that ||g*||/[lx* —%| <
An, We obtain the relation

IVFEN2 > g8 1P =205 11 lo(x*, D) —lloxX, £)1* > 11" 1> — 02 (x*, %),

where 0,(x*, X)/||x* — £]> — 0 when x* — X. Moreover, V2f(i*) — Q,
when x* — £. Combining this with the last estimates we obtain

(VAN [VFEH]VFEY) < (85, 08") + 035, %),

where 03(x*, £)/|x* — £]|> — 0 when x* — £. Furthermore, it is easy to
show that the step sizes 7; are uniformly bounded.
All these estimates allow us to derive from equation (5.35) the inequality

2
O =TV () = £ = Tl 1P+ (8", 081+ oaxt ),

with some second order error satisfying o4(x*, £)/|x* — £||> — 0, when

x¥ — X. The step size 7; minimizes the left hand side and thus the mini-

mum cannot be worse than substituting the best step size for the quadratic
approximation,

b gt
(g, 0g")
Therefore, using the Kantorovich inequality, as in the proof of Theorem 5.29,
we obtain the estimate
42,4

2 P
in—i-j,l) +04()C ,.X).

SO = £ = (85, 07"
From Taylor’s expansion at X we get

FEH=FG) = (=%, 0 =) +os(x*, 2) = (¢", 071 g") +os(x", ),

where os(x*, £)/||x* — £]> — 0 when x* — £. Combining the last two
relations we conclude that

FE = @) 2 [F65 = F®] - [165 - rd](

44,4 )2
/ln + /11

/111_/11)2 k -~
+ o06(x", X).
PRy 6(x", %)

o, ) = [£(h) = r@)](

Again, og(x*, £)/]|x* — £]> = 0 when x¥ — %. From inequality (5.24) we
know that f(x*) — f(X) > (m/2)|lx* — £||>. We can, therefore, divide both
sides of the last inequality by [ f(x*) — f(£)], and pass to the limit when
k — oo. The rest term (associated with o¢) disappears, and we obtain the
required result. o
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Again, we see the role of the condition index

=7

y

The quotient
/1,1 — /11 w—1

T a1

q

becomes smaller, when 3¢ | 1, that is, when the spectrum of the Hessian QO
is concentrated within a relatively short interval. If the spectrum is widely
spread, though, then s« > 1 and g =~ 1. In this case the speed of convergence
is very low. Such problems are called ill-conditioned, and more sophisticated
methods are needed for their solution.

Example 5.11. Let us consider the function f : R?> — IR defined as follows:
1o, a
fln,x2) = S ()" + S (x2)°,

with some @ > 1. Suppose we use for its minimization the method of steepest
a
1

k _ a — 1\k a
x _(m) [(_l)k]. (5.36)

We prove it by induction. For k£ = 0 the formula is obviously true. Suppose it is
true for some k. We have

ky a — 1\k a
V(T = (m) [(—1)ka] .
The next point, x**1 has the form
Kl (94— 1\k a _ a— 1\k a
= (a + 1) |:(—1)ki| Tk(a + 1) [(—l)kai|
_("_l)k[ a(l — ) i|
T \g+1 (=D —aw) |”

The step size 7 is obtained by minimizing with respect to 7 the function

descent starting from the point x* = [ i| We shall show that the method generates

the sequence of points

(5.37)

a—1
a+1

p(r) = Fk = vrEh)) = %( )2k(a2(1 — )2 +a(l - ar)z).

Elementary calculus yields

Tk Py
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This can be substituted into (5.37) to obtain

k1 (@ — 1Yk a
o _(a+1) I:(—l)k+li|'

By induction, formula (5.36) holds true for all k. It follows that in this special case
the method with directional minimization uses constant step sizes.

The sequence of points {x*} is illustrated in Figure 5.5 fora = 4 (top)anda = 16
(bottom).
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Figure 5.5. Performance of the method of steepest descent.

5.4 NEWTON’S METHOD

5.4.1 Basic Properties

The speed of convergence of the method of steepest descent may be very
poor, even for quadratic functions, because the direction of steepest descent
minimizes the local rate of descent, rather than the total decrease that can be
achieved by moving in a direction. Clearly, for the quadratic function (5.29)
the best search direction is equal to

d=3%-x=-0"¢g=—[Vf®)]'Vf ).
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This is the motivation for Newton’s method, in which we use search directions
d* = —[V2 £ (O] VFGR). (5.38)

Although for all quadratic functions the method is convergent in one iteration,
for more general functions convergence of the method is subject to rather
restrictive conditions.

Another useful interpretation, which explains the origins of the name of
the method, is to consider the necessary condition of optimality,

Vf(x) =0, (5.39)

as a system of n equations with n unknowns. Newton’s method of tangents
applied to this system has the form

okl — ok [sz(xk)]—lvf(xk)‘

This is the same as using directions (5.38) with step sizes 7, = 1. For a
quadratic function f(-) the system of necessary conditions of optimality is
linear, and the method of tangents is convergent in one iteration, provided
that the Hessian is invertible.

However, there is a difference between the system of necessary conditions
of optimality (5.39) and a general system of nonlinear equations. In the
system of necessary conditions of optimality the vector field Vf(x) has a
potential: the function f(x). This allows directional minimization of f(-)
in directions d¥, which greatly improves the method of tangents.

Before proceeding to the rigorous analysis of convergence, let us observe
that for the Newton direction to be a direction of descent at a point x, it is
necessary that

-1
(V). [V2F@)] ' Vf () > 0.
This can be guaranteed if the Hessian V2 f (x) is positive definite.

THEOREM 5.12. Assume that f(-) is twice continuously differentiable and
that its Hessian V> f(x) is positive definite at all x in the set X, = {x :
f(x) < f(x°)). Moreover, assume that the set X is bounded. Then the
sequence {x*} generated by Newton’s method with directional minimization
is convergent to a minimum x* of f(-).

Proof. We argue in a way similar to the proof of Theorem 5.4. Since the
Hessian is positive definite, each direction is a direction of descent:

(VF(5), d¥y = (VFGR), [V 9] V) <o,
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with the equality possible only if V£ (x*) = 0. Therefore f(x**!) < f(x*)
for all k. Furthermore, all points x* belong to the set X, which is compact. It
follows that the sequence { f (x*)} is bounded. Consequently, it is convergent.

Consider any accumulation point x* of {x*} and let K be the infinite ordered
set of iteration numbers such that

lim x* = x*.

k— 00

kel

Since the sequence { f (x*)} is convergent, we have
f(x*) = lim f(xb). (5.40)
k— o0

We prove the theorem by contradiction.
Suppose the point x* is not stationary, i.e., Vf(x*) # 0. Consider the
Newton direction d* = —[V2 f(x*)]"'Vf(x*) and the points
y(r)=x"+1d*, ©=>0.
Since Vf(x*) # 0, the direction d* is nonzero and the problem
minin&ize f()

has a solution 7, > 0. Moreover, f(y(z,)) < f(x*) for every solution z,.
Consider the points x* for k € K, and the immediately following points
x¥+1. By the directional minimization condition

FeEY < F(x* 4 7d*) forall 7 > 0.

When k — o0, k € K, then x* — x*, Vf(x¥) - Vf(x*) and V2 f(x*) —
V2 f(x*). Therefore

lim d* = d*.

kekC

Proceeding in the same way as in the proof of Theorem 5.4, we can show
that there exists an infinite subset /C; of K such that

lim £ = f(y(n) < Fx),

kekCq

Then

lim £ () < Jim fQE) < f(x),

which contradicts (5.40). O
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In practice, we usually cannot rely on the general assumption of the positive
definiteness of the Hessian. In order to guarantee that d* is a direction of
descent, we use the regularized formula

d* = —[V2F () + AT VR (5.41)

with some diagonal matrix A of dimension n chosen in such a way that
V2 £ (x*) + Ay is positive definite. "

5.4.2 Speed of Convergence

The main advantage of Newton’s method is its rapid convergence in the
neighborhood of the minimum. By the construction of the method, the
optimal step size for a quadratic function equals 1. Therefore, when using
Newton’s method for a nonquadratic (but twice continuously differentiable)
function, we try 7 = 1 at first. If this step size satisfies the two-slope test
(5.7) on page 217 with a; > 1/2 > a5, then we accept 7, = 1. Otherwise,
line search is used to satisfy the test.

THEOREM 5.13. Let the assumptions of Theorem 5.12 be satisfied and let
Newton’s method be used together with the two-slope test using oy > 1/2 >
o, and trying 7, = 1 first. Then Newton’s method generates a sequence of
points {x*} such that:

—0, (5.42)

where X is the minimum point of f (+). If, additionally, the Hessian is Lipschitz
continuous in the set X, then for all k

L .
[ =2 < > % — %112, (5.43)

where L is the Lipschitz constant of the Hessian, and m is the smallest
eigenvalue of the Hessian in X.

Proof. We first prove that 7, = 1 for all sufficiently large k. Indeed, by
Theorem 5.12, the method is convergent, so x* approaches £. By Taylor’s

fFormula (5.41) is never implemented directly, by inverting the Hessian or its modification,
and Ay is not calculated explicitly. Instead, the Hessian is factorized, aiming at the Cholesky
representation, VZif(xky =L « Dx L,{, with lower triangular Lj and diagonal Dy. If, during
the factorization process, zero or negative diagonal entries of Dy, occur, the diagonal elements
of the Hessian are increased.
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formula, the function
$e(r) = f(x* + 1d")
1
=[O + 1(VF(H), d) + 572d IV F 1Y) + o(zd)
becomes very close to a quadratic function for ¢ € [0, 2], because the rest
o(trd*) is infinitely smaller than 72||d%||? and d* — 0. Since for a quadratic
function the step size 7 = 1 passes the two-slope test with oy = ap, = 1/2,
and we use a; > 1/2 > a,, by continuity we must have 7, = 1 for all

sufficiently large k.
When 7, = 1 we have

A g =% - [sz(xk)]_IVf(xk).
Multiplying both sides by V2 £ (x*) we obtain the equation

[V F (O] = 2) = [V FEH] " = £) — VEED. (5.44)
Consider the function g(a) = Vf(X 4+ a(x¥ — £)). We have

g0) =0, g)=Vf(x"), g@)=[VfE+al"—0)]E" 1)
By the Newton—Leibniz fundamental theorem of calculus,

1 1

g(1) = Vf(xh) = /g’(a)da = / [Vf (& +a(h —2)](* = ) da.

0 0
Therefore equation (5.44) can be rewritten as follows:

[V2f(xk)](xk+l - XA)

1
— (sz(xk) — / [V f @&+ a(x* —%))] da)(xk —X).
0

Estimating the norm of the right hand side we obtain

[[V2r GH]EE = 9]

(5.45)
0

(I = ) I = %11,

1
< (/ [V2£GH = V2FGE + a(e = 2)| da) Ik — 2]
0

<
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with O (r) denoting the upper bound on || V2 f (x) — V2 £ (£)| for [|x —%| < r.
The Hessian is continuous, and thus O (r) — 0 when r — 0.

The left hand side of (5.45) is bounded from below by m|x**! — £|| and
therefore

L O — %) .
et — gy < it — 31,

As x* — X, this implies (5.42).

If the Hesssian is Lipschitz continuous with the constant L, estimate (5.45)
can be refined:

mlx* = 2| < |[VEFEH]EE - D)
1

L
< Lado )||x* = 2|? = = |Ix*F = %)%
2

0
This yields (5.43). |

A convergent iterative method satisfying condition (5.42) is called su-
perlinearly convergent, and a method satisfying condition (5.43) is called
quadratically convergent. Such methods are very efficient in practice; once
they reach a neighborhood of the minimum, they dramatically accelerate.
This allows for calculating the minimum with very high accuracy in few
iterations.

5.4.3 The Gauss—Newton Method

One of the disadvantages of Newton’s method is the need to calculate the
Hessian of the function f(-) at every iteration. However, for an important
class of problems we can retain some benefits of Newton’s method, without
the need to calculate second derivatives of the functions. These are least-
squares problems, having the objective function

f) =

| =

> (@] = S (5.46)
i=1

In the formula above, h; : R" — R,i = 1, ..., m, are twice continuously
differentiable functions. Problems of this type frequently occur in model
identification, where x is the vector of unknown parameters in the model

y=o(x,u).

Here y represents the output variable, and u is the input variable for the
model. For a collection of observations (u‘, y'),i = 1, ..., m, the functions
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h;(-) represent the differences between the observed values, y', and the values
predicted by the model:

hi(_x):yi—(p(_x’ui)’ l=1,,m

The minimization of function (5.46) amounts to minimizing the sum of
squares of model errors.
Simple calculation yields the formulae for the gradient and Hessian of f(-):

VF(x) =D hi(x)Vhi(x), (5.47)

i=1
V2 (x) = D [V @NIVA )T + D hi(@)V2hy(x). (5.48)

i=1 i=l

The idea of the Gauss—Newton method" is to approximate the Hessian at x
by the matrix
Q(x) = > [Vhi )V ()] = [1'(@)]" k' (x),
i=1

which is obtained by skipping the second sum in (5.48). As usually, we use
h'(x) to denote the Jacobian of the function A(-) at x. This approximation
uses the observation that for a reasonable least-squares problem the values of
h;(x) are close to zero near the solution. Moreover, an additional argument
for using the approximation arises when the functions /; are only moderately
nonlinear, and thus the Hessians V?h;(-) are small.

The method proceeds as follows. At iteration k we calculate Q(x*) and
Vf (x*). Then we solve the system of equations

d“ = —[Q0N) + AT VF Y, (5.49)
and we calculate
B

with some step size 7;. Here A, is a small diagonal matrix guaranteeing that
the smallest eigenvalue of Q(x*) 4+ Ay is sufficiently separated from zero.
Again, in practical calculations A; may be determined while factorizing
Q(x*) for the purpose of solving (5.49).

The matrix Q(x*) is the exact Hessian of the sum of squares of the lin-
earized functions h;(-):

Q(x*) = V2 A,

"The name Levenberg—Marquardt method is also frequently used.
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with
1
) = Ellh(xk) + 1 (x*)(x = x)|1%.

The gradients of f(-) and f*(-) coincide at x*. Thus, the calculation of the
direction d* in (5.49) can be accomplished by solving the linear least-squares
problem

1
minimize E{||h(xk) F RN+ d, Akd)}. (5.50)

Many efficient algorithms exist for such problems. We can also set Ay = 0
here, and look for a minimum-norm solution, if Q (x¥) is not strictly positive
definite.

The convergence of the Gauss—Newton method can be proved by the same
argument as the convergence of the method of steepest descent (see, for
example, Theorem 5.10). In Section 7.7 we analyze a more general version
of this method, where the square norm || - ||? is replaced by a general convex
function.

5.5 THE CONJUGATE GRADIENT METHOD

5.5.1 Minimization of Quadratic Functions

The minimum of a separable quadratic function,

n

e = [em + 54, (5.51)

i=1

where g;; > 0, can be found by successive directional minimization in the
directions

1 0 0

0 1 0
dl_ ) d2_ . ) s dn=

0 0 1

Each direction needs to be used only once. The concept of conjugate direc-
tions allows to extend this property to arbitrary quadratic functions.

DEFINITION 5.14. Let Q be a symmetric positive definite matrix of dimen-
sion n. Vectors d',d?,...,d" are called Q-conjugate (Q-orthogonal) if
they are all nonzero and

(d',Qd’y=0 forall i# j.
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Conjugate directions can be used as the basis for a new system of coordi-
nates.

LEMMA 5.15. Conjugate directions are linearly independent.

Proof. Suppose

Zn:aidi =0.
i=1

Take the scalar product of both sides with Qd/, for an arbitrary 1 < j < n.
By the definition of conjugate directions, all products (d’, Qd’) fori # j
disappear. Therefore

a;{d’, Qd’y = 0.

Since Q is positive definite and d/ # 0, we conclude that a; = 0. The index
J was arbitrary, and thus all a; are 0, for j = 1,...,n. m|

The main reason for introducing the concept of Q-conjugate directions is
that they can be used to efficiently minimize a quadratic function having Q
as its Hessian,

1
fx) = 5<x, Ox) + (c, x). (5.52)

Two important issues make such simple optimization problems relevant.
First, when the dimension 7 is very large (in thousands or hundreds of thou-
sands), problems of minimizing quadratic functions of the form (5.52) be-
come difficult, because we cannot easily solve the system of equations

Ox = —c.

Actually, problem (5.52) may be a convenient approach to such a system.
Second, any twice continuously differentiable function can be very well ap-
proximated by a quadratic model in some neighborhood of its minimum
point. A method that does poorly on a quadratic function cannot be ex-
pected to perform well on a nonquadratic function. For example, we see
from Theorems 5.29 and 5.33 about the method of steepest descent that the
performance on a quadratic model was indicative of the speed of convergence
in the nonquadratic case. We thus aim at developing a method for solving
(5.52) which can be readily extended to nonquadratic problems as well.
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THEOREM 5.16. Assume that d', d?, ..., d" are Q-conjugate and that the

sequence x', x2, ..., x" ! is obtained by successive minimization of function

(5.52) in directions d*, k = 1, ..., n:
XK= ¢ g dk,

fE = miﬂr{l Fx*+dh).

Then for every k = 1,2, ..., n the point x**!

linear manifold

is the minimum of f(-) in the

Ly =x"+lin{d", &%, ...,d".
Proof. Let us consider the matrix
D = [a’1 d ... d”]
and the linear transformation of variables
x=x'"+Dy=x"+d'y, +d%y, +---+d"y,.

As the directions d' are conjugate,

n n n

(Dy, QDy) = > "> (d', Qd')yiy; = D (d', 0d'}(3:).

i=1 j=I i=1

Using Taylor’s expansion of f(-) at x!, which is exact, we obtain
1
fO0) = f&' + Dy) = f(x)) + 5(Dy, QDY) + (Qx' +¢, Dy)

=N+ L0,

i=1

where
1 . ) .
fily) = §<d’, 0d")(y;))* + (Qx' + ¢, d')y;.

It follows that in the new system of coordinates the function f(-) is fully sepa-
rable with respect to the variables y; and has form (5.51). Thus, the minimum
of f(-) with respect to y can be calculated independently for each y;. The
best value of each y; is equal to the step size 7; used at iteration i of our
method. Consequently, each direction d' need be used only once, and each
x**1is the minimum of f(-) over L. O

COROLLARY 5.17. The minimum of (5.52) can be found in no more than n
steps.
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Proof. The directions d*, k = 1, ..., n are linearly independent, so L, =
IR", and the result follows from Theorem 5.16. O

Conjugate directions are very good search directions for a quadratic func-
tion, but it seems that one needs to know the Hessian Q to construct them.
We shall show that this is not necessary at all.

Assume temporarily that we know the Hessian Q. We can construct a
sequence of conjugate directions d',d?,...,d" and a sequence of points
x!,x2, ..., x""! by the process of successive orthogonalization of the gra-

dients V£(x1), VF(x2), ..., VI (x").

Q-Orthogonalization Algorithm

Step 0. Setk = 1.

Step 1. Calculate v¥ = —Vf(x¥). If v* = 0 then stop; otherwise continue.

Step 2. Make the vector v* Q-orthogonal to directions d', ..., d*~! by the
formula’

k—1

dl le (5.53)

i=1
Step 3. Calculate the next point
P I
such that

FxAhy = mi]%{l Fe* 4 db).

Step 4. Increase k by 1 and go to Step 1.

The fact that Step 2 generates Q-orthogonal directions for each sequence
{v*} can be proved by induction. Suppose d', ...d*~! are Q-orthogonal. In
the multiplication of d* and Qd’, for j < k — 1, all products (d’, Qd/) =0
fori # j, and we obtain
- (", 0d’)

d*, Qd’ d’y — ——=—=(d’, Qd’

(@', 0a') = (W, 0d') — S !, 0d)) =
In our case, owing to the special method of constructing the vectors v*, the
orthogonalization procedure simplifies substantially.

TFormula (5.53) is called the Gram—Schmidt orthogonalization procedure.
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Suppose the first k — 1 directions d', ..., d*! are Q-orthogonal (this
is certainly true for k = 2). Then, by Theorem 5.16, the point x is the
minimum of f(-) in the manifold

Loy =x' +1lin{d", d*,...,d" ).
Consequently, the vector v* = —V £ (x*) satisfies the relation
o* L Ly_y. (5.54)

Since each direction d' is a linear combination of the previously observed
gradients v/, for j < i, we can represent the manifold L;_; as follows:

Ly =x! +lin{1)1, 1)2, e, vk_l} = x! +lin{1)1, 1)2—1)1, e, k! —Uk_z}.
Therefore relation (5.54) implies that
of L () =0/ for 2<j<k—1. (5.55)
Using the definition of v/ we obtain
v/ 0/ = -0 =X/ = —; Qa7 (5.56)

From (5.53) for j — 1 it follows that d/~! is a combination of —Vf(x/~1)
and of directions d', fori < j—2. Since (5.54) implies that V£ (x/~!) L d',
fori < j — 2, we conclude that

(VF(IY, a7 ™l = | VFH1%, (5.57)

which is negative, if the algorithm did not stop at x/~!. As the direction d/~!
is a direction of descent, we conclude that 7;_; > 0. It follows from (5.55)
and (5.56) that

¥ L Qd’7! for 2<j<k—1.
Therefore, all but the last components of the sum in (5.53) vanish an we get
d* = —VFib + apd !, (5.58)
with

(Vf(x"), 0d* )
(dk—l , Qdk—l) '

Using the equality Qd*~! = (Vf (x*) — V£ (x*~1))/7;_; (note that 7;,_; # 0
by (5.57)) we can transform the last equation as follows:

(Vf(x5), V) = Vi)
(dE=1, V() = V(1))

A = —

O = —



UNCONSTRAINED OPTIMIZATION OF DIFFERENTIABLE FUNCTIONS 245

Next, by (5.54) (for k and then for k — 1)
(@1 V65 = VFEED) = @ V) = = v eI,
o)
_ VAN, V) — V)
% = k—1y|2 :
IVF =Dl
This combined with (5.58) proves that the algorithm can be implemented
without the knowledge of Q. It is known as the conjugate gradient method

of Hestenes and Stiefel. Figure 5.6 provides the detailed description of its
operation.

(5.59)

Step 0. Setk := 1.

Step 1. Calculate V£ (x*). If V£ (x*) = 0 then stop; other-
wise continue.

Step 2. Calculate

—Vf (x5 ifk=1,
d" =
—VF@ER) +adt ifk > 1,

with a; given by (5.59).
Step 3. Calculate the next point
X = kg gk
such that

e = min fG* +db).

Step 4. Increase k by 1 and go to Step 1.

Figure 5.6. The conjugate gradient method.

We may observe that for a quadratic function the optimal step size can be
calculated explicitly:
(VF(N,d) VGNP
Tk = — = 5
(d*, Qd*) (d*, gd*)
because of (5.54). However, we prefer to present the method with the oper-
ation of directional minimization, to allow direct extension to nonquadratic
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problems.”
The following theorem summarizes our development of the conjugate
gradient method.

THEOREM 5.18. For every positive definite Q, the conjugate gradient meth-
od generates a sequence of Q-conjugate descent directions d',d?, ... and
stops after at most n iterations at the minimum of the function (5.52).

Proof. The directions are Q-conjugate by the construction of the method.
They are descent directions by (5.57). The finite convergence property fol-
lows from Theorem 5.16. |

By observing that V£ (x*) L Vf(x*~1), because of the optimality of x*
on the manifold L;_;, we can simplify (5.59) to

L IvrahiP
CTIVEGED 2

Formulas (5.59) and (5.60) are mathematically equivalent, but (5.59) proved
to be more robust in the presence of numerical round-off errors in the di-
rectional minimization. It also works better when the conjugate gradient
method is applied to nonquadratic functions.*

Performance of the conjugate gradient method on the example of Figure
5.5 on page 233 is illustrated in Figure 5.7.

(5.60)

5.5.2 Speed of Convergence. Application to Nonquadratic Functions

While Theorem 5.18 guarantees termination at the minimum point of a
quadratic function in at most #n iterations, in practical applications to large-
scale problems we almost never manage to successfully carry out n steps.
Numerical errors in the calculation of the directions and in the directional
minimization result in the loss of the property of Q-conjugacy of the direc-
tions. At some step, inevitably, the iterations become inefficient, and the
directions may even lose the descent property.

Therefore, even for quadratic functions, we periodically re-initialize the
conjugate gradient method, by setting

d* = —Vf (b (5.61)

at iterations, at which numerical difficulties arise. Then the kth iteration
becomes identical with an iteration of the method of steepest descent. After

A specialized version for quadratic problems only is presented on page 281.
*Formulas (5.59) and (5.60) are referred to as the Polak—Ribiere and Fletcher—Reeves
versions.
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Figure 5.7. Operation of the conjugate gradient method on a quadratic function of
two variables.

that, the conjugate directions are built again, until the next re-initialization.
The method with periodic re-initialization combines the robustness of the
method of steepest descent and the efficacy of the conjugate gradient method.
The convergence of the conjugate gradient method with re-initialization is a
simple consequence of the convergence of the method of steepest descent,
as analyzed in Theorem 5.4.

Much can be said about the speed of convergence of the conjugate gradient
method. If we did re-initialization after exactly n steps, we could argue as
follows. Assume that the function f(-) is convex and has a positive definite
Hessian V2 f () at the minimum point X. The sequence {x*} is convergent to
the solution X. After L cycles of n steps, the re-initialization point is x -+
If it is sufficiently close to the solution, the function f(-) in the level set
Xinp1 = {x: f(x) < f(xE"*F1)}is very close to the quadratic function

f@) ={x =2, [V @] = )+ &),

with the error of order higher than ||x%"+! — %||2. Therefore, by straightfor-

ward continuity arguments, the sequence of n steps of the conjugate gradient
method for f(-) is very close to the sequence generated by the same method
for f(-), with some second order error. But the latter sequence terminates
at X, and thus the conjugate gradient method for f(-) must exhibit n-step
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quadratic convergence:

||x(L+l)n+1 _)’C\.” < C||an+l _ 2”2

Full mathematical rigor can be put into this argument. However, its relevance
is modest. We almost never run full n steps of the conjugate gradient method;
on the contrary, re-initialization is employed as frequently as every 10 to 20
iterations, irrespectively of the dimension n of the problem.

Much more relevant is the analysis of the first k steps of the method for
small k. It turns out that the location of eigenvalues of the Hessian Q has
a decisive impact on the quality of early iterates of the conjugate gradient
method. Before proceeding to the general case, it may be instructive to
consider an example.

Example 5.19. Suppose the matrix Q has only two distinct eigenvalues, x1 and u».
Then the vector x! — %, where £ is the minimum point of f(+), can be represented
as

xP =% =0lu' +0)u?, (5.62)

where u! and u? are eigenvectors corresponding to the eigenvalues 1 and x5, and
911 s 921 are some real coefficients. Then

Vich =o' —%) = ,Lt]@llul + ,u2921u2.
The second point, x2=x!- ‘L']Vf(xl), satisfies the relation
x—f=x'—2 = VrEh
= (Qllul +¢921u2) -1 (,u1<911u1 + ,u2921u2)
=012u1 +022u2,

with appropriately defined coefficients 912 and (922. The gradient at x2, therefore, has
the form

Vi) = 0> —%) = ,u1012u1 + uzﬁzzuz.

By the directional minimization condition, it is orthogonal to Vf (x 1), so if it is
nonzero, it is linearly independent of V£ (x!). Since both gradients are linear com-
binations of the eigenvectors u ! 2

and u~,
lin{Vf(x"), VF(x?)} = linfu', u?}.
The next point, x3, is the minimum of f(-) on the two-dimensional manifold

Li = x" +1in{Vf(x"), VF(x?)} = x' + lin{u', u?}.

By virtue of (5.62), the global minimum point X is an element of this manifold, and
thus x> = £. We have a situation similar to that depicted in Figure 5.7 on page 247.
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In order to extend the idea of this example, it is convenient to derive an-
other general representation of the linear subspace spanned by the directions
generated by the conjugate gradient method,

Si = lin{d!, d*, ..., d"}.
‘We shall show that

Se =1in{Vf@xh), oV, 0*VF@h, ..., 0" vFh ). (5.63)

Formula (5.63) is trivially satisfied for k = 1. Assume that it holds true for
some k. We have

Siat = Sk + lin{d*t1y.

The direction d**! is a combination of V£ (x**!) and the preceding direction
d*, which is in S, and so

Siat = S + Lin{Vf (x*)). (5.64)
For a quadratic function f(-) we can write

V) = VA + o —xh).

Since x**! — x! is a linear combination of the directions d', ..., d¥, itis an

element of S;. It follows from (5.63)—(5.64) that

Sia1 = Sk + @S, = lin{VF(x"), QVF(x"), Q°VF(x'), ..., Q*VF(xhH}.

By induction, formula (5.63) holds true for all k.

We can now easily follow Example 5.19 to show that the conjugate gradient
method terminates after at most k steps, if the Hessian Q has exactly k distinct
eigenvalues. Representing

k
VEGhH =D 0,

j=1
with eigenvectors u;, we immediately see from (5.63) that
S, Clin{u', ..., uf), m=1,2,....

No more than & distinct nested subspaces can have this property, and therefore

Sit1 = Sk. As Vf(xk+1) L Sy, formula (5.64) implies that V£ (x**!) = 0.
This argument can be further extended to cover the case of clustered eigen-

values. We know from Theorem 5.16 that the point x**!, obtained after k
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iterations of the conjugate gradient method, is the minimum of f(-) in the
manifold

Lk :Xl +Sk'

This combined with formula (5.63) implies that the point x**! has the lowest
value of f(-) among all points of the form

x() =x"+ V) + 920V + -+ 9 QT VG
k
=x'+ (2 no ) vreh.
j=1

Denoting by x the global minimum point of f(-), we can rewrite the last
expression as follows:

x(y)—x— x! —x (Zk: Yo lin 1) —)2]
= (1 —{—z;ijj)[xl -z

k+1

(5.65)

Useful estimates of the quality of the point x*™" can be obtained by substi-
tuting specific values for the coefficients y; in formula (5.65). This is usually
done by imposing a specific form of the kth degree polynomial

k
P(Q) =1+ 7,0 (5.66)
j=1
We can now show that if the eigenvalues of Q are clustered around k cen-
ters, the first k steps of the conjugate gradient method yield a substantial
improvement.

THEOREM 5.20. Assume that the matrix Q of dimension n has all its eigen-
values contained in k nonintersecting intervals

where 0 < uy < -+ < puyand é,, > 0, m = 1,..., k. Then the conjugate
gradient method applied to function (5.52) finds after k steps a point x**!
such that"

f(xk+1) - f()?) 2 20m—1) Hm
fon 7 = maohrae T (4)

1<i<m

Ifm =1 the product over 1 <i < m is by definition equal to 1.
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Proof. Let 4, ..., A, be the eigenvalues of Q (some of them may be equal),
andletu’/, j = 1,...,n, be orthogonal eigenvectors of length 1 correspond-
ing to these eigenvalues. Define the sets

-]m:{,ll/lj_,umlfémlum}a m:l,...,k.

The vector x! — % can be represented as follows:
n
X = z Hjuf .
j=1
Then
FE - F@ = sl -8 0 - =3 Y0 667)
j=1

Consider the polynomial

n =1 (1- %Q)- (5.68)

i=1
It can obviously be written in form (5.66). The corresponding point x(y ) €
L, as defined in (5.65), satisfies the relation

x(y)—=x :ﬁ(l — iQ)ié’juj :i@-ﬁ(l — iQ)uj.
i= j= j=t =

Since each u; is an eigenvector, the term involving u; in the last formula has
the form

0, H( ——Q) ejﬁ(1—%)uj.

Hence, similarly to (5.67),

n k 2.
Faon - & =3 220 [ (1-2)
j=1 i=1 !

For j € J,, we can estimate the product in the sum above as follows:

[T0- 27 =21 (-2) =TT (- 2)

i=1 i#m i<m Hi

- fm
521"[( )<52(1+5)2< 1>H(#1).

i<m 1<m
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Therefore,

f@@»—ﬂﬂfUUU—ﬂ@ngﬁﬂ+%ﬁWDH(%ﬁ?

Since x¥*! is a minimizer in Ly, it is at least as good as x (7 ), and the required

estimate follows. O

As a direct application of this theorem, we can develop an estimate for the
quality of the (k + 1)st iterate, when the matrix Q has n — k + 1 eigenvalues
in the interval [a, b] and the remaining k — 1 eigenvalues above b. We can
choose

1
,u1=§(a+b), U2 = An_kgls v Mk = An
and
b—a
61 = = =0, =0.
= b ra 2 k

Then from Theorem 5.20 we infer that
lﬂﬂ“)—f®)<(b—ay
fGH = f@E T \b+al”
which is equivalent to the progress made by one iteration of the method of
steepest descent applied to a problem with all eigenvalues contained in [a, b]
(see Theorem 5.8).

In the even more special case, when there are only k distinct eigenvalues,
we have a = b in the above estimate. Thus, the conjugate gradient method
finds the minimum point of the function in no more than & steps. This again
explains the phenomenon observed in Example 5.19 and in the discussion
that follows it.

If the function f(-) is not quadratic, but twice continuously differentiable,
with positive definite Hessian Q = V2 f(X) at the minimum point X, much
of the discussion from this section can be applied to the case of clustered
eigenvalues of Q. Consider the quadratic approximation

FO) = =% 00 = D)+ ).

The conjugate gradient method applied to f(-) generates a sequence of points
for which the assertion of Theorem 5.20 holds true. If x ! is sufficiently close
to X, the first k points generated by the conjugate gradient method for f(-)
will be close to the sequence for f(-), with an error of second order. Thus,
even for nonquadratic functions, rapid convergence of the conjugate gradient
method at the iterations following each re-initialization can be observed.
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5.5.3 Pre-Conditioning

An important way of improving performance of the conjugate gradient meth-
od, as well as other optimization methods, is a change of the system of
independent variables, aimed at decreasing the condition index of the Hes-
sian. Recall from Section 5.3 that the speed of convergence of the method
of steepest descent is determined by the condition index

/Imax

o =

/lmin ’
where Anax and A, are the largest and smallest eigenvalues of the Hessian Q.
The conjugate gradient method is much faster, butitis also negatively affected
by the condition index.

Suppose we know a symmetric positive definite matrix V, which is a good
approximation of the inverse of the Hessian,

VvV~

Let V1/2 be its square root: a symmetric matrix such that V = V1/2y1/2,
Changing the variables

x =V, (5.69)
we can express function (5.52) in the new variables as follows:
h(y) = f(V!72y) = (v, VI2QVI2y) +(c, VI 2y). (5.70)
The Hessian of the function in the new coordinates equals
VZh(y) = V2QVv!/2,

If V were exactly equal to Q~', we would obtain V%1 (y) = I, and the
condition index of (5.70) would be a perfect 1. But knowing Q ~' means
knowing the minimum £ = —Q !¢, and there is no need for optimization at
all. We cannot assume that we know the inverse of the Hessian. Instead, we
assume that we can find a matrix V which is close to Q™! in the sense that
the condition index of V'/2QV /2 is much closer to 1 than that of Q. The
change of variables (5.69) with such a matrix V is called pre-conditioning.
Application of pre-conditioning within the conjugate gradient method does
not require calculation of the square root V /2 and it does not even require any
explicit form of V. Let us denote by r¥ the direction used by the conjugate
gradient method for (5.70) at iteration k. Application of the basic conjugate
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gradient method to the function (5.70) yields the relations:

—Vh(y* ifk =1
k_ h(y") L k=1, (5.71)

—Vh(y*) + oyr* ifk > 1,

Vh(y*), Vh(y*) — Vh(y*!
o = (Vh(y") (yk)1 / (y ))5 (5.72)
IVR(y =D
Y =yt

h(y* = migh(yk + 7rk). (5.73)

Define x¥ = V!/2yk Using the chain rule of differentiation in (5.70) we
obtain

Vh(y*) = V12V f (x5, (5.74)
According to (5.69), the direction of change in the variables x equals
db = vk,

Multiplying (5.71) by V'/? and substituting (5.74) we obtain the formula for
the search direction:

0 _ —VVF (b ifk=1,
—VVFER) 4+ apd=" ifk > 1.

(5.75)

Furthermore, formulas (5.72) and (5.74) render

k ky k—1
b (V1) VIVF) = VDY) (5.76)

(VFf(k=h), VVF (k1))
These formulas use only the multiplication by V. The directional minimiza-
tion condition (5.73) for y becomes the directional minimization condition
for x:

JCaDE mggf(xk +d").

In fact, we do not need to have any explicit form of the pre-conditioner V.
The only requirement is to be able to multiply vectors by V. We discuss this
in Example 5.21 below.

The conjugate gradient method with pre-conditioning can be formally ap-
plied to any continuously differentiable function. Of course, the concept of
Q-orthogonality makes little sense there. Nevertheless, good convergence
properties of the method for quadratic functions are indicative for the per-
formance in the nonquadratic case.
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In the nonquadratic case, as well for large-scale quadratic problems, we
employ re-initialization (5.61) by returning to the direction of steepest de-
scent after every m iterations (with m <« n). We also re-initialize in the
case of numerical difficulties in achieving improvement in the current di-
rection d¥. Again, the convergence of the conjugate gradient method with
re-initialization is a consequence of the convergence of the method of steep-
est descent. The reader can easily verify that in the pre-conditioned version,
with some positive definite V, the argument of Theorem 5.4 applies as well.

Example 5.21. Consider the optimal control problem with discrete time

T

minimize »_ f; (u) + fri1(cr41) (5.77)
t=1

subject to x;411 = @ (xs,ue), t=1,...,T. (5.78)

Here x; € IR" denotes the state of the system at time ¢, and u;, € R™ denotes the
control vector at time . The initial state x; is given.

The functions f; : R — R,t =1,...,T,and fr4; : R” — R, areassumed to
be convex and twice continuously differentiable. The functions ¢; : R" xR™ — R”
are continuously differentiable.

For every control sequence

u= (ula"'auT)a
we can calculate from (5.78) the corresponding state trajectory
x(u) = (x1,x2(u1), x3(u1, u2), ..., x741(ur, ..., ur)).

Thus (5.77) can be expressed as an unconstrained problem in the control variables:

T
minimize [ F(u) £ 3" fi(un) + fra1 G741 @) (5.79)
t=1

The gradient of the function F can be calculated by employing chain rules of differ-
entiation. Let us denote (for the current control « and the corresponding trajectory x)
the Jacobians of ¢ (-, -) by
0 0
AT:_(pt(xtsuT)s BT:_¢T(XISMT)5 t:11"'9T'
8x, aut

Then we have
Vi, F(u) = Vfi(u)) + Bf A} - ApVfra(xrq), t=1,...,T.

In the formula above, the symbol [-]* denotes transposition. Introduce adjoint state
variables y;, connected by the equations

l//t_]=A;kl//t, t=T,T—1,...,2,



256 CHAPTER 5

with wr = Vfry1(xr41). We can efficiently calculate the gradient of F(-) as
follows:

Vu, F(u) = Vfi(u)+ By, t=1,...,T.

Optimal control problems are frequently ill-conditioned, and the method of steepest
descent is very slow. The conjugate gradient method is more efficient, and it can be
easily implemented despite the very large dimension of the vector . The condition
index can be improved by employing pre-conditioning.

One way to obtain a pre-conditioner is to consider a linear-quadratic optimal
control problem in variations:

T

N | 1
minimize > ;(at, Q.0:) + §(§T+1, Or+1¢r+1) (5.80)
Subject to é:[_l,_] = A[ft + B[O't, = 1, P T, (581)

with {1 = 0. The matrices Q, are assumed to be positive definite and they approx-
imate the Hessians of the corresponding functions f;(-). The control ¢ identically
equal to zero is the optimal solution of this problem.

The Hessian of the objective function of problem (5.80)—(5.81), considered as
a function of controls o, will serve as an approximation of the Hessian of the
function F(-) in (5.79). We do not need to calculate this Hessian, we only need to
be able to multiply its inverse V by a vector b. Observe that Vb is the solution of
the optimization problem

1
minimize —{o, V_la) —(b,0).
4 2
The first part of the quadratic function above is represented by problem (5.80)—
(5.81). Thus, Vb is the solution of the linear-quadratic optimal control problem:

1
minimize Z [ at, Qrar) — (br, 0t>] + 5(§T+1, O1+1¢1+1)
subject to §,+1 = A;& + Bioy, t=1,...,T.

Such problems can be rapidly solved by dedicated optimal control techniques for
linear-quadratic systems.

Our pre-conditioning is effective if the functions f;(-) are strictly convex and the
functions ¢, (-, -) are only moderately nonlinear.

This example illustrates the general approach to constructing pre-conditioners:
build a tractable linear-quadratic model of the problem at hand and solve it with an
appropriate linear term (corresponding to (b, ¢)) to multiply the pre-conditioner by
a given vector. The linear-quadratic model has to be solved many times, once for
each multiplication by V in the method.



UNCONSTRAINED OPTIMIZATION OF DIFFERENTIABLE FUNCTIONS 257

5.6 QUASI-NEWTON METHODS

5.6.1 Conjugate Directions by Quasi-Newton Updates

There exists more sophisticated way to generate conjugate directions than
the conjugate gradient method. It is based on iterative application of the
formula

d* = -V, Vf(xh), (5.82)

where {V,} are symmetric matrices of dimension n constructed in the course
of calculation. Formal similarity of (5.82) to Newton’s method (5.38) and
the rules underlying the construction of the matrices V; lead to the name
quasi-Newton methods.

Let us introduce the increments in the decision variables:

and in the gradients

ge = V() = VFED.
For a quadratic function
1
fx) = 7 (%, 0x) + (¢, x), (5.83)

we always have

0 g = p.

Therefore, by analogy with Newton’s method, we construct matrices V; in
such a way that

Viirgi = pi, for i=1,2,... k. (5.84)

We call (5.84) the secant condition.

There exist many methods for constructing V;. We describe here the first
and most important one, due to Davidon (and later analyzed by Fletcher and
Powell).

In the Davidon—Fletcher—-Powell (DFP) method the successive matrices
V. are generated by the recursive formula

pepi Vearai Vi
Plac @ Viae
where V) is some symmetric positive definite matrix. Note that p, and g,

are understood as column vectors and thus py p{ and Viqrq{ Vi are square
matrices of dimension 7.

Vigr = Vi + (5.85)
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At first, we analyze the DFP method applied to the quadratic function
(5.83).

LEMMA 5.22. The DFP method is a descent method.

Proof. 1t suffices to prove that all matrices Vj, are positive definite. We do it
by induction.

V1 is positive definite by assumption. Suppose V is positive definite. We
shall prove it for V;;. For a nonzero z, directly from (5.85) we obtain

@"p)? @ Vigw)?

PL G ai Vidx

_ V) (gf Vi) — T Viw)? N (" p)?
a4 Vidi pla

zTVk+1z =z"Viz+

(5.86)

By the Cauchy—Schwartz inequality for the scalar product z7 V, g, we have

" Viz) (g} Viegr) — (" Vig)* = 0,

with equality occurring only for z || gx. The second term in (5.86) is non-
negative, too, since

Piar = pOpr >0

(pr # 0 for a descent direction d¥). The second term can be zero only for
z L pr. Consequently, the right hand side of (5.86) is nonnegative and may
equal zero only when g, L p;, which never happens for p; # 0. m|

THEOREM 5.23. The DFP method with exact directional minimization ap-
plied to the function (5.83) generates a sequence of Q-conjugate descent
directions and stops after at most n iterations at an optimal point of f(-).

Proof. We shall prove by induction that for every k, for which V£ (x**1) # 0,
the secant condition (5.84) holds true, and that the directions generated by
the method are Q-conjugate:

plOp; =0 forall 1<i<j<k. (5.87)
Let us note that directly from (5.85) we obtain

Vir19k = Pr»

so the secant condition (5.84) is satisfied for k = 1. For k = 1, the set of
1 <i < j<kin(5.87)is empty.

Assume now that the secant condition (5.84) and the Q-conjugacy relation
(5.87) hold true for k — 1. We shall prove them for k. By (5.87) for k — 1
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and by Theorem 5.16, the point x* is the minimum of f(-) over the linear
manifold

Lioy =x' +1in{py, p2, ..., pri}s
o)
VIS Lp, i=1,...,k—1.
By the secant condition (5.84) for k — 1,
Vigi=pi, i=1,...,k—1.
Taking the scalar product with V£ (x*) we obtain
(VFCNY Vigi =0, i=1,....k—1.
This combined with (5.82) yields
dHTq; =0, i=1,....,k—1.

Multiplying both sides by 7; and using the fact that g; = Qp;, we obtain the
conjugacy property for k:

plopi=0, i=1,....k—1.

When (5.87) holds true for k, we can multiply both sides of (5.85) from the
right by Op;,i < k, to get the secant condition (5.84).

Having established the conjugacy of directions, we can now conclude that
the method must find the minimum of (8.1) after at most n steps, by virtue
of Corollary 5.17. m|

The fact that the quasi-Newton method must stop after at most n steps can
also be seen from the following corollary.

COROLLARY 5.24. Suppose none of the points x', . .., x" generated by the
quasi-Newton method are optimal. Then V, 1 = Q™'

Proof. The secant property (5.84) for k = n reads

Vieilan @2 . an]l=[pr P2 ... pa]. (5.88)

The directions d', ..., d" are Q-conjugate, and by Lemma 5.15 they are
linearly independent. None of the points xK k=1,...,n,are optimal and
thus the vectors p; = 7;d*, k = 1, ..., n, are linearly independent as well.
Consequently, the vectors gy = Opy,k =1, ..., n, are linearly independent.
It follows that equation (5.88) determines V,,; in a unique way. Since Q!
obviously satisfies this equation, our assertion is true. m|
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It follows that the nth step of the DFP method is the same as the step
of Newton’s method. It should be stressed, though, that the main purpose
of quasi-Newton methods is to generate good search directions at early it-
erations, rather than the inversion of the Hessian. If, for some reason, we
need the inverse of O, numerical linear algebra provides much better ways
to calculate it.

Not only does the quasi-Newton method generate conjugate directions,
but it is in fact equivalent to the conjugate gradient method.

THEOREM 5.25. The sequence of points generated by the DFP method for
function (5.83), starting from a positive definite matrix V, is identical with

the sequence generated by the preconditioned conjugate gradient method
(5.75)—(5.76) with pre-conditioner V.

Proof. We know from Theorem 5.23 that for every k = 1,...,n + 1 the
point x* is the minimum of f(-) on the linear manifold

Ly =x" +1in{p1, pos ..., o1}

To prove the equivalence with the pre-conditioned conjugate gradient method,
it is sufficient to demonstrate that for all £ the manifold L is the same as the
one generated by the conjugate gradient method:

lin{p1, pa, ..., pro1} = VIin{Vf(x), VF(xD), ..., VFEED) (5.89)

This identity is trivially true for k = 1. To establish its validity for k > 1, it
is convenient to prove, in parallel, that

k k
:V+ZZ EVVFGH[VAEH] TV, k=1,...,n+1, (5.90)

with some coefficients 0{; Again, for k = 1 this formula is trivial.
Supposing that both formulas (5.89)—(5.90) hold true for some k < n, we
obtain

k
dk = —Vka(xk) =V Z V,‘kvf(xi)a
i=1

with some coefficients yik. This implies that (5.89) holds true for k 4+ 1. Let
us consider the DFP formula (5.85). We have just established that p; is a
linear combination of the pre-conditioned gradients VVf (x),i =1,...,k.
From (5.90) it follows that Viq is a linear combination of VVf(x'), i =

.,k + 1. Thus, formula (5.85) implies that V;; has form (5.90). This
completes the induction step and proves the equivalence of the DFP method
and the conjugate gradient method. m|
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Of course, the main reason for introducing the quasi-Newton method is
the need to solve nonquadratic problems. We discuss this issue in the next
subsection.

5.6.2 Family of Quasi-Newton Methods. Application to Nonquadratic
Functions

Many variants of quasi-Newton methods exist. We shall derive a particular
version, which proved to be efficient in practice.

Suppose we want to use the DFP method to construct an approximation of
the Hessian Q, rather than of its inverse. To this end we just need to reverse
the roles of p; and g in formula (5.85):

T Wippl W,
Wipr = W, + e TeDeP Tk (5.91)

glre Pl Wipk

Now, setting Vy, = W~ !, we can derive an expression for updating V;:

(5.92)

TV T TV \Y T
Veor = Vi + (1 1 % ka) PkPi Pedi Vit Viqipy .

Piac ) pla PLan
It is called the Broyden—Fletcher—Goldfarb—Shanno formula (BFGS). We
leave to the reader the tedious multiplication that shows the equality Vi1 Wi1q
= 1,if V, W, = I (Exercise 5.7).

More generally, both versions discussed previously are members of a
broader family of updating formulas, given by

pepi Viagi Vi
Piax 4 Viaw

Vigr = Vi + + o (q{ Vegr)oev] (5.93)

with

o = 1T9k B ;/qu , (5.94)
Pede  q; Vidk
and with the coefficient w; € [0, 1]. The DFP formula corresponds to
oy = 0, while the BFGS formula corresponds to w;, = 1. Again, we
leave to the reader the manipulations that support these facts. It follows that
for every 0 < w; < 1 the matrix V;; is a convex combination of the DFP
and BFGS matrices, and is, therefore, positive definite, provided that V is
positive definite.
We show now that all these formulae lead to mathematically equivalent
algorithms for any continuously differentiable function, if the line search is
perfect.
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We assume that the function f(-) is continuously differentiable, and that
the line search algorithm is perfect in the sense that
V@ Lt
and that the point x**! is the closest to x* point on the ray x* + zd*, z > 0,
satisfying this condition.

LEMMA 5.26. Assume that the point x**' has been obtained by perfect line
search from point x* in the direction d* = —V;Vf(x*). Then for every
wy € [0, 1] the direction

d = — Ve VD,
where Vi1 is calculated by (5.93), is parallel to vy.

Proof. Let us calculate the direction d**!'. For simplicity, we denote the
gradient V£ (x*) by g;. We have

T T

Pk 8k+1 q; Vi&i+
—Vir18ka1 = —ViGra1 — o pp +

Pi 9k a9 Viar

+ ax (g Viar) (0 gs1) vk

The term with wy is parallel to v, and it remains to consider the DFP update
(o = 0). By the perfect line search condition, g kT +1Vkg = 0, and the
second term in the last displayed expression vanishes. We obtain

T
9 Vi8k+1
—Vit18k+1 = —Vigr+1 + kTijLquk
9 Viqr
We have the following identities:
—Vi8k+1 = — V& — Viqk = tpr — Viqx,

qi Vigr+i _ 8is1 Vit
7 Vidr 8l V81 + 81 Viegk

Combining the last three relations we get

T
Dk 8k+1 Vi&r+1
Vi1 = —+ ( - 1) Viqr
Tk 81 Vi8irt + 8 Vi
T
\%
= Pk _ 8k Tk8ky, (5.95)

% g Vigx

1 gl Vigk
= (g Vige)vk + (— — =k T )Pk-
Tk D 9k
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By the perfect line search condition,
T T T
Pi 9k = —Di 8 = T8k Vi&k-
Thus the last term in (5.95) vanishes and we obtain the required result. O

It follows from the calculations in the proof of the last lemma that, for
every wy € [0, 1], the next direction has the form

—Vir18r+1 = (8 Vig) ok + @i (a Viar) (o) gk+1)vx
= (ng Vigk — 084 ngk+l)0k~

We know that for each w; € [0, 1] the next matrix, V., is positive definite,
and thus the expression above does not vanish, if g, # 0.
We can thus interpret the quasi-Newton formula (5.93) as follows:

Vet = V8 + mepa (02D (5.96)
with VP

.| denoting the matrix obtained by the DFP formula, and p/, | the
step that would be made if the DFP formula was used. The coefficient y; is
such that the resulting matrix is positive definite.

LEMMA 5.27. Suppose that at iteration k of the DF P method with perfect
line search the matrix V,” is perturbed to

Vi = VP 4+ pP (D)7, (5.97)

while remaining positive definite. Then, after the next iteration of the DFP
method, we have

Vier = VE 4+ apla (0P’ (5.98)

In both formulas, the vectors pP and P1?+1 denote the steps that would be
generated if the perturbation had not occurred.

Proof. The modified matrix is updated using the DFP algorithm, so

T T
12794 Viqraqy Vi
Vier = VP + apl (0P + Tk— T L
Pk Gk 9 Veqr

It follows from Lemma 5.26 that p, = pP and g; = g{°. If we now use the
DFP formula for Vkﬂ’rl, we can manipulate the last equation to the following
form:

VigP (@) Vie  VPqP(gP)T VP
@) Vig? @))TVPq?

Virr = VE + pl (pO)' -
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Now, substituting for V; from equation (5.97) and simplifying, we obtain
2
() a) (@) Vida?)
2
(@) vPaP + (P aP)?)

with v, given by (5.94). Since the DFP matrix does not become singular,
Lemma 5.26 allows us to rewrite the last equation as (5.98), withsome 4,. O

D T
Viri = Vi + 4 Vg 5

‘We can now formulate our main result.

THEOREM 5.28. Assume that the function f : R" — R is continuously
differentiable and that it is minimized by the quasi-Newton method (5.93) with
the perfect line search, starting from a positive definite matrix V. Then the
sequence {x*} generated by the method is identical to the sequence generated
by the DFP method starting from V.

Proof. On the first iteration
d'=-Vg,

and the point x? is the same for all versions of the method.

On the second iteration, the conditions of Lemma 5.26 apply, and each
formula will generate the same direction (up to a certain scaling coefficient)
and the same value of x*. Formula (5.93) has the form

Vo=V + apl(p))" (5.99)

with some 41, for which the matrix remains positive definite. Lemma 5.27
implies

V=V 4+ Lp2 (p))" + a0y (P,

where the term with 1, follows from Lemma 5.27, which concerns the DFP
method, and the term with y, corresponds to the free choice of w € [0, 1] in
formula (5.93), as shown in (5.96). We thus have an equation analogous to
(5.99) for the next iteration.

By induction, every matrix V; generated by the method has the form

Vi=VE+ kpP (PO

with A such that V, remains positive definite. Moreover, the sequence of
points {x*} does not depend on the coefficients Ay. O

In practice, quasi-Newton methods are much less sensitive to inaccurate
line- searches than the conjugate gradient method, which makes them par-
ticularly attractive for highly nonlinear problems. The BFGS method has
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been found to be more efficient and more robust with respect to these inac-
curacies, but periodic re-initialization is necessary to guarantee theoretical
convergence properties.

5.6.3 Limited Memory Versions

In large-scale optimization, storing and processing n x n matrices V; may be
difficult. However, we can calculate the direction (5.82) for the BFGS update
(5.92) without any explicit form of V. Recall that V; is fully determined by
V; and two sequences of vectors

pj = xj+1 - xj >

g =Vf@t) =V, j=1,... k-1
By using these vectors we can construct the quasi-Newton direction resulting
from applying k£ — 1 times the BFGS formula to V;. It is a question of

numerical linear algebra, but for the convenience of the reader we provide
here the resulting procedure.

We set 7, = Vf(x¥) and for j =k — 1, ..., 1 we calculate
(rjis1, pj)
j=———— and r; =rjy1 —a;q;. (5.100)
j @) J Jj+ j4j
After that, we sets; = Virjandfor j = 1,...,k — 1 we calculate
(q'v S')
ﬂj = ﬁ and Sit1 =S + (OL]' — ﬁ])p] (5101)
j> Pj
Then the quasi-Newton direction (5.82) is simply d¥ = —s; (see Exercise

5.11). This construction allows us to implement the quasi-Newton method
in a memory-efficient form. It also provides a convenient framework for the
following heuristic modification of the re-initialization step.

Suppose we want to re-initialize the method at iteration k. Instead of
returning to some fixed matrix V), like the identity matrix, we can use V|
and the last m increments

p] =-xj+1 _-xja
g =Vt =V, j=k—-m,...,k—1,

to calculate the mth BFGS update of V;. Here m < k is some fixed parameter.
The matrix obtained in this way is applied at iteration k, and the BFGS
algorithm continues. We can even apply this idea at every step, always
working with the last m vectors p; and g;. This version of the BFGS method
performs very well in practice, but it does not have theoretical convergence
guarantees.
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5.7 TRUST REGION METHODS

5.7.1 Main Ideas
Consider the unconstrained optimization problem

minimize f(x).
xeR”
The Newton method, the Gauss—Newton method, and variable metric meth-
ods may also be interpreted as follows. At iteration k we have a quadratic
model of the function f(-):

FE) = PO + (V) x =) 3 (=2 Wil —x), (5102)

with W, being the Hessian of f(-) at x* (Newton’s method), or an approxi-
mation of the Hessian, generated by the variable metric method.

Assume for a moment that the matrix W; is positive definite. The un-
constrained minimum of (5.102) is achieved at the point x* — W, ' V£ (x%),
which would be obtained by making a step of length 1 in the direction d* =
-W 'V (x%). In the methods considered so far, line search in the direction
d* is carried out, in order to determine the next point, x**! = x* + ;4.

Another way to use model (5.102) is to restrict the search to a vicinity of
the point x*, in which we consider the model to be sufficiently accurate. Such
a vicinity may be defined in many ways, but it is most natural to consider a
ball

By ={x e R": |lx — x|l < A},

with some radius Aj. The set By is called the trust region. Using the trust
region we construct the auxiliary problem:
minimize f*(x). (5.103)
xeBy
We call problem (5.103) the trust region subproblem. We use the Euclidean
norm in the definition of the trust region, because it does not prefer any
direction.” Recall that we have already employed a similar approach in the
derivation of the method of steepest descent. Problem (5.9) on page 218 was
actually a trust region subproblem. There, after determining the solution of
this subproblem, we carried out search in the direction obtained.
We now explore a different idea. We solve subproblem (5.103) and we
obtain a point y*. Then we calculate the value of the objective function at y*

In Section 7.5 we discuss trust region methods for nonsmooth problems, where the use
of polyhedral norms || - ||1 or || - ||oco makes more sense.
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and we compare it to the value predicted by the model, f¥(y¥). For a fixed
value of y € (0, 1), we verify the inequality:

FON < FEH+ 7 [FON = FEH] (5.104)

Observe that the difference in brackets on the right hand side is nonpositive,
and thus inequality (5.104) requires that the improvement in true function
values be comparable to the improvement in model function values. If it is
satisfied, we conclude that sufficient progress has been made and we change
the current point by setting x**! := y*. This operation is called the descent
step. The radius of the trust region either remains unchanged, or is increased.

On the other hand, when inequality (5.104) is not satisfied, we conclude
that the model is not sufficiently accurate in the trust region. In this case we
decrease the radius of the ball By by setting A, := f> Ay with some S, €
(0, 1). The approximation to the solution remains unchanged: x**! := x*.
This operation is called the null step.

The detailed algorithm is presented in Figure 5.8. It starts from a point x !
with some matrix W; in the model (5.102).

Step 0. Setk:=1,A;1>0,0<y <y <1, >1,
pr € (0,1/p1).

Step 1. Find a solution y* of subproblem (5.103). If f*(y*) =
£ (x*) then stop. Otherwise, calculate f(y*) and continue.

Step 2. If
FOH < FOO + 7 [F£ON = £

then go to Step 3 (descent step). Otherwise go to Step 4
(null step).

Step 3. Set x**! := y*, calculate V£ (x**!) and W;,. If
FON < FE +7[05 - FEN),

then set Ay := f1 Ag. Otherwise, set Ay := Ay.
Go to Step 5.

Step 4. Set x**! := x*, Ay41 := PrAi. Calculate Wy, and
continue.

Step 5. Increase k by one and go to Step 1.

Figure 5.8. The trust region algorithm.
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It is useful to increase the size of the trust region after some descent steps.
The increase makes sense if the model is “too good” in the trust region, which
may indicate that longer steps would be successful as well. Such a possibility
occurs when inequality (5.104) is satisfied even with some y close to 1. In
this case the radius of the trust region is multiplied by some £ > 1.

Our classification of steps to descent and null steps is relevant for a
broader class of methods, most notably nondifferentiable optimization meth-
ods, which we discuss in Chapter 7. The main criterion for this distinction is
that at a descent step the current approximation x* and the model f*(.) are
updated, while at a null step only the model is updated. From this perspective
the radius of the trust region is considered a parameter of the model, as are
the gradient V£ (x*) and matrix W.

5.7.2 The Subproblem

We start from the analysis of the trust region subproblem (5.103). Its solution
(for a positive definite matrix W;) is illustrated in Figure 5.9. We also mark
there the trajectory of solutions y*(A), dependent on the size of the trust
region, A;. As we can see, for small A, the direction y* — x* is close to the
direction of steepest descent, while for large Ay, the direction y* — x* is the
Newton direction.

Figure 5.9. The trust region subproblem. The arrow represents the direction of
steepest descent and x’é is the Cauchy point. The dotted curve repre-
sents the solutions of the subproblem for various values of A.

Let us stress again that in the convergence analysis of the trust region
method we do not assume that the matrix Wy is positive semidefinite.
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LEMMA 5.29. A point y* € By is a global solution to problem (5.103) if
and only if there exists A, > 0 such that

(Wi + LD —x*) = =V f ("),

(5.105)
Ae(IyF = x¥ = Ap) =0,

and the matrix Wy, + A1 is positive semidefinite.

Proof. We first establish that these conditions are necessary conditions of
optimality. Setting d = x — x*, we can write problem (5.103) as follows:
1
minimize f(x*) + (VF (%), d) + =(d, W;d)
| 2 (5.106)
subject to E(||d||2 — A7) <0.

The Lagrangian has the form:

L(d,2) = f(x5 + (VFEY, d) ;d Wid) + %(||d||2—A,%). (5.107)

The problem satisfies Robinson’s condition at every point, in particular at its
solution d* = y* — x*. Application of the necessary conditions of optimality
of Theorem 3.25 yields equations (5.105). The multiplier 1, is unique,
because the gradient of the constraint function is nonzero, if the constraint
is active.

At the optimal solution d*, with the optimal multiplier 1, the Hessian of
the Lagrangian has the form:

V2L(d*, A1) = Wi + Al

Suppose the constraint is not active at the optimal solution d*. Then 1; = 0,
and the point dk is an unconstrained minimum of the quadratic function

(VF(x5),d)+ d W, d). It follows from the second order necessary condi-
tion of optlmahty of Theorem 3.46 (without any constraints) that the Hessian
of the objective function is positive semidefinite, that is, Wy > 0.

Suppose [|d¥|| = Ay. It follows that the point d* is also the minimum
of the Lagrangian (5.107) on the set S = {d € R" : ||d|> = A?}. Thus,
for every d € S we have L(d, ;) > L(d*, 1;). The function L(-, 1) is
quadratic, and its gradient vanishes at d¥, due to the first order condition
(5.105). Therefore

L(d, /) — L(d*, /Ik)_ (d —d*, V*L(d*, 2 )(d — db)).

It follows that
(d—d*, (Wi + I)d—d")) >0 forall deS.
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Define the set H = cone(S — d*). It is a union of an open halfspace and the
point 0. The last inequality can be rewritten as

(hy (Wi + A4xI)h) >0 forall h e H.

The same is true for 4 € —H. Since the closure of H U (—H) is the whole
R", we conclude that the last inequality holds true for all # € R". Hence
W 4+ Al is positive semidefinite.

To prove that the conditions are sufficient for the optimality of y*, we
notice that the fact that the matrix W), 4 A,/ is positive semidefinite and the
equation V,L(d*, Ax) = 0 imply that the Lagrangian L(-, 1;) achieves its
unconstrained minimum at *. From the sufficient condition of Theorem 4.8
we conclude that y* is the optimal solution of problem (5.103). m|

The decrease of the model function, f*(x*) — f*(y*), can be estimated
as follows. The point y* is at least as good as the optimal solution of the
problem

k Vf(xk)
(= IIVf(x")II)’

because a step of length at most A in the (normalized) direction of steepest
descent does not take us out of the trust region. The point

k=xt—1¢ —Vf(Xk)
¢ NVFEOI

where 7. is a solution of problem (5.108), is called the Cauchy point of the
trust region. It is marked in Figure 5.9.

The decrease of the model achieved by the Cauchy point can be estimated
easily.

minimize f* (5.108)
0<t<A

LEMMA 5.30. Suppose |Wi|| < M. Then

k
76 = 746 = 519 min (A, LD s 109
Proof. The function
_ ek k Vf(xk)
o() = 1*(x ”an(xk)n)’

which is minimized in (5.108), is quadratic with the derivatives

viah Vf(xk)>
IVFGEAI T Ivren

0'0) =~V 0"(0) =
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Suppose ¢”(0) < 0. Then the solution of (5.108) is 7. = A;. We obtain
FHED = 0(1) = 0(0) +9' (0 A = fXG&) = IV (M)A,

and inequality (5.109) is obviously satisfied.
Suppose ¢”(0) > 0. The unconstrained minimum of ¢ (-) is attained at
the point

P p'(0) _ IVf Nl - IVf &l
0" (0) < Vf (k) Vf (k) ) - M
wrani Vemrani

The best step can thus be estimated as follows:

IVF GOl )

7. = min (Ak,f) > min (Ak, i

Recall from (5.8) that the slope of the line from (0, ¢(0)) to (%, ¢ (7)) is
¢'(0)/2. Thus the slope of the line from (0, ¢ (0)) to (7., ¢(z.)) is at most
¢'(0)/2. We conclude that

1 /
F ) = 0(e) = 9(0) + 50/ O)z.
Combining the last two inequalities we obtain (5.109). m|

In the convergence analysis of the trust region methods we use only the
fact that the point y* is at least as good as the Cauchy point x ’é . This allows
for the use of approximate solutions of the trust region subproblem (5.103),
as long as they satisfy the inequality

k
IVf (x )II). (5.110)

FEON — £ = 31970 i (4, D8

This should not be understood, though, as some sort of equivalence of dif-
ferent versions of the trust region method. The main purpose of using the
quadratic model (5.102) is to perform better than the direction of steepest
descent.

The trust region subproblem is an easy problem, its solution does not
require expensive function and gradient evaluations, and many efficient al-
gorithms exist for finding good approximations of the solution. In the next
chapter we discuss in detail constrained optimization methods. In our case,
however, a specialized method, based on the optimality conditions of Lemma
5.29 and on duality theory, is easy to design. Define

Ao =min{A >0: W, 4+ Al > 0}
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and consider the optimization problem

minimize f (") + (Vf ("), d) + %Wa Wit doDd) 5 111

subject to ||d||*> < A>.

It is a convex problem, by construction. By employing the necessary and
sufficient conditions of optimality of Lemma 5.29, we immediately notice
that problems (5.106) and (5.111) are equivalent: they have the same sets
of optimal solutions, and the Lagrange multiplier 2 corresponding to the
constraint in (5.111) is equal to A; — A (Exercise 5.12). Assuming that we
know Ay, we can apply to problem (5.111) the duality theory.

Consider the Lagrangian (5.107) for 4 > 4. It follows from Theorem 4.3
that if the minimizer d (1) of the Lagrangian satisfies

l[d(A)]I> = A%, (5.112)

it is an optimal solution of problem (5.106). Equation (5.112) is a simple
one-dimensional problem. It can be solved by bi-section, by a method of
secants, or by Newton’s method. We leave it to the reader to work out the
details of these procedures in this simple case (Exercise 5.13).

Other methods of constrained optimization can be specialized to our case
as well. Exercise 6.9 discusses application of the sequential quadratic pro-
gramming method to problem (5.106).

5.7.3 Convergence

We now prove the convergence of the trust region method to stationary points.
As mentioned earlier, we only use inequality (5.110) satisfied by the sub-
problems solution, and thus our analysis covers many practical versions of
the method.

THEOREM 5.31. Assume that the function f(-) is continuously differen-
tiable, the set X1 = {x e R" : f(x) < f (x")} is bounded, and that there
exists a number M such that |W,|| < M, k = 1,2,.... Then every accu-
mulation point x* of the sequence {x*} generated by the trust region method
satisfies the necessary condition of optimality Vf(x*) = 0.

Proof. Our argument is based on an idea similar to the proof of convergence
of the method of steepest descent. We prove that the method leaves a neigh-
borhood of a nonstationary point, and that it cannot get back close to this
point. The only complication is that we need to consider chains of several
iterations, rather than just one step.

As the set X; is compact, the sequence {x¥} has accumulation points.
Suppose a subsequence {x*};cx is convergent to a point x* with V£ (x*) # 0.
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Our further considerations are carried out under this condition, and we show
that such a situation is impossible.
It is convenient to divide the proof into several stages.

The Exit Point
Since the gradient is continuous, we can find ¢ > 0 and J > 0 such that
IVf(x)|l = 6, whenever x remains in the ball B, about x* having radius ¢.
As the subsequence {x*}cic is convergent to x*, for all sufficiently large
k € K we have x* € B,. For every such k consider the iterations i =
k,k + 1, ... and define the index

l(k,8)=sup{j2k:||xi—x*|| <eg, foralli =k,..., j}.

In other words, I(k, &) + 1, if it is finite, is the first point of the sequence xk,

x*+1 .., outside of the ball B,.

Existence of the Exit Point

Our first observation is that /(k, ¢) is finite for each k € K such that
x¥ € B,. Suppose it is not true, and all points x’, i > k, remain in the ball
B.. We shall show that this implies that A; — 0 and leads to a contradiction.

If the number of descent steps is finite, the number of null steps is infinite,
and the convergence of A; to 0 follows from the construction of the algorithm.
Consider the case of infinitely many descent steps. If there is a descent step
at iteration i, we obtain from condition (5.104) that

FE = O <y £ = FO6D]
This combined with inequality (5.109) yields

SO = f&D

IA

V£ Dl )

— 21V e min (A, 7

e (A,-,%). (5.113)

IA

Hence, for every j > k

. ) 0
Yy paky < =22 m'n(A< —)
Fh = fehy = =5 3, min (&,
i- Hes;énl
Passing with j to oo we notice that the right hand side in the last estimate
can be finite only if A; — 0 for descent iterations i. But then A; — 0 for
alli. As A; is decreased at null steps only, the number of null steps must be

infinite. At every null step i we have the inequality:

fON = f@D >y [f1OD = f&H].
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Observe that ||y’ —x’|| < A,;. Since all points x’ and y’ belong to a compact
set and the gradient V£ (-) is continuous, there exists an infinitely small o(-)
such that

FOH < FEY+H(VFED, Y —x) +o(A), i=kk+1,....

As fi(-) is quadratic, has the same gradient at x’ as f(-), and |W;| < M,
it follows from the last inequality that there exists an infinitely small o0 (-)
such that

fON = FON+o(A), i=kk+1,...
We conclude that
A= GD = fG&D] = —ai(A),
where 0,(t)/t — O ast | 0. This combined with inequality (5.110) yields

at all null steps the estimate

V7l
) =

SIVF Gl min (A, o1().

But |[Vf(x")| > 6 foralli > k, and thus also

gmin (A,-, %) < o01(A)).

When i — oo over null iterations, we obtain
OA;
Ai — 0 and Tt < Ol(Ai),

an absurd. We conclude that the index /(k, ¢) is finite, for every k € K.

Improvement at the Exit Point
We now estimate the value of the function upon exiting the ball B.. We
have from inequality (5.113) that

SEE — Ry < DT AET) = £G6]

k=i<j(k.e)
i - descent

5—%5 Z min(Ai,%).

k=i<j(k.e)
i - descent

(5.114)

If A; > /M at some descent step i, then the last inequality yields

yo°

FOltt - pehy < =L
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If A; < /M for all descent steps i between k and [ (k, &), then

0
O GO S

k<izj(k.e)
i - descent

If k € K is sufficiently large, then || x* — x*|| < &/2. Consequently, the sum
in the expression above is at least £ /2. We obtain

y de

FEEP = () < ==,

Combining both cases we conclude that

PO ety < =22 min (£,

By the construction of the method, the sequence of the function values
{ f(x*)} is nonincreasing. As it is bounded, it is convergent. When k — o0,
k € K, we have f(x*) — f(x*). But then also f(x!®a+1) — f(x*),
which contradicts the last displayed inequality. m|

5.8 NONGRADIENT METHODS

5.8.1 Numerical Differentiation

If the function f(-) is continuously differentiable, but a closed-form expres-
sion for its gradient is not readily available, or cannot be derived by symbolic
differentiation software, two courses of action are possible.

First, we may use finite difference approximations of the gradient. De-
noting by e’ the jth unit vector in R, we may use the approximate formula

of(x) 1
ox; 20

[f(x+de))— fx—6e))], j=1,....n, (5115

with some small step 6 > 0. Other, more economical schemes for gradient
estimation are possible as well, and the finite difference step 6 > 0 may be
updated in the course of calculations.

As an additional benefit of this approach, we obtain an estimate of the
second derivative

2fx) 1

2 T
axj 0

[f(x+de)+ f(x—be/)=2f(x)], j=1,...,n. (5.116)

The diagonal matrix having these entries (calculated at a point of re-initializa-
tion) can be used as a pre-conditioner in conjugate gradient methods, or as the
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initial matrix V; in quasi-Newton methods, provided that all these estimates
are positive.

It should be stressed that finite difference approximations of the deriva-
tives, and even more so of the second derivatives, are very sensitive to nu-
merical errors in calculating the values of the function. Indeed, in (5.115) an
error in calculating the value of the function is divided by the small number J,
yielding a much larger error in the estimation of the derivative. In (5.116) we
divide by 6, and the estimation error of the second derivative is even higher.
It is therefore necessary that the errors in the calculation of the values of f(-)
are many orders of magnitude smaller than the finite difference step d.

5.8.2 Coordinate Descent

The second course of action is to use methods that do not rely on the gradient
in the calculation of the search directions. These methods have the general
form

H=xbtndt, k=1,2,..., (5.117)
with step sizes 74 calculated via directional minimization

FxAh = min FG* 4+ zdh). (5.118)

Note that we cannot be sure that d* is a direction of descent, and therefore
the line search procedure has to allow both positive and negative step sizes.

The simplest method of this form is the coordinate descent method in
which the unit vectors e!, ..., e" are used as the first n search directions.
After that, we use the unit vectors again, in the same order. In the Lth cycle
of the method, we thus have

dl"ti =e/, j=1,....,n, L=0,1,2,....

The convergence of the method of coordinate descent’ can be established
similarly to the convergence of the method of steepest descent.

THEOREM 5.32. Assume that the function f (-) is continuously differentiable
and that the set X, = {x € R" : f(x) < f(x")} is bounded. Moreover, as-
sume that for every x € X and for every direction e', . . ., " the directional
minimization problem

minixﬁize fix+ze), j=1,...,n, (5.119)
TE

TThe method of coordinate descent is also called the Gauss—Seidel method.
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has a unique solution. Then every accumulation point x* of the sequence
{xk} generated by the method of coordinate descent satisfies the equation
Vf@x*) =0.

Proof. Let us consider the sequence of points x?"*!, L = 0,1,2, ..., ini-
tiating each cycle of n coordinate steps. It is included in the set X; and
thus it has accumulation points. Suppose x* is its accumulation point. We
shall show that Vf(x*) = 0. Suppose Vf(x*) # 0. If we initiated the
method of coordinate descent from x*, it would find in at most n steps a
point y* = x* + Z?Zl Tj*ej, which has a smaller value of the objective
function: f(y*) < f(x*). Indeed, if f(y*) = f(x*) then the assumption of
uniqueness of the solution to the directional minimization problem (5.115)
implies that

f(x*) =min f(x* + 7€), j=1,...,n.
eR

Therefore

o1 () _

an

0, j=1,...,n,

which contradicts our assumption that Vf (x*) 7 0. So, a better point y* can

be found. Suppose x“"*! is very close to x*. The results of minimization in
the directions ¢é*,

Ln+j+1 __ _Ln+j i -
xHTT = XM gl j=1,...,n,

are, by assumption, unique. Using an argument similar to the proof of
Theorem 5.4 we can show that the points x "™/ *! converge tox* +>"7/_, te’,
if xI"*! — x*. Consequently, x/"*"*! — y* when L — oo over a
subsequence for which x"*! — x*. But then f(x!"*"*!) — f(y*). This
is a contradiction with the monotonicity of {f(x*)}, because f(xt"*!) —
F&) > fO).

The fact that we have focused on points xnl L =0,1,2,...,is irrel-
evant. For a convergent subsequence {x*}, k € K, we can find an infinite
sub-subsequence of points of the form x %"+ for at least one m. Now we
renumber the coordinates in a cyclical fashion: e”*! becomes e!, ..., "
becomes """, e! becomes e T!, ... becomes e". This brings us to the
case discussed before. m|

It should be stressed that the continuous differentiability of f(-) is es-
sential for the convergence of the coordinate descent method, as well as
other “nongradient” methods discussed in this section. If the function is not
differentiable, other techniques, which we present in the next chapter, are
applicable.
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5.8.3 Conjugate Directions without Derivatives

The fact that we use the unit directions e!, ..., " in the coordinate descent
method is not an essential restriction. We may use any system of directions
d',...,d", provided that they are linearly independent. In fact, the coor-
dinate descent method is mainly used with the accompanying operation of
changing the directions.
In order to see the motivation for such a change, let us consider the
quadratic function
1
fx) = E(x, Ox) + (c, x). (5.120)

with a positive definite matrix Q of dimension 7.

LEMMA 5.33. Assume that S is a subspace of R" and that x' € R" and
x" € R" are such that x" — x' ¢ S. If y' is the minimum of f (-) in the linear
manifold

L'=x"+S§
and y" is the minimum of f (-) in the manifold
L"=x"+S§,
then the vector y" — y' is Q-conjugate to every vector d € S.

Proof. If y’ is the minimum in L’ then —Vf(y") L §. Similarly, Vf(y”) L
S. This implies that for every direction d € S one has

(VF") = Vf(y),d) =0.

Since Vf(y") — Vf(y') = Q(y" — y’), the last relation is the required
(Q-conjugacy property. m|

Armed with this observation, we can suggest the following modification
of the coordinate descent method. We start from some point x° with a system
of linearly independent directions d', ..., d" (they may be the unit vectors,
as the Gauss—Seidel method). We then proceed as described in Figure 5.10.

Consider the first cycle of the method (Steps 1 and 2). The point x ! is
obtained by minimizing in the direction d”, and the point x""*!, by minimiz-
ing in directions d', ..., d"~! and d" again. By virtue of Lemma 5.33, the
direction x'"*! — xI1 is Q-conjugate to d". Hence, after the change of the
basis at Step 3, the last two directions, d"~! and d", become Q-conjugate.
Observe that the point x!"*! is already the result of the minimization in
the first of them, d"~! (which was d” before the change). In the next cycle
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Step 0. Setk = 1 and x10 = x°.

Step 1. Minimize the function f(-) in direction d" to obtain
the point

xbl = xh0 4 Tr0d", fixkbly = mi}}r{l £ 4 zd™y.

TE
Step 2. Minimize the function f(-) successively in the direc-
tionsd!,...,d" obtaining for j = 1, ..., n the points

xk,j+1 — xk,j_i__[k’jdj’ f(xk,j-H) — ny]{{l f(xk’j-i-fd])
T

Step 3. Change the system of directions by substituting
d':=d* d&* =, d"" =d", d" = x0T k0

If the new directions are linearly independent, go to
Step 4. Otherwise substitute for d!, ..., d" a known
system of linearly independent directions.

Step 4. Set x**1.0 := xkn*1 “increase k by one and go to
Step 1.

Figure 5.10. The conjugate direction method without derivatives.

(k = 2) the point x>! obtained at Step 1 is thus the result of the directional
minimization in two Q-conjugate directions. By Theorem 5.16, the point
x>! is the minimum in the manifold

L' =x"" +1lin{d""",d"}.
After Step 2, the point x>"*+! is the minimum in the manifold
L// — x2,n—1 + lin{dn_l, dn}.

By Lemma 5.33, the direction x>"*! — x>! is Q-conjugate to both d"~!
and d". After the change of the system of directions, we have three Q-
conjugate directions, d"~2,d"~!, and 4", and a point x>"*! obtained by
minimizing in the first two of them (at the end of Step 2). In this way,
each cycle adds one new Q-conjugate direction. If the linear independence
condition is satisfied, after n cycles the system d', ..., d" has n conjugate
directions. It follows from Theorem 5.16 that Step 1 of the next cycle yields
the minimum of f(-).
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The finite convergence property of the method depends on the linear inde-
pendence of the directions generated, which cannot be guaranteed, in general.
Furthermore, even more so than in the case of the conjugate gradient method,
numerical errors in the directional minimization result in the loss of the prop-
erty of conjugacy of the directions before the limit of n cycles is reached.
Therefore, we periodically reset the method by returning to the initial system
of directions. With periodic re-initialization, the convergence of the method
for continuously differentiable (not necessarily quadratic) functions follows
from the properties of the Gauss—Seidel method. Still, the change of the
system of directions substantially improves the practical performance of the
method, between the re-initialization steps.

5.8.4 Newton’s Method Without Hessians

Suppose we want to apply Newton’s method to find an unconstrained min-
imum of a twice differentiable function f : R" — IR, but only first order
derivatives of f(-) are available. A straightforward way to address this diffi-
culty is to approximate the Hessian V2 f(x) by employing finite differences
in the basic directions e!, ..., e". The jth column of the Hessian can be

approximated by forward differences:

0 f (x)

6)(?,'8)(7]'

[V2reolel = |

.....

j=1,...,n.

We can also use symmetric differences, as in (5.115). However, it is a very
tedious and error-prone procedure.

We can do much better by observing that our goal is not the exact calcu-
lation of the Hessian, but rather an approximate calculation of the Newton
direction:

d = —[VF ]V,
This requires the solution of the linear system of equations
[V F(9)]d" = =vrFEh). (5.121)

Write, for simplicity, Q = V2f(x*) and b = —Vf(x¥). System (5.121) can
now be written as

Qd =D,

and this is equivalent to finding the stationary point of the quadratic function

1
¢(d) = —(b,d) + 5d, Qd).
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Assume for a moment that the matrix Q is positive definite. The solution
of (5.121), which is also the unconstrained minimum of ¢ (-), can be found
by the (pre-conditioned) conjugate gradient method of Section 5.5. Since
the function ¢(-) is quadratic, the algorithm (5.75)—(5.76) can be written
as follows. We use j to number the iterations of this method, and we use
explicit formulas for the gradient of ¢ (-), g; = Qd; — b, for its Hessian, and
for the optimal step size 7;. The direction of change is now denoted by s;.
The method starts from d; = 0. The pre-conditioner is denoted by V (recall
that V is our approximate model of Q~!).

We calculate the first gradient, g = Qd; — b, and the first direction is

si = —Vgi. Thenfor j =1,...,n,if g; # 0, we carry out the calculations:
_ <gj9 Vg])
=,
(sj, Os;)
dj+1 = dj + TjSj,
8j+1 =8 + 71,05, (5.122)
(841, Vgj41)
Oj1 = —F————
(8> Vgj)
Sjt1 = —=Vgj1 + aj1s).

We know that in at most n iterations this method finds the solution to the
system Qd = b. In order to implement the method, we do not need to know
the Hessian Q; we only need to be able to multiply Q by the directions ;.
Here the techniques of numerical differentiation can be employed. For each
s; we approximate Qs; as follows:

1
Os; = [V2f(xH]s; =~ 5[Vf(xk +35) = VFGEH], j=1,....n,

with some 0 > 0. The method sketched above is called the conjugate
gradient Newton method.

It appears that n finite difference approximations are needed, as in the
straightforward approach mentioned at the beginning of this subsection.
However, we know from Section 5.5.2 that the conjugate gradient method
can find a very good approximation to a minimum of a quadratic function
in much fewer than n iterations. Therefore, we test at every iteration of
algorithm (5.122) whether

lgill < nligill

for some small # € (0, 1), and we terminate the iteration, if this condition
is satisfied. By Theorem 5.16, the point d; is the minimum of ¢(-) in the
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subspace
L;_y=1in{Vg,Vgs,...,Vgj_i}. (5.123)

This implies that the direction d; — 0 is the direction of descent for ¢ (-) at 0,
that is,

(Vp(0),d; — 0) = (Vf(x"),d;) <O0.

We can thus make a positive step in the direction d; at x* and improve
the value of the function f(-). Because of the possibility of terminating
the conjugate gradient loop, the method is also referred to as the truncated
Newton method.

The second reason for terminating the conjugate gradient iteration (5.122)
is the possible indefiniteness of the Hessian Q. Theoretically, the conjugate
gradient method is a method for solving linear systems with positive definite
matrices, but we can formally apply algorithm (5.122) to every Q, provided
that appropriate safeguarding is employed.

The key issue in ensuring that algorithm (5.122) generates useful search
directions is the test of nonpositive curvature of Q in the current direction s;:

(Sja QS]> =< 0.

If this occurs at the first iteration (j = 1), then we abandon algorithm (5.122)
and we use the direction of steepest descent at x¥, instead of Newton’s direc-
tion. If negative curvature is discovered at iteration j > 1, then we terminate
algorithm (5.122) and we use d; as the search direction for f(-) at xk. It re-
mains to verify that d; is a direction of descent. As s; is the first direction of
nonpositive curvature of Q, the subspace L ;_; defined in (5.123) contains
only directions of positive curvature. The quadratic form (d, Qd) restricted
to this subspace is positive definite, and the function ¢(-) is strictly convex
on L;_;. It follows that d; is the minimum of ¢ () in L;_;, and d; is indeed
a direction of descent for f(-) at x*.

EXERCISES

5.1. The function f : R? — R is defined as follows:

5\/9()61)2 + 16()62)2 if x1 > |xz],

9x1 + 16xp if x1 < |x2].

f(X1,xz)={

Assume that the initial point x° satisfies the conditions

0 0 90
X1 = X5 = —Xx7.
1 |2|—161
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Prove that the method of steepest descent with exact directional minimization start-
ing from the point x* generates a sequence of points {x¥} convergent to the point
(0, 0). Is it a minimum point of the function? Explain the failure of the method.
Hint: Prove that at every iteration k we have the relations

9
x{‘ > |x]2‘| > —x{‘.
16

5.2. Show that the Newton method is invariant under a nonsingular linear transfor-
mation x = Uy. Specifically, if we set g(y) = f(Uy) for a twice continuously
differentiable function f : R” — R, then the sequence {x*} of points generated
by the Newton method for £ (-), starting from x* = Uy", can be transformed to the
sequence of Newton iterates {y*} for g(-).

5.3. Consider Newton’s method with constant step size 74 = 1 applied to the
function f(x) = |lx||3. Show that it is convergent linearly to the minimum x = 0.
Why does quadratic convergence not occur?

5.4. Let Q be a positive definite matrix of dimension n and let d', ..., d" be Q-
conjugate. Consider the matrix D = [d' d* ... d"] and the diagonal matrix 4 with
entries A; = (d’, Qd'). Prove that

0 '=pa'DT.

5.5. Suppose a positive definite matrix Q of dimension n is expressed as Q =
D ADT | with some n x n matrix D and a diagonal matrix A.

(a) Show that the columns of M = (DT)~! are Q-conjugate and that M” QM
=A.

(b) Show that the columns of D are Q_l-conjugate.

(c) Discuss the implications of these equations for the Cholesky factorization
Q = LALT with a lower triangular L.

5.6. Starting from the point x? = (2, 2) minimize the function
Fx1, x2) = (x1) + 2(x2)? — 2x1x2 — 2x3 + 2
by the following methods:
(a) conjugate gradient method,
(b) DFP method,

(¢) BFGS method.

Verify the conjugacy of the directions.
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5.7. The quadratic matrix Q of dimension » has the form
Oo=1+ aaT,

with some vector a € R". How many iterations of the conjugate gradient method
are needed to find the minimum of the function (5.52)? Generalize this observation
to the case when

N
T
Q=1+ aa
j=1

with s < n and with arbitrary vectors ay, . .., as; in R".

5.8. The quadratic matrix Q of dimension n has the form

s
— AT
Q=D+ aja
j=1
with some positive definite matrix D and with arbitrary vectors ay, ..., as in R”,
where s < n. How many iterations of the pre-conditioned conjugate gradient

method with the preconditioner V = D~! are needed to find the minimum of the
function (5.52)?

5.9. Suppose the matrix Q of dimension n has all its eigenvalues concentrated in
two intervals: [a, b] and [a + h, b + h], with an arbitrary 4 > 0. Prove that after
two iterations of the conjugate gradient method for the function (5.52) we have

b—a
3y p(e) < N pea
FO) = f@ < 5 [ = F@)]
5.10. Using the identity:
A~ lapT A1
1+b6TA g
derive the BFGS formula (5.92) as the inverse of the dual DFP formula (5.91),

under the condition that Vy Wy = I. Check the equality Vi1 Wi4+1 = I by direct
multiplication.

5.11. Prove that algorithm (5.100)—(5.101) calculates the BFGS direction. Use
induction on k.

[A+abT] ' =A71 =

5.12. Prove that the trust region subproblems (5.106) and (5.111) are equivalent.

5.13. Assume that problem (5.112) has a solution 1 such that the matrix Wy + 141
is positive definite. Develop specialized versions of the method of bi-section, the
method of secants, and Newton’s method for this problem.

5.14. Starting from the point x° = (2, 2) minimize the function
fx1,x) = (JC])2 + Z(XQ)Z — 2x1x3 — 2x2 4+ 2x1

by the following methods:
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(a) coordinate descent method (first four steps),
(b) conjugate direction method without derivatives.
Verify the conjugacy of directions in (b).
5.15. Consider the problem of minimizing the function f : R> — R defined as

follows:
F(x1,x2) = x1 + x2 +max (0, (x1)? + (x2)2 — 4).

Suppose we use the coordinate descent (Gauss—Seidel) method. Analyze the opera-
tion of the method for several starting points: x° = (0, 0), x* = (0, 1), x° = (0, 2).
Explain the reasons for the unreliability of the method.



Chapter Six

Constrained Optimization of
Differentiable Functions

6.1 FEASIBLE POINT METHODS

6.1.1 The Projection Method
We focus at first on the set-constrained problem,

minimize f(x), (6.1)
xeX

with a continuously differentiable function f : R" — IR, and with a convex
closed set X C IR". The simplest idea of a descent method for solving (6.1)
is to make steps in the direction of steepest descent, and to return to the
feasible set, when the result is outside of X. We thus consider the following
iterative process:

X =T F — VYY), k=1,2,.... (6.2)

Here I (+) is the operation of the orthogonal projection on the set X analyzed
in Section 2.1.2, and 7 is a positive step size. The method is a direct extension
of the method of steepest descent with constant step sizes, and we have a
direct analog of Theorem 5.1.

THEOREM 6.1. Assume that the function f(-) is continuously differentiable
and its gradient is Lipschitz continuous with some constant M:

IVf(x) = Vi = Mlx =yl forall x,yeR".

Furthermore, assume that the set {x € X : f(x) < f(x")} is bounded. If
the step size t satisfies the inequalities

1
0 —, 6.3
<r<M (6.3)

then every accumulation point x* of the sequence {x*} generated by algorithm
(6.2) satisfies the necessary condition of optimality:

—Vf(x*) € Ny(x"). (6.4)
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Proof. From the differentiability of f(-) we obtain

1

f(xk+1) — f(xk) —{—/(Vf(xk +9(Xk+1 _ xk))’xk—i-l _ xk)dH
0
= 76 + (VA )

1
+ / (VEGE* +0M —xb)) — vEE®), X — x5 do
0

1
< FOF) +(VFEE), 2! —xk)+M/0||xk+1 —xX12 a6
0

< FEN) +(VAEE), A —xM) + %lek“ — x*2. (6.5)
In view of (6.2), Lemma 2.11 yields
(b — Xk ek _ o v (k) — x4y < 0.
Hence
(VF (x5, xF1 = xhy < _%”ka — X2

Substituting this estimate into (6.5) we obtain

1 M

FE = feM) = (= F) I P k=120 (66)
T

Assumption (6.3) implies that £ (x**!) < f(x*)forall k. Since the sequence

{x*} is bounded, the sequence { f (x¥)} is convergent. Then it follows from

(6.6) that ||x**! — x¥||> — 0, as k — oo. This can be rewritten as

|* =o. 6.7)

lim ||HX(xk —Vf(xh)) — xF
k— 00
Suppose x* is an accumulation point of the sequence {x*}. The projection
operator I1x(-) is continuous, because it is nonexpansive (Theorem 2.13).
Passing to the limit in (6.7) over a subsequence for which x¥ — x*, we
conclude that

=0,

My (x* = 2 Vf(x™) —x*
Thus x* = [Ix(x* — zVf(x*)). By virtue of Lemma 2.11,

(=Vf(x™),d) <0 forevery d e Kx(x*).
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Therefore —Vf(x*) € [KX (x*)]o, which is the required optimality condi-
tion. m|

Three difficulties are associated with the projection method (6.2). First,
the projection operation requires solving an auxiliary optimization problem

minin)}ize x —xk 4+ V)2,
XxXe

which may be hard, unless the set X has some special structure, like a box or
a ball. Second, no easy line search is possible in this method, and thus very
small step size 7 has to be used to ensure convergence. Finally, similarly to
the method of steepest descent, the method is very slow for ill-conditioned
problems.

For these reasons, the projection method is very rarely used in practice
in its pure form. However, it appears as a part of other methods, especially
multiplier methods, which we discuss in Section 6.4.

6.1.2 The Reduced Gradient Method

Another way to ensure feasibility of the iterates generated by the method is
to consider only feasible directions as candidates for search directions. This
idea is best explained on optimization problems with linear constraints:

minimize f(x)
subject to Ax = b, (6.8)

x >0.

Here f : R" — R is a continuously differentiable function. The matrix A
of dimension m X n, and the vector b € R are given. We also assume that
the rank of A is m.

We choose the above standard form of linear constraints only for ease of
presentation. Our considerations can be easily extended to the case when
inequality constraints and bounds on the vector x are present.

The reduced gradient method extends to the case of the nonlinear problem
(6.8) the techniques of the simplex method in linear programming, and read-
ers familiar with linear programming will easily recognize many concepts in
our presentation.

Our idea is to generate a sequence of feasible points {x*} by moving within
the facets of the feasible polyhedron of (6.8). At the current point x* we split
the decision vector x into three subvectors:

e nonbasic variables x, which are assumed to be fixed at O;
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* superbasic variables x g, which are nonnegative, and are considered as
independent variables; and

* basic variables x g, whose values are calculated to satisfy the equation
Ax =b.

The partition of x into these three subvectors corresponds to the division of
A into three submatrices: N, S, and B. The choice of the subvector of basic
variables should be such that the matrix B is square and has rank m.

Let us introduce three index sets: I, I, and Iy, containing the indices of
the basic, superbasic, and nonbasic variables, correspondingly.

After rearranging the components of x and columns of A in such a way
that the components (columns) corresponding to /g come first, those corre-
sponding to /g after them, and the components and columns associated with
Iy last, we may write:

XB
x=|xs|, A=[B S NJ.
XN

The equality constraints take on the form:
BXB + SXS + NXN =b.

By fixing the nonbasic variables at zero, we choose a facet of the feasible set
of problem (6.8) defined by the relations:

xg = B7Y(b — Sxy), (6.9)
xg >0, (6.10)
xs > 0, (6.11)
xy = 0. (6.12)

We shall try to minimize f(-) within this facet, by treating x g as independent
variables, and xp as dependent variables determined via (6.9). Using the
convention that

fx) = fxp, x5, xN)
we can represent the objective function within this facet as
0(xs) = f(B™'(b = Sxs), x5,0). (6.13)

Let us denote by V., f(x), V,, f(x), and V., f(x) the three subvectors of the
gradient of f(-) corresponding to the partition of the vector x. The gradient
of ¢(-) can now be calculated by chain rules of multivariate calculus:

Vp(xs) = Vi f(x) = ST[B™'] Vo, £ (5). (6.14)
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We do not need to evaluate the inverse of the matrix B to calculate the
gradient. We just need to solve the system of equations

B'n =V, f(x), (6.15)
and we set
Vo(xs) = Vi f(x) — S'. (6.16)

The vector Vg (xs) is called the reduced gradient of the objective function.
Since we have an easy way of calculating the gradient of ¢(-), we can
apply an efficient unconstrained optimization method to the problem

minimize ¢ (xg). (6.17)

To be specific, let us assume that it is the conjugate gradient method. Of
course, the minimization of f(-) over the facet defined by (6.9)—(6.12) is not
equivalent to problem (6.17), because we have ignored inequality constraints
(6.10)—(6.11). Therefore, we introduce to the conjugate gradient method a
modification within the step size selection rule.

Given adirection of descent d ’S‘ for ¢ (-) in the space of superbasic variables,
we can calculate the direction of change of the basic variables:

dy = —B~'Ssdt. (6.18)

The nonbasic variables remain fixed at x% = 0, and thus the resulting direc-
tion of change of the vector x is

|
d* = | dg
0
The step size value 7y is the solution to the problem
minimize f(x’l‘; + rdé, x§ + Td’s‘, xﬁ,)
subject to x} + tdy > 0,
xé + ‘rdé >0,

T >0.

(6.19)

Consider the point x**! = x* + 7;d* obtained. If

(VF(xh,d*) =0,

the point x**! is the same as in an unconstrained version of (6.19). In this

case, we can continue the operation of the conjugate gradient method in the
subspace of the superbasic variables xg.
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If some of the bounds in (6.19) are active, that is
(Vf@**h),d*) <o,

we cannot continue with the unconstrained optimization algorithm in the
same subspace. We then select a basic or superbasic variable x, that hit its
bound. It can be identified by the conditions

x1=0 and d* <O. (6.20)

The variable x, is reclassified to the set of nonbasic variables. If » € I then
we simply set

= I\l =Dy U ),

and we continue. If x, is a basic variable, we move the index r from the set
I to the set Iy of nonbasic variables. In this case, however, we also need to
augment the set of basic variables, in order to keep the basis matrix B square
and nonsingular. To this end we choose among the superbasic variables a
variable x, to be reclassified to the set of basic variables, and we set

I == 1p \ {r} U{e}, IV =I5\ {e}, IVY = Iy U{r}.

The new basis matrix will have columns {a' : i € I}*¥}. We must ensure
that it is nonsingular.

LEMMA 6.2. Suppose (6.20) holds true for a basic variable x,. Then we
can find a superbasic variable x, such that the columns a', i € I, are
linearly independent.

Proof. Let us assume that 7 is the first index in /g. The basis matrix has the
form

B=[p" »* ... b"].

Suppose it is impossible to find a column a of S to replace b! and to make
the new matrix,

B =[a 0* ... b"],
nonsingular. This means that the matrix

[* ... b"|S5]
is singular. Hence there exists a nonzero vector z € R™ such that

[P ... bS] =0. (6.21)
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By (6.18),
Bdp + Sds = 0.

Multiplying from the left by z7 and expanding into coordinates of dz we
obtain

@"D"Ydp + D (2"b)dpi + (z"S)ds = 0.

i=2

By (6.21), all components of the sum above, but the first one, are zero. Then
also

Zb'dg, = 0.

It follows from (6.20) that d 5 is nonzero, and thus z7»! = 0. Hence z'B = 0,
which contradicts the nonsingularity of the matrix B. Consequently, (6.21)
cannot hold true for a nonzero z. O

It follows that it is possible to introduce into the basis matrix a column of
S and keep the basis matrix nonsingular. The choice of a particular column,
and testing whether its introduction yields a nonsingular basis matrix, can
be done by specialized techniques of numerical linear algebra, which are
well established in linear programming. Usually, the current matrix B is
maintained in a factorized form,

B=1LU,

with some lower triangular matrix L and an upper triangular matrix U. An
exchange of a column of B is equivalent to an exchange of the corresponding
column of U. Then, by dedicated refactorization techniques, U is brought
back to an upper triangular form (which changes L as well). If this process
is successful and yields nonsingular factors

new ___ new new
BV — [rewpynew

the update is completed. Otherwise, another column of S has to be tried.
Lemma 6.2 guarantees that a successful update will eventually occur. We
refer the reader to the linear programming literature for the details on factor-
ization and refactorization techniques.

Returning to the reduced gradient method, we notice that every encounter
with a nonnegativity bound for basic or superbasic variables results in an
increase of the cardinality of the set of nonbasic variables and a decrease of
the cardinality of the set of superbasic variables. After such a change, the
conjugate gradient method has to be re-initialized in the new facet of the
feasible set.
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Since the cardinality of the set of superbasic variables can be decreased
only finitely many times, after finitely many iterations it remains unchanged
(possibly equal to zero). As the feasible set is compact, every accumulation
point of the sequence generated by the conjugate gradient method with re-
initialization satisfies the necessary condition of a local minimum of problem
(6.17), associated with the last classification into basic, superbasic, and non-
basic variables. In practical computations an approximation to such a point
will be found, but we are not going to introduce these technical details into
our analysis. The mechanism of the method is best explained if we assume
that a point Xg is found such that

Vo (xs) = 0. (6.22)
The corresponding values of basic variables are
Xp = B~ (b — Siy),

and the nonbasic variables are Xy = 0. If the last partition has no superbasic
variables at all, we set X3 = B~'h. We shall call the point £ = (%3, X5, Xn)
a semi-stationary point.

The question to be addressed now is whether a semi-stationary point sat-
isfies optimality conditions of a local minimum of problem (6.8). It can be
answered by analyzing the vector

gv =V f(X) = Nz,
with 7 calculated by (6.15) at x:
B'% =V, f(%). (6.23)

Problem (6.8) is a special case of problem (3.55) from page 133, with no
inequality constraints, 4 (x) = b— Ax, and with Xo = R/, and Yy = {0}. The
necessary conditions of optimality for this problem are provided in Theorem
3.25, and we refer to these conditions in the lemma below.

LEMMA 6.3. If gn > O, then the point x = (Xp, X5, Xn) satisfies the neces-
sary conditions of optimality for problem (6.8).

Proof. The necessary condition (3.30) for problem (6.8) takes on the form
0e VFE)— ATu + Nx,(®).
Due to the the explicit form of X, the optimality conditions simplify:

VFE) —ATu >0,

6.24
(£, VF(&) — ATu) = 0. (€24
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We can now verify that these conditions hold true with 4 = 7. Equation
(6.23) implies (6.24) for the basic variables. As Vo (Xy) = 0, formula (6.16)
yields (6.24) for the superbasic variables. Finally, the assumptionthatgy > 0
is equivalent to (6.24) for the nonbasic variables. The complementarity
condition holds true as well, because the nonbasic variables are zero. m|

If the condition gy > 0 is not satisfied, the semi-stationary point does not
have to satisfy the necessary conditions of optimality.

Let us first analyze the case when the values of all basic variables are
strictly positive. After finding the semi-stationary point X, we enlarge the
facet to allow further progress. We define a nonempty set of “promising”
nonbasic variables

ENC{iEINIgNi <0}
and we set
I;‘ew = IsuEN, III\l,eW = IN\EN'

Consider the direction of steepest descent in the space of superbasic variables
at x:

ds = —Vp(¥s).

Since ¥ was a semi-stationary point, the components of dg corresponding
toi € Ig (all previous superbasic variables) are zero, and the components
corresponding to i € Ey (the newly introduced variables) are positive. As
the basic variables are strictly positive, the direction dg is feasible. Since
it is nonzero, the cone of feasible directions of descent is nonempty, and
the necessary conditions of optimality are not satisfied. A small step in
the direction dg will decrease the value of the objective function, without
violating any constraints.

If some of the basic variables are equal to 0, and the corresponding coor-
dinates of the direction of change of the basic variables,

dy = —B~'Sd;,

are negative, then no positive step in the direction d = (dp, ds, 0) can be
made. An iteration in this case will only result in a reclassification of the
variables, without any changes in their values. Such a situation is called
degenerate and is well understood in the theory of linear programming. Ac-
tually, when no changes in the values of the variables occur, the situation is
the same as if the problem was linear, with the objective function

f) = f@) + (VF(R), x — %)
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In theory, when degeneracy occurs and many ways to reclassify the vari-
ables are possible, careless reclassification may lead to cycling. Fortunately,
there exist specialized linear programming techniques guaranteeing that the
sequence of degenerate steps at X is finite, and either a positive step can be
made, or optimality conditions are satisfied. The reader is referred to the
literature on linear programming for details of these procedures.

We are now ready to prove convergence of the reduced gradient method.
As every minimization within a facet ends with a certain point satisfying con-
dition (6.22), we focus on the sequence £, £2, . .. of semi-stationary points.
Although in practical computations we cannot find any semi-stationary point
exactly, it is more instructive to analyze the method under such an idealized
assumption.

THEOREM 6.4. Assume that the function f(-) is convex and the feasible set
of problem (6.8) is compact. Then the sequence of semi-stationary points
generated by the reduced gradient method is finite, and its last element is an
optimal solution of problem (6.8).

Proof. Every semi-stationary point £¥ corresponds to a certain classification
of the index set {1, ...,n} into I, I§, and I,’f,. As the function f() is
convex, the point £ is a minimum point of f(-) within the facet defined by
(6.9)~(6.12). If £* does not satisfy the optimality condition of Lemma 6.3,
an iteration of the method of steepest descent with respect to the superbasic
variables (after some degenerate steps, possibly), results in a decrease of the
value of the objective function. Thus f(£"*') < f("),m =1,2,.... The
method cannot return to a facet in which a semi-stationary point has already
been found. Since the number of facets is finite, the method must stop at an
optimal point. O

We can apply the reduced gradient method to linearly constrained prob-
lems where f(-) is smooth but not necessarily convex. If the method stops at
a semi-stationary point satisfying the condition of Lemma 6.3, we know that
it is a stationary point of problem (6.8). However, if the method generates an
infinite sequence of semi-stationary points {x™}, we cannot guarantee that
its accumulation point, x*, will be stationary. The difficulty is in the specific
way in which a direction of descent is generated at a semi-stationary point.
It depends on the current classification into basic, superbasic, and nonbasic
variables. Although at x* a good classification guaranteeing a decrease of
the value of f(-) may exist, we cannot claim that the same classification is
used at points ™ close to x*. If this were true, we would be able to obtain a
contradiction, as values lower than f(x*) would be obtained after a re-start
from x™ for sufficiently large m. Unfortunately, it is theoretically possible
that even very close points X use a different classification than the one that
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is good at x*, and very short steps occur. In practice, such behavior has not
been recorded.

Theoretically, we can modify the reduced gradient method to guarantee
convergence to stationary points of (6.8). We employ at each semi-stationary
point one iteration of a very robust but extremely inefficient method: the fea-
sible direction method. Tt linearizes the objective function at X and constructs
the linear programming problem:

maximize o
subject to (Vf(X),d) < —o,
Ad =0,

)ej-i-deO', j=1,...,n.

(6.25)

The decision variables in this problem are the direction d € IR" and the
“buffer size” ¢ € R. Under the condition that a point x* > 0 satisfying
the constraints exists, one can prove that 6 = 0 is an optimal solution of
this problem if and only if the point X is a stationary point of problem (6.8)
(see Exercise 6.3). If the optimal solution has 6 > 0, the direction disa
feasible direction of descent at x. Most importantly, problem (6.25) is stable
in the following sense. If a sequence {X™} is convergent to x*, then every
accumulation point of the sequence of solutions (G,,, c?’") of problem (6.25)
(constructed at X™) is a solution of this problem constructed at x*. This can
be easily proved by contradiction, by assuming that a better solution at x*
exists. Then, after a minimal adjustment, it is feasible for the problem at
x™ and is better than (G,,, c?”’). We leave the details of this argument to the
reader. The stability property precludes the case of x* being nonstationary.

A re-start from one iteration of the feasible direction method will make
all variables positive, and thus only basic and superbasic variables will be
present. After that, many iterations will be needed to generate the classifica-
tion for which the next semi-stationary point will be found. All this is very
time-consuming and complicated, but it guarantees convergence. There is
no real need to employ (6.25) at all semi-stationary points, except in some
rare situations of jamming in a nearly degenerate solution.

Feasible direction methods, based on the idea of problem (6.25), can be
applied to problems involving nonlinear inequality constraints:

gix) <0, i=1,...,m.

At each iteration of the method we construct a linearized problem similar to
(6.25), but also with linearized inequality constraints:

g®) +(Vgi(x),d) < —0o, i=1,...,m.
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Such methods are very stable, but very slow, and have mainly historical
importance.

Finally, we may add that the reduced gradient method can be easily adapted
to a slightly more general problem formulation:

minimize f(x)
subject to Ax = b,
li <xj <u;, jel,
li <xj, jeh,
xX; <uj, jeEJ,
with lower and upper bound vectors / € R” and u € R", and disjoint sets of
indices J;, J> and Js. The coordinates x; for j € {1,...,n}\ (J; U U J3)
are unrestricted.
The only differences are that the nonbasic variables may be frozen at their
lower or upper bounds, and that the directional minimization has to take care

of all lower and upper bounds on the variables. The unrestricted variables
never become nonbasic.

6.2 PENALTY METHODS

6.2.1 General Ideas

The idea of penalty methods is to approximate a constrained optimization
problem by an unconstrained optimization problem or by a problem with
simple constraints. Consider the problem
minimize f(x), (6.26)
xeXNXo
where f : R" — IR, and X and X are closed subsets of R". We represent the
feasible set as an intersection of two sets to allow treating “easy” constraints
x € Xy directly.
We construct a continuous function P : R" — IR having the following
property:
P(x)=0, if xeX,
P(x)>0, if x¢ X.

A function satisfying these conditions is called a penalty function. It can be
used to formulate an auxiliary problem with simple constraints:

minimize [@,(x) = f(x) + o P(x)]. 6.27)

xeXo
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Here p > 0 is called a penalty parameter. The idea of problem (6.27) is
that the term p P (x), which is added to the objective function, introduces a
“penalty” for violating the constraints x € X. We hope that if p is sufficiently
large, the solution of (6.27) should be close to a solution of (6.26).

LEMMA 6.5. If problem (6.27) for some p > 0 has a solution x* which is
an element of the set X, then x* is an optimal solution of problem (6.26).

Proof. As x* solves (6.27), for every x € Xy N X we have
FE) +eP (") < f(x) +oP(x).

Since both x* and x are feasible, P(x*) = P(x) = 0. Hence x* is optimal.
O

In general, we cannot expect to obtain a feasible minimizer of (6.27) for
a finite value of the penalty parameter. Usually, we consider a sequence of
problems (6.27), where the penalty parameter p is increased to 4-oo. Still,
under fairly general conditions, convergence to a solution of (6.26) occurs.

THEOREM 6.6. Assume that problem (6.26) has an optimal solution. Let
o — 00, as k — 00, and assume that problem (6.27) has a solution x* for
0 = ox. Then every accumulation point of the sequence {x*} is an optimal
solution of problem (6.26).

Proof. Suppose X is an optimal solution of (6.26). As it is feasible for (6.27),
FOO 4+ 0PG5 < fFR)+0PR) = f(R), k=1,2,.... (6.28)
Hence
f6) = F&5
Qk

Consider a convergent subsequence {x*}, k € K. Let x* be its limit. Passing
to the limit with k — oo, k € K, in the last inequality we conclude that
P(x*) — 0,as k — oo, k € K. It follows from the continuity of P(-) that
P(x*°) =0, and thus x> € X.

Furthermore, inequality (6.28) implies that

fG®) = lim £ < lim [f () + e PO] < £

kelkC kelC

P(x") <

The point x*° is an optimal solution of (6.26). |

To apply this theorem, we need additional conditions guaranteeing that the
sequence {x¥} indeed has accumulation points. The easiest is the condition
that the set X is compact. More generally, it is sufficient that a feasible
point x? exists, such that the set {x € X, : f(x) < f(x°)} is bounded.
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6.2.2 Quadratic Penalty

We can now apply the general ideas of penalty methods to the nonlinear
optimization problem:

minimize f(x)

subject to g;(x) <0, i=1,...,m,
j gi(x) < | (6.29)
h,-(x):(), l=1>"~5p:
XEXO.

Allfunctions f : R" - R, g :R"—> R,i=1,...,m,and h; : R" - R,
i =1,...,p,are assumed to be continuously differentiable. The set X is
convex and closed.

The following function

Py(x) =

l\)l>—‘
NI*—‘

i max O g,(x)

p
Z hix)]°

is called the quadratic penalty function for problem (6.29). For the set X
defined by the inequality and equality constraints of problem (6.29), the
function P, (-) satisfies the general conditions of the penalty function. Thus,
under the condition that X is compact, Theorem 6.6 can be applied.

The main advantage of the penalty function P;(-) is that it is continuously
differentiable, as a composition of the continuously differentiable functions
gi() and h; () with the functions 7 > [ max(0, t)]2 and t > ¢, which are
continuously differentiable as well.

Consider the sequence of problems

mmémlze { L(x) = f(x) + ok Pz(x)} (6.30)
X
with g — o0. The corresponding solutions of problem (6.30) are denoted
by x*. If the sequence {x¥} is bounded, then it has accumulation points, and
Theorem 6.6 implies that each accumulation point is a solution of problem
(6.29). Therefore, to focus attention, we can assume that the entire sequence
{xk} is convergent to some solution X of problem (6.29).

Let us recall Robinson’s constraint qualification condition for problem
(6.29). It is convenient to introduce the set 1°(%) of active inequality con-
straints:

@) ={l<i<m:gE) =0).

Now we consider (locally about x) the mapping g (x) with coordinates equal
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to gi(x), i € I°(x). Robinson’s condition takes on the form:

0 € int Hg/gfzg)z y] td e Ky, (%), y = 0} . 6.31)

The set Ky, (%) is the set of feasible directions for X at x.

We know from Theorem 3.25 that Robinson’s condition guarantees the
existence of Lagrange multipliers at the point X : vectors Je R and i € R"
such that

m p
0€ VI + D AiVai®) + D A Vhi(®) + Ny, (9).

i=1 i=1

Moreover, i,-g,- (x) =0,i =1,...,m. It turns out that the quadratic penalty
method can approximate the Lagrange multipliers very well.

THEOREM 6.7. Assume that g, — 00, as k — 00, and that the sequence
{x*} of solutions of problems (6.30) is convergent to some solution X of prob-
lem (6.29). Furthermore, assume that Robinson’s constraint qualification
condition is satisfied at X. Then the sequences

IF = p, max 0, M), i=1,...,m,
/ui=Qkhi(-x )9 l=17""p=

are bounded, and each accumulation point (1, Q) of the sequence {(1*, 1*)}
is the vector of Lagrange multipliers satisfying the necessary conditions of
optimality at X.

Proof. The optimality conditions for problem (6.30) at x* have the form
0 = V&, (x*) + o

with some v* € Ny, (x*). Differentiating the function @,,(-) and using the
definition of ¥ and u* we obtain

m

0= Vf(x") + o D [max (0, g:(x"))] Vi (x*) (6.33)

i=1

p
+ 0k D hi(¥)Vhi(x¥) + 0¥

i=1

m p
= VA + D Vg Ry + D b Vhi by + ot (6.34)
i=1 i=1
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Suppose the sequence {(A*, x*)}is unbounded. Then we can select an infinite
subsequence /C such that ||(A%, u*)|| — oo, as k — oo, k € K. Consider
the sequence

(25, 1
II(/I" I’

As it is bounded by construction, it has a convergent sub-subsequence. De-
note its limit by (4, ). It has norm 1. Let us divide both sides of (6.34) by

IG5, )l

V(x5
TG O

", iy = kek.

+ Zi Vei (') + Zﬂth @) +a', (639
with

€ Ny, (x5).

II(/V‘ 1l

The vectors ¥ have some limit &, when k — oo over the sub-subsequence
for which everything else has a limit in (6.35). By Lemma 2.42 on page 38,
b € Nx,(X). By passing to the limit over the convergent sub-subsequence
we obtain from (6.35) the relation

m V4
0=> LiVei®) + > i;Vhi(®) + 0.
i=1 i=1

Observe that g; (x*) < 0fori ¢ I°(%) and for all sufficiently large k, because

n =k . . .
gi(x*) — g; (). Hence 4, = 0 for these i and we can rewrite the last relation
as

p
0= > LiVg®) + D i1, Vhi®) + 5. (6.36)
iel0(%) i=1

On the other hand, it follows from Robinson’s condition that there exists
d € Kx,(X) such that

(Vgi(®),d) <0, iel’Q),
(Vhi(®),d) <0, if j; >0,
(Vhi(®),d) >0, if ji; <O.

As v € Ny, (X), we also have

(v,d) <0.
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Since the norm of (4, ) is 1, some of the multipliers Z; or /i, are nonzero.
Multiplying both sides of (6.36) by d we obtain a negative number on the
right hand side and zero on the left hand side, a contradiction. Therefore the
sequence {(A*, 1¥)} is bounded. It follows that it has accumulation points.
For each such an accumulation point (1, [l) we can extract a subsequence
such that (A, u*) — (1, i) over this subsequence. Passing to the limit in
(6.34) over this subsequence (an using Lemma 2.42 again) we conclude that

m p
0€ VI + D 4Veid) + D 4 Vhi(R) + Ny, (0).

i=1 i=1

By the definition of A¥, the complementarity condition ligi®) =0,i =
1,...,m, holds true as well. O

Again, we make the interesting observation that the values of the La-
grange multipliers are obtained as a by-product of a constrained optimization
method.

If separate penalty coefficients are used for different constraint functions,
formulae (6.32) have to be modified accordingly. Theorem 6.32 remains
valid, and the proof is almost the same.

A disadvantage of the quadratic penalty method is the increased difficulty
of problem (6.30) for large values of the penalty parameter p. To illustrate
this issue, let us start with an example.

Example 6.8. Consider the following problem:

1
minimize 5[(}61)2 + (xz)z]
subjectto 2 —x; —x2 =0.

Its solutionis X; = X, = 1 and the Lagrange multiplier associated with the constraint
equals £ = 1. The penalty problem takes on the form
2

w02+ 500 + 22— x -]

1
minimize [(DQ (x1,x2) 3

Its solution is
20

204+ 1°

As the general theory guarantees, X(g) — X, when ¢ — oo. Moreover,

x1(e) = X2(0) =

20

oh(x(0)) = 22— x1(e) — %2(0)) = ek

This quantity is convergentto j as g — 00.
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The Hessian of the objective function of the penalty problem equals

I+o o
2 —
V@Q()q,xz)—[ p 1+l

The eigenvalues of this matrix are: 41 = 1 and A, = 1+ 2p, and thus the condition
index is

We see that 2 — 0o as p — 00; the penalty problem becomes more and more ill-
conditioned, when the penalty coefficient increases. We illustrate this phenomenon
in Figure 6.1.

Figure 6.1. Operation of the quadratic penalty function in Example 6.8 for p = 2
(left) and p = 10 (right). The dashed line represents the feasible set.

More generally, let us analyze a nonlinear optimization problem with
equality constraints only:
minimize f(x)
subjectto h;(x) =0, i=1,...,p.
Suppose the functions f(-) and %;(-) are twice continuously differentiable.

Consider an optimal solution x and the Hessian of the objective function of
problem (6.30):

p
V2, (8) = VF(8) +2 ) Vhi(®[VR(®)]'.
i=1

In order to estimate the condition index of the Hessian, we consider the
quadratic form

0(d) = (d, [V’®,(%)]d).
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Suppose the dimension of the subspace
={d e R":(Vh;(x),d)=0,i=1,...,p}

is positive. This is a typical situation; otherwise the point X is an isolated
feasible point. We also assume that the dimension of D is smaller than n,
which means that at least one of the gradients of the constraint functions is
nonzero.

Consider a direction d € D of length 1. From the second order necessary
conditions of optimality we know that Q(d) > 0. We also obtain the upper
bound

QW) = (d, [V f(D)]d) < Zmax (V[ (2)),

because the terms with the gradients of the constraints are zero for d € D.
Hence

Anin (V2B (£)) < Amax (VEF ().

Now consider a direction z of length 1 in the complementary subspace D=.

P
0@) = (z, [V2f(®)]z) + §:zWMMVh@ﬂ)

<

= (o, [V2f(®D)]2) + Z( (V)] )

= (e, [V ®)]e) + o] ')z

As z is a nonzero element of D, it cannot belong to D. Thus h'(%)z # 0.
The condition index of the Hessian is at least

Lo 2@ Ann(VS @)+l Gz
T T (V)

The right hand side of this inequality tends to co when p — oo, and thus
problem (6.30) becomes very ill-conditioned for large p.

Similar phenomena occur in problems with inequality constraints. For
these reasons the quadratic penalty method is rarely used as a stand-alone
method for constrained optimization, but rather is an auxiliary module in
more efficient methods.

6.2.3 Exact Penalty Function

Letus return to the nonlinear optimization problem (6.29). Since the quadrat-
ic penalty function P,(-) has zero gradient at the optimal point, it cannot
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provide an exact solution to the constrained optimization problem, when
—Vf(X) ¢ Nx,(x). In fact, every differentiable penalty function must have
zero gradient at the solution of (6.29).

One possibility to overcome this disadvantage is to use the penalty function

m P
Pi(x) = D max (0, 8(0) + D 1hi(x)]. (6.37)
i=l i=l

As before, we replace (6.29) with the problem
minimize [&,(x) 2 f(x) +oPi()], (6.38)
XeX(

where p > 0. We call the function P, () an exact penalty function, because in
many cases problem (6.38) can provide an optimal solution of the constrained
problem for a finite value of the penalty parameter p. But before we examine
this issue, we have to stress that the function P (-) is usually nonsmooth, even
if the functions g;(-) and A, (-) are continuously differentiable. This is due to
the fact that the functions r — max(0, t) and ¢ > [t| are nondifferentiable
at 0. Thus, the nondifferentiability of P;(-) at a solution of (6.29) is a rule,
except for the degenerate case of zero gradients of the constraint functions.

To analyze the property of delivering exact solutions for a finite value of
the penalty coefficient, we use second order sufficient conditions formulated
in Theorem 3.47 on page 147.

THEOREM 6.9. Assume that problem (6.29) has a local minimum X satisfy-
ing second order sufficient conditions of optimality with multipliers (A, f1).
Then for every o > ||(4, )|l the point X is a local minimum of problem

(6.38).

Proof. Although the function P;(-) is nonsmooth, we can show that it has
directional derivatives in every direction d. Take any i € I°(%), where
1°(%) = {i : g;(¥) = 0}. For r > 0 we have

max (0, g; (X + td)) = max (0, 7 (Vg; (%), d) + o(7)),
with o(7)/t — 0, as = | 0. Dividing by 7 and passing to the limit we get
1
11?01 —max (0, g (X + td)) = max (0, (Vg (%), d)).
70 T
We treat the equality constraints in a similar way and we conclude that the

penalty function has directional derivatives:

P
PGiid) = > max (0, g/(F:1d)) + D |hj(E: d)].

iel%(%) i=1
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Therefore,

p
D, d) = f'(Ed) + ¢ D max (0, gi(E: ) + e X Ihj(F:d)]. (6.39)

iel0®) i=1

If d € Tx, (%), it follows from the necessary conditions of optimality (3.27)
that

p
FEd) + D higiEid)+ D (R d) = 0.

iel%(%) i=1

Then also

p
fEid)+ D" dimax (0, g/ & d)) + D 14,1 - |hj(%; d)| = 0.
i=1

iel9(%)

Combining the last inequality with (6.39) we get

P
D, d) = D (e~ A)max (0, g d) + D (e — 1A DIki(E: ).
iel0(x) i=1
(6.40)

We shall use this estimate to prove the theorem by contradiction.

Suppose x is a local minimum of problem (6.29), but it is not a local
minimum of problem (6.38). Then there exists a sequence of feasible points
yk € Xy such that y* — £ and

FOM +oP () < f(&) forall k. (6.41)
We shall show that it leads to a contradiction. Define
k_ yh =z

ST = .
vk — 2l

Since s* have length 1, there exists a convergent subsequence of {s*}. Let s
be its limit. By construction, s € T,(£). Defining 7, = ||y* — £||, we can
write (for the selected subsequence)

V=% + s + o(w).

As @,(-) is Lipschitz continuous, we have (with some Lipschitz constant C)
the inequality @, (X + 745) < @,(y*) + Co(zy). It then follows from (6.41)
that

B, (% + 715) — B,(X) < B,(Y) — B,(X) + Co(ry) < Co(my).
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Dividing by 7; and passing to the limit we conclude that
P’ (x;5) <0.

By assumption, p > A; foralli = 1,...,m, and p > |y;| foralli =
1, ..., p. Then (6.40) yields

(Vgi(®),s) <0, iel’®),

(Vhi(R),s) =0, i=1,...,p. (6.42)

We also observe that (6.41) implies that f(y*) < f(£). Now we can repeat
the proof of Theorem 3.47 from page 147 to obtain a contradiction with the
second order sufficient condition. Thus, the sequence {y*} does not exist and
% is a local minimum of the function @, (-). O

The existence of Lagrange multipliers and the ability of the penalty func-
tion Py (-) to deliver exact solutions are closely related.

THEOREM 6.10. Assume that X is a closed polyhedron and that X is a
local minimum of problem (6.38). If X is feasible for problem (6.29) then
there exist Lagrange multipliers (i, [t) such that X satisfies the first order
necessary conditions of optimality for problem (6.29).

Proof. Since % is a local minimum of @, (-) in Xy, and @, (-) has directional
derivatives, the necessary condition of optimality (3.27) implies that

@,(X;d) > 0, forall d e Tx,(%).

Using (6.39), for all d € Tx,(x) we obtain the inequality

14
fGid)+0 > max (0, g/(%:d)) + 2 D Ihi(F:d)| = 0.

iel%(%) i=1
In particular, if s € Tx, (%) and s satisfies (6.42), we must have f'(x;s) > 0.
It follows that the optimal value of the problem
minimize (Vf (%), s)
subject to (Vg;(%),s) <0, ielI%),
(Vhi(x),s) =0, i=1,...,p,
S € TXO(JE),

(6.43)

is zero. As Xy is a polyhedron, we do not need any constraint qualifica-
tion conditions for problem (6.43) to guarantee the existence of Lagrange
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multipliers. We conclude that there exist 4 > 0 and /i such that
. 14
0eVF@) + D AiVei®) + D i, Vhi(®) + Nx, (2).
iel0(%) i=1

These are the first order necessary conditions of optimality for problem (6.38)
at x. O

The assumption that X is polyhedral is essential here, because otherwise
we have no guarantee that the solution of the conic programming problem
(6.43) satisfies the necessary conditions of optimality. We discuss conic
programming in Section 4.3.

6.3 THE BASIC DUAL METHOD

We return to the general formulation of a nonlinear optimization problem:

minimize f(x)

subject to g; <0, i=1,...,m,
) six) <0, i " (6.44)
hi(-x)z(), lzl,"':]),
X € Xo.

All functions f : R" > R, g, :R"—> R,i=1,...,m,and h; : R" - R,
i =1,...,p,are assumed to be continuously differentiable. The set X is
convex and closed.

Together with problem (6.44) we consider the Lagrangian

L(x, 2, 1) = f(x)+ (4, g(x)) + (i, h(x))
and the dual function

Lo, 1) = inf L(x, 4, ). (6.45)
xeXo

The dual problem is defined as follows:

n}?’);l)lgﬁe Lp(4, 1), (6.46)
with 49 = RY x R?.

Assume that the functions f(-) and g;(-),i = 1,...,m are convex, the
functions h;(-) are affine, and Slater’s condition is satisfied. By virtue of
Theorems 4.7 and 4.8, problem (6.44) has an optimal solution if and only
if the dual problem (6.46) has an optimal solution. Also, the solutions of
the dual problem are the Lagrange multipliers satisfying the necessary and
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sufficient conditions of optimality for the primal problem, at each of its
optimal solutions.

The idea of the dual methods is to solve the dual problem (6.46) by an
iterative method for optimization with simple constraints, and then to recover
the primal solution from the conditions of Theorem 4.10.

The dual function Lp(-) is concave, but not necessarily differentiable.
Therefore, in the general case, the solution of the dual problem requires ap-
plication of methods of nonsmooth optimization. We discuss these methods
in Chapter 7, and we analyze their application to dual problems. We fo-
cus here on the special case, when the dual function Lp(-) is continuously
differentiable. We make the following assumptions:

e The set X is bounded;
* The function f(-) is strictly convex.

These conditions ensure that for every (4, ) a solution X (4, ) of problem
(6.45) exists and is unique. Furthermore, we know from Section 2.5.3 that
the dual function is continuously differentiable, and its gradient is given by

g (4, ﬂ))]
h(x(4, 1)) ]"

Thus, we can apply to problem (6.46) any method for problems with simple
constraints.
Let us consider the projection method (6.2). Since

HAo(/Ia :u) = (max(O, )“)a ,u),

the projection method takes on the form

VLD(/L :u) = |:

M = max(0, % + tg (R (A, 1)),

6.47
W=y thROF YY), k=1,2,.... 4D

Note that the dual problem is a maximization problem and therefore we make
steps in the direction of the gradient, rather than its negative. Unfortunately,
it is hard to determine the right value of the step size 7 in this method.

We can also apply the reduced gradient method to the dual problem (6.46).
It has a very simple form: some of the multipliers 4; are nonbasic and fixed
at 0, and the others are superbasic and are free to move. There are no basic
variables at all, and the reduced gradient is just the gradient of the dual
function with respect to the superbasic multipliers. Here the difficulty is that
the directional maximization requires the evaluation of the dual function at
many points, and this may be expensive.
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Example 6.11. Let us return to the optimal power generation problem of Example
4.18 on page 181. It has the form

n
minimize Z fi(x))

j=1
n

subject to ij > b,
j=1

0<xj=<uj, j=1,...,n

with the cost functions of the plants
) = s V2 =1
f](x])—c]x,—i-z(xj), j=1,...,n

Denoting by 4 the Lagrange multiplier associated with the demand constraint, we
can write the Lagrangian as follows:

n

L) =Y [t +2(b =D x).

j=1 j=l1

Its minimization with respect to x; yields

0 if0 <1 =<g¢,
)2](/1): (i—Cj)/Qj iij §i§cj-+qjuj,
uj if 1 >cj+qju;.

The derivative of the dual function has the form:

dLp(1) =
;T - b—jz:;xj(/l).

The dual method with constant step size is simply
n
2 = max (0,25 + b= > 5GH]).
j=I

If ¢ > 0is sufficiently small, the method is convergent to the optimal dual solution.
Its interpretation is obvious: if there is a power shortage,

n
b> Z)zj(zk),
j=1

then increase the price paid to the plants; if there is a surplus, decrease the price.
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6.4 THE AUGMENTED LAGRANGIAN METHOD

6.4.1 General Ideas

We return to the nonlinear programming problem

minimize f(x)

subject to g; <0, i=1,...,m,

ubj gi(x) < i m (6.48)
h,-(x):(), l=1>"~5p:
x € Xp.

Thefunctions f : R" - R, g : R" > R,i =1,...,m,andh; : R" - R,
i =1,...,p,are now assumed to be twice continuously differentiable. The
set X is convex and closed.

The augmented Lagrangian for problem (6.48) has form (4.80), which we
recall for convenience:

m A
LQ(xv Ay pt) = f(X) + g Z [max (0, gi(x) + Z)]z

i=1
5 h w1 PER. — o
;[i(x)'i'?] _Z; i_igl::ui'

We notice its similarity with the quadratic penalty function (6.30): the penalty
is calculated for the perturbed constraints g;(x) + 4;/o0 and h;(x) + /0.
Because of this relation, the augmented Lagrangian is sometimes referred to
as the shifted penalty function.

Assume that X is a local minimum of problem (6.48) satisfying Robinson’s
condition. We also assume that the strong second order sufficient condition is
satisfied (see Definition 4.32 on page 200) with Lagrange multipliers (1, ).
By Theorem 4.33 there exists g such that forall p > g the pair £ and (1, /1)
is a local saddle point of the augmented Lagrangian.

If we knew the optimal Lagrange multipliers (1, 2), we could, for a suf-
ficiently large p, minimize the augmented Lagrangian to obtain the local
minimum x. However, the multipliers are not known, and need to be esti-
mated.

Theorem 6.7 provides a method by which to estimate them. Suppose we
minimize the augmented Lagrangian with respect to x in a certain neigh-
borhood U of the optimal point, with given values of multipliers (1%, u*).
If (A%, u*) are close to the optimal values (4, 2), the minimum of the aug-
mented Lagrangian will be close to £. The terms corresponding toi ¢ 1°(%)
become zero, and in the neighborhood of X the augmented Lagrangian sim-

(6.49)
+

\ORESY
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plifies:

k

LQ(x,/lk,,uk) = f(x) +% Z [g,(x) + ] %Z_p:[h (x) + ]2

iel%(%)
L T s
205" 205"

=f@+ > (iﬁ-‘gi(x) + %[gi(X)]z)

ielO(%)

+i(hm+[un)~—2(h

i=1 Cigni)

This is equal (after a translation by the last sum) to the quadratic penalty
function for the problem

p
minimize f(x) + Z lfgi (x) + Z ﬂi‘{hi(x)

iel%(%) i=1
subject to g;(x) =0, i€ 10()2), (6.50)
hi(x)=0, i=1,...,p,

x € X.

We know from Theorem 6.7 that at the minimum x* of the quadratic penalty
function, the quantities pg; (x*), i € I°(%), and ph;(x*), i = 1,..., p,
become very close to the Lagrange multipliers associated with the constraints
of problem (6.50). Since the gradient of the objective function of (6.50) has
the form

wm+zzwm+2mwm

ielO(%)

we conclude that A¥ + pg; (x*) and u¥ + oh; (x*) are good approximations of
the Lagrange multipliers in the original problem (6.48). As A >0, we may
take the positive part of 1¥ + pg; (x*).

We construct, therefore, the following iterative process. At iteration k, for
given values of Lagrange multipliers (¥, u*) € 4, we solve the problem

minimize L, (x, A¥, 1%). (6.51)

xeXo
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k

After obtaining the solution x*, we update the multipliers by the formula:

,15?“ = max (O, /lf +Qg,-(xk)), i=1...,m,

_ (6.52)
W =k 4 ohi(x), i=1,...,p,

and the iteration continues. Algorithm (6.51)—(6.52) is called the augmented
Lagrangian method or the method of multipliers.

In the next subsection we make our heuristic considerations precise.

The multiplier method is closely related to the duality theory for aug-
mented Lagrangians presented in Section 4.7. By the strong second or-
der condition, if ¢ > gy, the function L, (-, 4, u) is locally strictly convex
about £, if (4, i) is close to (4, ). We can thus consider the local dual
function

LQD(/lv /1) = xen}}(i)rr!lU LQ (X, /15 Iu)a

where U is a small neighborhood of x. The minimizer is unique and it
follows form Theorem 2.87 on page 71 that

VXLQD(ika /uk) = g(-xk)a
V/tLQD(/lka /uk) = h(xk)'

Thus the method of multipliers (6.52) may be regarded as a version of the
method of steepest ascent with projection applied to the dual problem. An
interesting observation is that the penalty parameter p is a good value of the
step size in this method. We prove this in the next subsection, but before that
we analyze a simple example.

Example 6.12. Let us return to Example 4.31:

L. 1
minimize E(x])2 — X1Xx2

subjectto x1 +x —1=0

The solution of this problem is x| = % and X, = %, and the Lagrange multiplier
equals g = % Similarly to the analysis in Example 4.31, we conclude that the

augmented Lagrangian
_ Lo 5 0 2
LoGer,xo, ) = S()” =g+l +x2 — Dt S +x—1)

is strictly convex for p > % Its minimum, as a function of the multiplier u, has the
form:

. 0— i . 2(0 — p)
X(u) = -1 Xo(p) = e
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After elementary manipulations, the multiplier method (6.52) can be written as

follows:
k

. . 0—u
W =i o (Ri(h) + R - 1) = :
30 —1
Hence
1 1 1
k+1__=_ k_ ~
a 3 3Q—1(“ 3)'

Ifo > % the sequence {x*} is linearly convergentto i = % The larger p, the faster
the convergence.

6.4.2 Local Convergence

To simplify notation, we concentrate on inequality constraints only (p = 0).
The considerations for equality constraints are simpler. We assume that the
Lagrange multipliers /. are uniquely defined at x, and that the strong second
order sufficient condition of Definition 4.32 is satisfied. Finally, we assume
that the set Xy is a convex closed polyhedron.

As the multipliers divioel (%), are positive and uniquely defined, it
is implicit that the gradients of active constraints, Vg;(%), i € I°(X), are
linearly independent.

Our first result proves local stability of subproblems (6.51).

LEMMA §.13. There exist constants €1 > 0, pg > 0 and C; > 0 such that
if 12X — Al < e andp > po then problem (6.51) has a local minimum xk
such that ||x* — 2| < C[|A% — 4.

Proof. We can choose 6 > 0, go > 0, and ¥ > 0 such that the Hessian
of the augmented Lagrangian has all eigenvalues above x, provided that
Ix —%| < & and |2 — A < J. This follows from Theorems 4.29 and
4.79, and from the continuity of the Hessian. Notice that due to the strict
positivity of the multipliers J; fori € 1°(%), the active pieces of the “max”
terms in the augmented Lagrangian do not change in a small neighborhood
of (£, 1). Furthermore, if 0o is sufficiently large, and ¢; > O sufficiently
small, a local minimum of the augmented Lagrangian will occur in the J-
neighborhood of £, provided that || A% — p) || < &;. This can be obtained easily
from the second order sufficient conditions, the minimum positive curvature
of L, (-, A%, 1*), and the perturbation of the gradient at £ resulting from the
difference A¥ — 4. The distance to this minimum can be bounded from above
by linear function of this perturbation, as required. |

From now on we assume that p > p, A* is sufficiently close to 7, and that
x* is the local minimum referred to in Lemma 6.13.
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Our next step is the analysis of metric regularity of the system of optimality
conditions at X:

_VXL(X’ }“) € NX()()E);
gi(x)=0, iel’®X), (6.53)
X € X().

The cone Ny, (%) and the set /°(%) are fixed in this system. Observe that
the pair (X, A) is a solution of (6.53), by virtue of Theorem 3.25 applied to
problem (6.48).

LEMMA 6.14. System (6.53) is metrically regular at (x, i)

Proof. We verify Robinson’s condition (3.6) from page 102 for system
(6.53). For convenience of notation we assume that 1°(X) = {1, ..., mo}
and we introduce the matrices:

H=V2L& 1), A"=[Vei®) ... Vg.,@)].

The Jacobian of system (6.53) at (X, 2) has the form:

—-H -—-AT
J = |: A 0 } (6.54)
Define y = —V,L(x, i). Suppose Robinson’s condition is not satisfied.

Then

. —Hd, — A'd;, — d, N
0¢1nt[[ Ad, } tdy € Kx, (%),

(6.55)
d, €eR™, d, € KNXO()%)@)}-

The set on the right hand side is convex and we can separate it from 0. It
follows from Theorem 2.15 that there existz € R" and w € R™, (z, w) # 0,
such that for all d; € Kx,(x), d, € R™ and d, € Ky, z)()) the following
inequalities are satisfied:

,—Hd, — A'd, —d,) <0,
S 1) < (6.56)
<0.

The second relation means that

ATw € Ny, (%).
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Recall that we assume Robinson’s condition for problem (6.48). It has the
form: AKy,(x¥) = R™. In particular, it is possible to find d, € Kyx,(X)
such that Ad, = w. But then the last displayed relation implies that

lw]? = (v, w) = (w, Ad,) = (ATw, d,) < 0.

Consequently, w = 0 and thus z # 0 in (6.56).
The first relation in (6.56) implies that (z, A7d;) > 0 for all d; € R™.
Therefore,

Az =0.

It also implies that (z, d,) = Oforalld, € Ky, (s (). By virtue of Example
2.21 on page 27, Nx,(X) C Ky, ) (»). Hence —z € [NX0 ()2)]0. Since X
is a convex closed polyhedron, [N Xo (J?)]O = Kx, (%), and we obtain

—z € Ky, (%).
Setting d, = —z,d; = 0 and d, = 0 in (6.56) we conclude that
(z, Hz) < 0.

But Az = 0 and z # 0, and the last inequality contradicts the strong second
order sufficient condition. m|

In the following lemma we denote by g°(x*) the subvector of the con-
straints having indices i € 1°(%) (active at %).

LEMMA 6.15. There exist &3 > 0 and C; > 0 such that if |\ — 1|| < &,
then

Ix* — 2]l < Callg° (M)
and
A4 — ) < Callg (M)l

Proof. Observe that at the point x* the necessary conditions of optimality
for problem (6.51) read:

—V. L, (x*, 2%) € Ny, (x*). (6.57)

Since the set X is a convex closed polyhedron, there exists a neighborhood
U of x such that X N U = ()E + Kx, ()2)) N U. Thus, if x* is sufficiently
close to x, we have

Ny, (x*) = NKXO(;%)(Xk — ).
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By Example 2.21 on page 27, we have K g, (5)(x* — %) D Kx, (%), and thus
Ny, (x*) C Ny, (%), provided that x* is sufficiently close to £. By Lemma
6.44, we can choose ¢, sufficiently small (but still positive) to guarantee
this inclusion. Also, in view of the strict complementarity assumption, we
may assume that in this small neighborhood of X the active pieces of the
“max” terms of the augmented Lagrangian are the same as at X. Thus, the
augmented Lagrangian locally has the form

0 2 1
Lo, 2 = fo+ X (Ha@+3[a0]) — 55 200~ 6.58)
iel0(%) i¢10(%)

This yields (locally) the equation

ViL, (2%, 28) = VA + D7 (25 + 08i(6") Vi (6h) = VLK, T,

ielf(%)
with 78 = 25 + 0g;(x*) for i € I°(%), and 2¥ = 0 for i ¢ I°(X). We
conclude from (6.57) that the pair (x*, 1*) satisfies the relations
_VXL(xka’Zk) € NX()()?):
xk € Xp.

This is almost the same as (6.53); the second relation of (6.53) may be
violated. System (6.53) is metrically regular, by virtue of Lemma 6.14.
Therefore there exist ¢ > 0 and C, > 0 such that if ||x* — £]] < ¢ and
|7k — || < & then we can find a solution (xg, Az ) of (6.53) having distance

at most C,|g°(x%) || to (x*, 7%). But (&, g) is an isolated solution of system
(6.53). It follows that x, = X and 4, = 4. Hence

Ik — & < Callg (M|
and
175 = 2l < Collg® (M),

provided that ¢ > 0 is sufficiently small. By Lemma 6.13, we can choose ¢,
small enough so that the above estimate holds true whenever || A% — || < ¢..

Finally, we notice that A**! = TI,(¥). Since the projection operation is
nonexpansive (Theorem 2.13 on page 23), we also have

1A — 21 < CLlIg (M),
as required. O

We are now ready to prove the main local convergence theorem.
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THEOREM 6.16. There exist ¢ > 0, g0 = 0 and 0 < M < go such that if
0 > poand |A' — A|| < ¢ then the iterates of the multiplier method satisfy
the relations:

o M 2
A A < Sk =21, k=1,2,.... (6.59)
0

Proof. Consider iteration k. Assume that p is sufficiently large and A* is
sufficiently close to 7, so that the estimates of Lemmas 6.13 and 6.15 hold
true.

Since x is a feasible solution of problem (6.51),

LQ(xkv /lk) 5 f()e)
Using the local representation (6.58) of the augmented Lagrangian we obtain
2 2 A
23 [slhT = F@ - reH = X M.
iel% (%) ielV(%)

The inactive inequality constraints do not play any role here. To simplify no-
tation, we assume that all constraints are active, that is, /°(X) = {1, ..., m}.
Then we can rewrite the last inequality simply as

SIgGHIP = £() - £GH) - G gG)
= (A =25 g(h) = [LG*, 1) — L&, D).

(6.60)

Since the Lagrangian L(x, i) is twice continuously differentiable about x,
there exists a constant § > 0 such that

L%, 2) = L&, 1) > (VL&, 2), x* — &) — BlIx* — 2%

Using the necessary condition of optimality at X we notice that the first term
on the right hand side is nonnegative, and thus

L(x*2) — L&, 1) = —Blx* — 2|
Substituting this into (6.60) we obtain
I8 GHI < g — A+ Bt — 21
Lemma 6.15 allows us to transform this inequality to

Q A
Eng(x")n2 < lgGOINAE = 2+ BC3 g (M.
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If o > 4BC?2, we conclude that
4 A
lg ) < —I14* = Al
o
Lemma 6.15 yields

n 4C n
125 = 2 < Gallg(xM)) < TZW — .

If g > M > 4C,, then (6.59) is satisfied and [|2°F! — || < [4* — Z|.
Therefore, if |1' — A|| is sufficiently small and p is sufficiently large, our
estimates hold true for all iterations k = 1,2, .... O

It follows from the theorem that for ¢ > M the sequence {A*} generated
by the method of multipliers is linearly convergent to A with the coefficient

q=—.
0
Also, in view of the stability property of Lemma 6.44, the sequence {x*} of
the minimum points of the augmented Lagrangian is convergent to x. Upper
bounds on the distances || x* — X|| are provided by a geometric progression
with ratio g. The penalty coefficient p affects the speed of convergence: the
larger p, the smaller g. However, for very large values of p, subproblems
(6.51) become ill-conditioned, and their solution by an iterative method for
unconstrained optimization or for linearly constrained optimization becomes
difficult.
In applications, we usually adjust the penalty coefficient in the course of
computation. For some fixed parameter y € (0, 1) we verify whether

max (0, gi(ka)) < y max (0, g,-(xk)), i=1,...,m.

Similar tests are made for the absolute values of the equality constraints. If
the condition is satisfied, we keep p unchanged; otherwise we increase p. In
fact, it is better to use different values of the penalty coefficient for different
constraints, and to adjust them according to the progress in the violations
of these constraints. Our analysis of the quadratic penalty method suggests
that for sufficiently large values of the penalty coefficients a neighborhood
of the local minimum will be reached. Then, in a sufficiently regular case,
the convergence estimates of Theorem 6.16 begin to work.

6.4.3 Application to Convex Problems

We now focus on the case of a convex problem (6.48). Specifically, we
assume that the functions f(-) and g;(-), i = 1,...,m, are convex, the
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functions 4;(-), i = 1,..., p are affine, and X, is a closed convex set.
In this case the augmented Lagrangian is a convex function of x, for all
nonnegative values of the penalty parameter p.

Consider a fixed value p > 0 and the regularized Lagrangian function

_ 1 — 1
C(x, 2y 5 Ay 1) = f(x)+(4, g(x)+(u, h(x)>—5|M—z||2—inu—m|2.

Here (1, ji) € Ay is a fixed regularization center.
Our first observation is that by maximizing this function we obtain the
augmented Lagrangian.

LEMMA 6.17. L,(x, , i) = max £(x, A, u; A, ).
(4, 1)e Ao

Proof. The problem on the right hand side can be solved in a closed form;
its solution is

7 =max (0, 1+ 0g(x)),
L= ji + oh(x).

The maximum above is taken component-wise. Consider a particular con-
straint function g;(-). The corresponding term in £(-) has the form

_ ~ 1 ~ _
ti(x, ;) = Aigi(x) — i(ii — i)

_ 1 _
= max (0, 4; + 0gi(x))gi(x) — E[max (=4, 08 (x))]2

Ai 0 Ai 2
= @ max (07 zl + gi(x))gi(x) - E[max ( - zl, gi(x))] .
Manipulating in a way similar to the transformations on page 202, we obtain
equivalent expressions corresponding to the constraints in the augmented
Lagrangian:

_ _ X FAGE
i, ) = Fimax 60, =)+ 5 max (g0, =) |
Ain12 1 -
= %[max (O, gilx) + z)] — Ei?

This can also be verified directly by considering the case 4; + pgi(x) > 0
and its complement. The manipulations for equality constraints are easier,
because no cases need to be distinguished. m|
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In view of Lemma 6.17, problem (6.51), which is solved at each iteration
of the multiplier method, may be equivalently written as follows:

minimize max £(x, A, u; AK, 1b). (6.61)

xeXo  (Au)edy
Let us define
¥ = max (0, L Qg(xk)),
i = i+ oh(xh).

The key to understanding the augmented Lagrangian method in the convex
case is the following lemma.

LEMMA 6.18. The pair (x*, (3%, %)) is a saddle point of the function
C(x, A, w; A%, 1%y on the set Xy x Ay.

Proof. The function £(x, 1, u; A¥, u*) is convex with respect to x and con-
cave with respect to (4, x). By construction,

CGR TN IR 28 )ty = max ek, 4, 2k, ).
()€

The point x* minimizes L, (x, 2%, u*) over x € Xo. Assume, for simplicity
of notation, that there are no equality constraints (p = 0). We can calculate
the gradient of the augmented Lagrangian:

VoL, (k29 = V@) + D max (0, 0gi (*) + 4) Vg (%)
i=1

= VFE) + D TEVei ).

i=1

This is the same as the gradient of L(-, 2¥) at x*. Therefore the point x* is
also a minimum of L(x, A*) over x € X,. The function £(-), as a function
of x, is just a translation of the Lagrangian, and we obtain

COM 25 Ay = min €, 75, 7 ).
xXeXg
This completes the verification of the saddle point conditions. O

This lemma allows us to exchange the “min” and “max” operations in
problem (6.61) and to write problem (6.51) equivalently as

maximize min £(x, A, u; A* u*).
(L,uw)edo xe€Xo
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The minimization with respect to x yields the usual dual function:
1 1
: Kk, k : k2 k2

min £(x, 2, 3 45 4) ){2%[ (x, A, 1) 2QII [ % e — w*11°]

1 1

= Lp(%, 1) = 512 = 2517 = —llu = 1.

20 20
Therefore the multiplier method (6.51)—(6.52) can be equivalently repre-
sented as follows. At iteration & we solve the problem

maximize Lo, 1) — — 14 — 2412 = — 1 — ub | 6.62)
()€ Ao ’ 20 20 :

Its solution (A, 12%) is used as the regularization center at the next step:
ik-‘rl — Ik’ ,uk+1 — ﬁk’ (663)

k is replaced by k + 1, and the iteration continues. Method (6.62)—(6.63)
is known in optimization theory as the proximal point method. It applies
to any convex problem, without assumptions about the differentiability of
Lp(A, ). We provide the analysis of its convergence in Section 7.3 of the
next chapter, which is devoted to nonsmooth optimization methods. Here
we briefly summarize the results of that analysis.

It follows from Theorem 7.13 that for each starting point (1!, u') € 4,
the sequence {(4¥, u*)} generated by the method is convergent to a solution
of the dual problem

maximize Lp(A, 1),
e p( u)

provided that a solution of this problem exists. This implies that every accu-
mulation point of the sequence {x* } is a solution of the primal problem (6.48).
Furthermore, it follows from Theorem 7.14 that the convergence is finite, if
the function Lp (-, -) is polyhedral. This is always true, when X is a closed
convex polyhedron and all functions of the problem are affine. In practice,
however, we rarely treat linear constraints by augmented Lagrangians, except
for special decomposition methods.

It should be stressed that the proximal point method (6.62)—(6.63) is in
our case not used directly, but rather in an implicit form, by implementing
the augmented Lagrangian iterations (6.51)—(6.52).

Example 6.19. Consider the following linear programming problem:
minimize x| + x»
subjectto 1 —2x; —xp <0,
0<x =1,

0<x<1.
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Its solution is x = (%, 0) and the optimal value of the multiplier equals 1 =

1
j .

We shall treat the first inequality as a constraint, and the last two as the definition

of the set Xo. The augmented Lagrangian has the form

e A,72 L,
LQ(x1,x2,/1)=x1+x2+§[max(0,1—2x1—xz—i—g)] - —”.

Suppose 4! = 0 and thus the augmented Lagrangian becomes identical with the
quadratic penalty function. Let p > 1

5. Then the minimum is attained at the point

1 1

I — —, x21 =0.
2 4o

The next value of the multiplier equals

1
=0 —2x] —x})=~
2
The minimum of the augmented Lagrangian with 1 = 12 is attained at xl2

x% = 0, which is the optimal point of the problem. This is illustrated in Figure 6.
with respect to the first variable, x.

L
2>
25

flx
X 11 x12 X1
0 1
g(x)
Figure 6.2. Operation of the augmented Lagrangian method in Example 6.19 for
o=1.

Ifp € (0, %) then the first minimizeris x| = (0, 0). The next multiplier becomes
2% = p. The minimization of the augmented Lagrangian yields

2
—, =0.
4p 2
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The next value of the multiplier becomes 3= %, and the next minimum is x> =

(3,0).

6.5 NEWTON’S METHOD

6.5.1 Main Ideas

Newton’s method, which we analyzed for unconstrained problems in Section
5.4, has its more general form, which is applicable to constrained optimiza-
tion problems. It can be conveniently introduced for the following form of a
nonlinear optimization problem:

minimize f(x)
subjectto g;(x) <0, i=1,...,m, (6.64)
hi(x)=0, i=1,...,p.

We assume that the functions f : R" - R, g : R" > R,i =1,...,m,
and h; : R* - R,i =1,..., p, are twice continuously differentiable. We
do not have a general constraint of the form x € X here; rather we use an
explicit formulation of such constraints by inequalities and equations.

As usual, we formulate the Lagrangian L : R"” x R™ x R” — R in the
form

L(x, 2, 1) = f(x) + (4, 8(x)) + (u, h(x)).

The necessary conditions of optimality for problem (6.64) take on the form
of a system of nonlinear equations and inequalities:

V.L(x,4, 1) =0,
gx) <0,
h(x) =0, (6.65)
4 >0,
(4,8(x)) =0.

Consider the cone K = R’} x R”. System (6.65) can be abstractly expressed
as

V.L(x,4, 1) =0,

[g(X)

(6.66)
]’l()C)j| € NK(/IJ lu)

Indeed, the last relation implies that (4, i) € K; otherwise, Ng (4, u) = @.
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Moreover, in view of Example 2.21 on page 27,

Nk, 1) = [Tx (2, )] = [K +{1(4,0) : 1 € R}]”
=K°N{t(1,0):re R}’

Thus the second relation in (6.66) also implies that (g(x), h(x)) € K° =
R™ x {0} and that g(x) L A. This proves that (6.66) implies (6.65). The
converse implication is apparent, and thus both systems are equivalent.

Motivated by Newton’s method of tangents, we construct, at a given
point (X, 1), an approximation of system (6.66), in which the functions
V.L(-, A, n), g(-) and h(-) are linearized:

ViL(%, 4, 1) + Vi, L(&, 4, f)(x = %) =0,

[g(i) +g'(X)(x — X)

(6.67)
h(x) +h'(x)(x — j)] € Nk (4, u).

Observe that we do not need to linearize the gradient V,L(x, 1, u) with

respect to A and u, because it is already linear with respect to these variables.
We can now show that the linearized system (6.67) is the system of nec-

essary conditions of optimality for the quadratic programming problem:

minimize (Vf(X),x — X) + %(x — %, [VELL(E, 2, )](x — X))

subject to g(X) + g'(xX)(x —x) <0, (6.68)
h(xX) +h'(%)(x —x) = 0.

Indeed, the Lagrangian of problem (6.68) has the form

LG, 4, ) = (V) x = 0) 4 3l = 5, [V, LG, 4, )]G = )
+ (2, 8(®) + g D) — D) + (i, h(@) + @) — D).
Its gradient equals
V.L(x, A, 1)
= VFE) + VALE L D) — D)+ [¢ @] 2+ [ @]
= V.L(%, 2, p) + V2 L(%, 4, @) (x — X).

It is exactly equal to the expression in the first relation of (6.67). It is now
evident that the necessary conditions of optimality for problem (6.68) are
exactly conditions (6.67). For thisreason we call (6.68) the tangent quadratic
programming problem.
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The Newton method can now be formulated as follows. At iteration k,
given the current approximation of the solution x* and multipliers (1%, u*),
we solve the tangent quadratic programming problem

minimize (Vf(x%),d) + %(d, [VZ LG5, 25, 1)la)

subject to g(x*) + g’ (x")d < 0, (6.69)

h(x*) + R (x*d = 0.

We denote the solution of this problem by d* and the Lagrange multipliers
associated with the constraints by A% and ﬁk.
Then we update the approximate solution and the multipliers by

K = xk 4 . dk,

R = k. (6.70)
ﬂk+1 — ,&k,

and the iteration continues. Here 7; € (0, 1] is a step size coefficient, whose
selection is discussed later. Algorithm (6.69)—(6.70) is also called the se-
quential quadratic programming method.

6.5.2 Local Convergence

We start from the analysis of the method with step sizes 7, = 1 in close
proximity to a solution of problem (6.64). To simplify notation, we concen-
trate on inequality constraints only (p = 0). The considerations for equality
constraints follow the same line, but are easier.

We assume that problem (6.64) has a local minimum X, at which the
gradients of active constraints, Vg;(%),i € I°(%), are linearly independent.
In this case the Lagrange multipliers J exist and are unique. Furthermore,
we assume that strong second order sufficient condition (Definition 4.32) is
satisfied at the local minimum X with the multipliers A

Consider the system of nonlinear equations:

V) + D AiVeix) =0,
iel0%) (6.71)

gi(x) =0, iel’Rx).

These are necessary conditions of optimality of a modification of problem
(6.64), in which the active inequality constraints are treated as equations.
By the linear independence condition and by the second order sufficient
condition, (x, i) is an isolated solution of this problem. Furthermore, the
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Jacobian at this point is given by

T
=4 4]
with
H=V:LE, 1), A'=[Va@®) ... Vgu,®].
We assume here, for simplicity of notation, that 1°(X) = {1,...,m,}. By

virtue of the strong second order sufficient condition, the Jacobian is a non-
singular matrix. Because of that, the classical Newton method for solving
systems of nonlinear equations is locally superlinearly convergent. The con-
vergence is quadratic if the Jacobian of the system is Lipschitz continuous
about (£, 1).

We shall show that the iterates of the sequential quadratic programming
method are exactly the iterates of Newton’s method for system (6.71). For
the current iterate (x*, %), we introduce the matrices

Hy = VI LG5 25, AL =[Vai(x") ... Vg, ().

The Jacobian of system (6.71) at iteration k has the form:

_[He AL
Jp = [ A 0 } . 6.72)

It is nonsingular if (x*, 1¥) is close to (£, 1), because the Jacobian at (£, 1)
is nonsingular (see page 152). Newton’s method for the system of nonlinear
equations (6.71) takes on the form

k1 Xk H, Al -1 [ VAR + z /If-‘Vg,- (x%)
|:/10,k+1:| = |:/10,k:| - |:Ak 0 :| iel0(®) , (6.73)
g

where 1% and g°(x) are vectors with coordinates 1% and g;(x¥), for i €
1°(%). Multiplying from the left by the Jacobian and noticing that

D> Vg (h) = AL A%
ielO(%)

we can simplify this system. We conclude that the direction d* and the new
values of multipliers A%**! are the solution of the system

Hid" + Af 2 = v (b,
Adt = 0.
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This is the system of necessary conditions of optimality of the tangent
quadratic programming problem (with active inequalities treated as equa-
tions). Let us observe that for x* = £ and A* = 1 the point d = 0 and
A = J satisfies strong second order sufficient conditions of optimality for
the tangent problem (6.69). This follows from the fact that this condition is
exactly the same as the assumed strong second order sufficient condition for
the original problem (6.64). By the continuity of the Hessian V2 L(x, 1),
we can always choose ¢ sufficiently small, so that the strong second order
sufficient conditions of optimality for problem (6.69) hold true at the solution
(d, }), provided that (x*, 2¥) are in a &-neighborhood of (%, 1). Therefore,
the points generated by the Newton method (6.73) are indeed local minima
(and the corresponding multipliers) of the tangent quadratic programming
problems (6.69). This proves that tangent quadratic programming prob-
lems are just a computationally convenient way of implementing Newton’s
method.

Our considerations can be extended to the case when the strict complemen-
tarity condition is not satisfied, and the problem cannot be locally reduced
to an equality-constrained problem. Also, additional set constraints may be
included in the problem’s formulation. Unfortunately, the analysis in this
case draws from the theory of multifunctions, which exceeds the scope of
this book. The reader is referred to the literature cited at the end of the book.

6.5.3 Line Search

The sequential quadratic programming method is only a local algorithm,
similar to the unconstrained Newton method. In order to enlarge its area of
convergence, several numerical techniques can be employed.

It is convenient to consider a modified version of the tangent quadratic
programming problem (6.69):

1
2
subject to g(x*) + g’ (x*)d <0,

h(x*) + K (x*)d = 0.

minimize (Vf (%), d) + =(d, W;d)

(6.74)

In this problem the Hessian of the Lagrangian V2 L (x*, 2, 1*) is replaced
by the matrix W. This allows us to use a positive definite matrix W) and to
guarantee that problem (6.74) is a convex quadratic programming problem.
It can then be reliably solved by specialized methods.

LEMMA 6.20. Assume that Wy is a positive definite matrix. Then problem
(6.74) has a solution (d*, i, %) with d* = 0 if and only if (x*, ¥, i*)
satisfy the first order optimality conditions for problem (6.64).
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Proof. The result follows immediately from the fact that the necessary and
sufficient conditions of optimality for the quadratic programming problem
(6.74) with d* = 0 become identical with the necessary conditions of opti-
mality for problem (6.64). m|

Of course, under our modification, the relation of the sequential quadratic
programming method to Newton’s method becomes remote, and additional
modifications are needed to stabilize the method.

Similar to the unconstrained case, we introduce a line search procedure.
In the constrained case, however, we cannot simply minimize the objective
function f(-) along the ray x* 4+ rd* over ¢ > 0. We have to mind the
constraints.

A way to address this issue is to employ the exact penalty function

m p
B () £ F() + o X max (0,8(0) + X Il]. ©79)
i=1 i=1

We know from Section 6.2.3 that, under mild conditions, a local minimum
of problem (6.64) is also a local minimum of the function @, (-), provided
that the penalty coefficient p is larger than the “max” norm of the Lagrange
multipliers 4, () at the solution. We can, therefore, use function (6.75) as
the merit function, to measure the progress toward the local minimum of the
problem. Let us stress once again that @, (-) is a nonsmooth function, and its
minimization cannot, in general, be effectively accomplished by numerical
methods for minimizing smooth problems. In our case, however, the specific
form of the function allows some useful observations about the method.

We know from the proof of Theorem 6.9 that the function @, (-) has the
directional derivative in every direction. The following lemma shows that
the quadratic programming problem (6.74) generates a descent direction for
the function (6.75).

LEMMA 6.21. Assume that Wy is a positive definite matrix and that problem

(6.74) has a solution (d*, A, i*). (d*, 2%, i%). If o > | (Z*, &%) \les, then
@, (x*; d*) < —(d", W,d").

Proof. Consider a function g;(x). By the convexity of the “max” function,

we have

max (O, g (") + Tg;(xk)dk)
= max (0, (1 — 7)g (") + 7(g (x") + g/ (x")d"))
< (1 —7)max (0, g (x")) + 7 max (0, g; (x*) + g/ (x")d"))
< (1 — 7) max (O, g,-(xk)).
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In the last transformation we also used the inequality constraint of problem
(6.74). Hence

liilol l[max (0, gi(xF + ‘L'dk)) — max (0, gi (xk))]
710 T

= lri?(‘)l %[max (0, gi () + 7g] (xk)dk)) —max (0, g (xk))]
< —max (O, gi (xk)).
Similarly,
i (") + ehi(Dd'| < (1= )lhi (),
and
lim %[mi(xk +7d")| = (] < = 1hi 1.
This allows us to estimate the directional derivative of @, (-) as follows:

m p
@, (x5 d*) < (Vf (), db) — 0 D" max (0, g (") — @ D 1hi(xM)].

i=1 i=1

Observe that it follows from the optimality conditions of problem (6.74) that
VR + Wedt + [¢/ 9] + [ ] ek =o.
Thus the estimate of the directional derivative can be rewritten as follows:
@) (x*: d¥) < — (d*, Wid*) — (' (x)d*, 2F) — (n' (Myd¥, i)
m p
— 0> max (0, g:(x")) — 2 D 1hi(x")].

i=1 i=1
Furthermore, the complementarity condition for the quadratic programming
problem (6.74) yields

(g (Mydh, 1Y) = —(g(x*), 25).
Substituting this into the estimate of the directional derivative we obtain

@) (x*: d¥) < — (d*, Wid") + (g(*), AF) + (h(x*), 2*)
m p

— 0> max (0, g(x") — o D lhi(x")].
i=1 i=1

If o > A%, then g;(x*)1¥ < o max (0, g (x*)). Similarly, if o > |25], then
hi(x*) 2% < plh;(x*)|. Consequently, the last displayed inequality implies
the assertion of the lemma. O
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It follows from the last lemma that for a sufficiently large g the directional
minimization of the merit function makes good sense:

minimize @,(x* + d*).
>0 @

Nevertheless, this in itself is not sufficient to guarantee convergence of the
sequential quadratic programming method to a local minimum of prob-
lem (6.64).

Another way of avoiding excessively long steps in bad directions is the use
of the trust region idea, as in Section 5.7. We augment problem (6.74) with
a constraint ||d|| < A, where A > 0 is our trust region radius. If no good
steps can be made, A is decreased. Then, however, infeasibility of problem
(6.74) may occur, and further modifications are needed.

Existing theoretical results about the properties of the method with line
search or with trust regions contain many assumptions, some of which are
difficult to verify. The situation becomes more complicated when quasi-
Newton updates are used to construct the matrices Wy. Any of the formulas
discussed in Section 5.6 may be used here, but the resulting methods have
mainly a heuristic character. Their numerical implementation involves many
algorithmic tricks aimed at stabilizing the iterates.

6.6 BARRIER METHODS

6.6.1 Main Ideas

We now focus on the problem

minimize f(x)
. . (6.76)
subject to g;(x) <0, i=1,...,m.

We assume that all functions involved are twice continuously differentiable.
For simplicity of presentation we do not include equality constraints. We
also do not have additional set constraints of the form x € X here. Although
the barrier methods, which we present in this section, can also be defined
with such additional set conditions, their numerical implementation becomes
more difficult.

Problem (6.76) can be converted to an equivalent problem with linear
inequalities and nonlinear equations:

minimize f(x)
subjectto g;(x)+z;, =0, i=1,...,m, (6.77)

zz=>0, i=1,...,m.
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Our next step is to eliminate the inequality constraints by formulating an
approximate problem

minimize f(x) —o In(z;)
; (6.78)

subject to g;(x)+z; =0, i=1,...,m.

In this problem o is a positive parameter, and we assume implicitly that
we look for a solution with z; > 0. The idea of problem (6.78) is that the
functions —o In(z;) create a “barrier” close to the boundary of the cone R,
preventing z; from becoming too close to this boundary. We hope that when
o — 0 the solution of problem (6.78) approaches a solution of problem
(6.77). The method of solving a constrained problem by a sequence of
approximate problems (6.78) is called the barrier method.

For our approach to make any sense at all, we have to be sure that there
exists a point x¢ such that g;(x;) < O foralli = 1,...,m. Then problem
(6.78) has a feasible solution for all ¢ > 0. We assume this condition
throughout.

LEMMA 6.22. Assume that the feasible set of problem (6.76) is bounded.
Then for every > 0 problem (6.78) has a solution (x (o), z(c)).

Proof. Consider the function
@, (x,2) = f(x) =0 >_In(z).
i=1
Denote by X the feasible set of problem (6.76). The feasible set of problem
(6.78) has the form:
S={x,2) e XxRY:gx)=2,2z,>0,i=1,...,m}. (6.79)
It is nonempty, because the point (x, g(x)) is its element. Define
B = P (xg, 8(x5)).
The set
Sy ={(x,2) € S: @, (x,2) < f)

is compact, as can be verified directly from the definition. Indeed, take a
convergent sequence of points (x, z*) € S#, and denote its limit by (X, 2).
The points x* are elements of the compact set X and thus ¥ € X. The
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continuity of g(-) and the definition of S imply that z = g(x). From the
definition of the set S# we see that

—o > @) < - f&H).

i=1

As all points x* belong to the compact set X, there exists a constant C such
that f(x*) > C for all k. Hence

—0 > @) <p-C.

i=1
The sequence {z*} is bounded as well:
zf-‘ < M; ésup{g,-(x) xeX}), i=1,...,m.

The last two inequalities imply that

o) <p-C+o Zln(Mj).
J#

Therefore we can find ¢ > 0 such that z¥ > ¢ for all k and all i =
1,...,m. Then z; > &. The function @&, (x, z) is continuous at (x, z) and
thus (%, z) € SP. This proves the compactness of the set S#. Every optimal
solution of the problem

minimize @, (x,z)
. (6.80)
subject to (x,z) € Sf

is also an optimal solution of problem (6.78). Problem (6.80) has an optimal
solution for every ¢ > 0, owing to the continuity of its objective function
and to the compactness of is feasible set. m|

The function o +— x(0) is called the central path.

We can now prove a general property of the barrier method, which corre-
sponds to Theorem 6.6 about penalty methods.

The nature of problem (6.78) is that its solution approximates the solution
of problem (6.77) “from within,” that is, by points (x, z) such that z; > 0 for
i = 1,...,m. This is the reason barrier methods are called interior point
methods. In order to prove convergence of the solutions of the approximate
problem (6.78) to a solution of problem (6.77) we need to make an assumption
that every neighborhood of each feasible point contains an “interior” feasible
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point, in the sense discussed here. We assume that the closure of the set (6.79)
is the entire feasible set of problem (6.77):

S={(x,2) e X xR} :g(x) =2z, z>0}. (6.81)

We can now prove a property of the barrier method, which corresponds to
Theorem 6.6 about general penalty methods.

THEOREM 6.23. Assume that the feasible set of problem (6.76) is bounded
and that condition (6.81) is satisfied. If o — 0, as k — oo, then every

accumulation point of the sequence (x(oy), z(or)) is a solution of prob-
lem (6.77).

Proof. By assumption, the set S is the feasible set of problem (6.77). By
virtue of Lemma 6.76, the sequence (x(oy), z(oy)) is well defined. Also,
(x(o%), z(or)) € S for all k. As the sequence (x (o), z(or)) is bounded,
with no loss of generality we may assume that it is convergent to some point
(X,7) € S. Consider an arbitrary point (x, z) € S. By the optimality of the
point (x(oy), z(0%)),

f(x(00) = 0x D Inzi(00)) < f(x) — o D In(z;).
i=1 i=1
If z; > 0, then lim;_, o ox In(z;(0x)) = 0. If z; = 0, then In(z;(0})) <
0 for all sufficiently large k. Thus limsup,_, ., o4 In(z;(0x)) < O in both
cases. Passing to the limit when k — o0 in the last displayed inequality, we
conclude that

f&x) = fx).

The point (x, z) € S was arbitrary and thus the last inequality holds true for
all (x,z) € S. By the continuity of f(-), this inequality also holds true for
all (x, z) € S. By virtue of assumption (6.81), these are all feasible points
(x, z) of problem (6.77). O

Theorem 6.23 is valid in a more general version, in which the barrier
function in (6.78), —o >, In(z;), may be replaced by other functions B(z),
having the property that B(z) — 400, as z approaches the boundary of the
nonnegative orthant R’,. However, using logarithmic penalty functions is
convenient for the efficient Newton method discussed in the next subsection.

Example 6.24. Let us illustrate the operation of the barrier method on the problem

3
minimize f(x) 2 7~ X

subject to g(x) L1 <0.
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g(x)

Figure 6.3. Operation of barrier function in Example 6.24 for ¢ = 0.3 (top) and
o = 0.1 (bottom). The vertical dashed line marks the boundary of the
feasible set.

Its solution is X = 1. Problem (6.78) takes on the form
... 3
minimize 5~ x — o In(z)
subjectto x — 1 +z =0.

By assigning multiplier 4 to the equality constraint we formulate the necessary
conditions of optimality

—-14+1=0,

_Zii=o.
Z

It follows that A = landz = ¢. Thenx =1 —z =1 — 0. When o | O then
x — 1. The operation of the method is illustrated in Figure 6.3, after eliminating z
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and converting the problem to the unconstrained problem
3
minimize f(x) — o In(—g(x)) = 7~ x —oIn(l —x).

Example 6.25. The logarithmic barrier function has an interesting form in the
semidefinite programming problem of Example 3.36 on page 129.

The condition that X is a positive semidefinite matrix of dimensionn, X € S’j_ ,can
be formulated as a linear constraint X € S” together with the system of inequalities

where 41(X), 12(X), ..., 4,(X) are the eigenvalues of X. The logarithmic barrier
function takes on the form

BO) 2 =" In (4:(0) = =In ([]2(0) = - In(det ).
i=1 i=1

The order of the eigenvalues does not matter here.
We shall prove that the function B(X) is convex and differentiable on the set of
positive definite matrices, with

VB(X) = —-X"1

This can be obtained from the first principles, but we prefer an approach using the
properties of the eigenvectors. Consider the optimization problem:

n

maximize — Zln ((uj, Xuj))

7=l (6.82)
subject to (ui,uj):{é iiz;j: i,j=1,...,n.
The variables in this problem are the vectors u1, ..., u, € R". Define the matrix
U:[u1 Uy - un].

The objective function of problem (6.82) depends only on the diagonal elements of
the matrix UT XU, and the constraintis UTU = I (U is a unitary matrix). Let

Z=[za 22 - )

be the matrix of eigenvectors of X of length 1, and let A1, 42, ..., 4, be the corre-
sponding eigenvalues. We can now change the variables by U = Z Q. Since Z is
a unitary matrix, U is unitary if and only if Q is unitary. Thus we can equivalently
transform problem (6.82) to a problem with a diagonal matrix:

n
maximize — Zln ((qj, qu)) (6.83)
oTo=1 iz
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with ¢; denoting the jth column of Q and with 4 = diag{A, ..., 4,}. As Qisa
unitary matrix, > ;_, qizj = 1. The function In(+) is strictly concave, and therefore

n n
In (g, 4g)) =In (D a24) = D" al i),
i=1 i=1

with equality occurring if and only if g; is a unit vector. Substituting this estimate
into the objective function of (6.83) and using the fact that Q is a unitary matrix,
we obtain

—Zln (q), qu < _quu In(4;)

j=1i=1
n
=- Zln(zi) Zq,%- =— > In(4),
i=1 j=1 i=1

with equality occurring if and only if Q is a permutation matrix. It follows that the
set of solutions of problem (6.83) are all permutation matrices and that the optimal

value equals
n n
~> (k) = ~In (Hz,-) — —In(det X).
i=1 i=1

The optimal solutions of (6.82) are all matrices of form U=2 Q with a permutation
matrix Q, that is, matrices U having the eigenvectors z1,...,z, of X as their
columns.

Each function X + (u;, Xu;) is linear and the function — In(-) is convex. Hence
the objective function of (6.82) is a convex function of X. By virtue of Lemma 2.58
on page 46, the optimal value function — In(det X) is a convex function of X.

We have

1
Vin ((zj, Xzj)) = TZ]‘Z]T.
j

It follows from Theorem 2.87 on page 71 that

n
6[—ln(detX)] = conv { — VZln ((ﬁj, Xﬁj)) :U=270, Qis apermutation}.
j=I

It does not matter in which order the eigenvectors z; appear in U, and we get

o[ — In(det X)] = { va z],Xz,>)} {—i;jZﬂ}—{ x '}

j=1 j=

We conclude that the subdifferential of — In(det X) contains only one element,
—X~!, which is the gradient of this function (Lemma 2.76 on page 62).

Consequently, B(X) is convex and smooth on the set of positive definite matrices,
and its gradient equals VB(X) = —X .
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The main difficulty associated with the barrier method is the fact that the
optimization problem (6.78) is ill-conditioned. For these reasons, barrier
methods were not considered to be particularly attractive numerical methods
for constrained optimization. Recent advances in the numerical implemen-
tations of the Newton method significantly changed this opinion.

6.6.2 Primal-Dual Newton’s Method

The Lagrangian of problem (6.78) has the form

L(x,2) = f(x) =0 D In(z) + D 4i(gix) +z:).

i=1 i=l1

Since (6.78) has only equality constraints, the necessary conditions of opti-
mality are simply the equations:

VFE) + D 4iVegi(x) =0,
i=l (6.84)

Aizi=o, i=1,...,m,
gx)+z=0.
Observe that the second equation is a perturbed complementarity condition
for problem (6.76). Our idea is to solve the nonlinear system (6.84) by
Newton’s method, decrease o, solve it again, etc. In fact, the decrease of
may occur before reaching the exact solution of (6.84).

Itis convenient to represent the Lagrange multiplier vector and the decision
vector z as diagonal matrices

Y = diag{1y, ..., A}, Z = diag{zy, ..., zm}

We also use 1 to denote the vector of ones in R”: 17 =[11 ... 1], and
we denote by A(x) the Jacobian g’(x) of g(-) at x. Then we can write the
necessary conditions of optimality (6.84) in a compact form:

Vi) +Ax)T A =0,
ZYe=o01, (6.85)
gx)+z=0.

Denote by H (x, 1) the Hessian of the ordinary Lagrangian of problem (6.76),

H(x,2) = V2f(x) + D 2V ().
i=1
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The Jacobian of system (6.85) at (x, z, A) can be calculated as follows:

H(x,2) 0 Ax)T
J(x,z,4) = 0 Y V4 ) (6.86)
Alx) 1 0

Owing to the use of the logarithmic barrier function, the Jacobian has a man-
ageable form. We can now apply Newton’s method to the nonlinear system
(6.85). At the point (x¥, z*, 2¥) we calculate the directions (d¥, d*, df) by
solving the system of linear equations:

HEE 20 0 AT [dt —Vf(xk) — A(xF)T A
0 yk o zk dr | = ol — zkyk1
AR T 0 d —zF —g(x")

From the second equation we can find the direction in the space of the slack
variables:

df = (Y (o1 - Z*r*1 - 7). (6.87)

We can thus eliminate dé‘ from the Newton system. After simple manipula-
tions we obtain the following reduced system:

HGA N AGHT JTa] _[-V76H - A 4
A —(r)TzE @] T | —e —e ()T T
The method proceeds as follows. Atiteration &, given the current approxima-
tion (x*, z¥, %), we solve system (6.88), which yields directions d)’j and di«‘.
The direction df can then be calculated from (6.87). After that, we update

the current solution by

X = 5k 4 gk,

e def,

A =05 4 ad.
Here 7 is a positive primal step size, such that z¥*! remains positive. The
quantity oy, is a positive dual step size, such that A**! is nonnegative. Finally,
the barrier parameter ¢ is decreased, and the iteration continues. Similar
derivations can be carried out for a problem involving equality constraints
(see Exercise 6.11).

Proper implementation of the interior point method is very difficult. The
matrix of system (6.88) is symmetric, but indefinite (neither positive nor
negative definite) and ill-conditioned. Its solution requires application of
specialized techniques for symmetric indefinite systems. In particular, the
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regularization techniques, known from the unconstrained Newton method,
are important here. The primal regularization replaces the Hessian by the ma-
trix H (x*, %) 461, with some small § > 0, to make the resulting matrix pos-
itive definite. Dual regularization replaces the diagonal matrix — (Y k)_l VA
by —(Yk)_IZk —¢&l,withe > 0.

Selection of regularization parameters, step sizes, and the decrease of the
barrier parameter ¢ have to be coordinated, to ensure practical convergence.
These techniques are presently an object of intensive research. In practical
computation, the interior methods can be very efficient, if they are imple-
mented skillfully.

EXERCISES

6.1. Describe the operation of projection on the following sets:
@ X=xeR":[;<xj<uj, j=1,...,n}
(b) X ={x eR?:x; <x3 <x3}.

(¢) X = {x € R" : Ax = b}, where A is an m X n matrix of rank m, and
beR™

6.2. Consider the problem

minimize x; + (x2)2 + ()C3)2 + (X4)2 — X4
subject to 2x1 4+ x2 + x3 +4x4 = 8

X1+ 2x24+2x34+x4=6

x > 0.

At the point x = (1, 1, 1, 1) treat (x1, x2) as basic variables and (x3, x4) as super-
basic variables. Carry out one iteration of the reduced gradient method.

6.3. Assume that a point x? > 0 satisfying its constraints of problem (6.25) exists.
Prove that 6 = 0 is an optimal solution of this problem if and only if the point x is
a stationary point of problem (6.8).

6.4. Consider the problem

minimize x; — X7
subject to (x1)* + (x2)* < 1

x > 0.

At the point (—1, 0) calculate the direction used by the feasible direction method.
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6.5. Consider the quadratic programming problem

minimize (x, Qx)
subjectto Ax < b,

in which Q is a symmetric positive definite matrix of dimension n, A isanm X n
matrix of rank m, and b € R™.

(a) Prove that the basic dual method (6.47) with fixed step size 7 is convergent,
provided that 7 is sufficiently small.

(b) Consider inequality constraints Ax < b instead of equations. Extend the
analysis of (a) to this case.

6.6. Consider the problem

minimize xjxp
subject to x; — 2xp = 3.
(a) For which values of the penalty parameter does the quadratic penalty function

have a minimum? Calculate the minimum point as a function of the penalty
parameter. What is its limit?

(b) For a sufficiently large value of the penalty parameter, analyze the operation
of the augmented Lagrangian method, starting from y = 0.

(c) Formulate the exact penalty function and find its unconstrained minimum, if
it exists.

6.7. For a general penalty method (6.27) prove that if the penalty coefficient in-
creases, then the values of the penalty function at solutions to successive problems
decrease.

6.8. Consider the problem
minimize x| — xp
subject to (x1)> + (x2)> < 1

x > 0.

(a) Starting from the point x = (—1, 0) and from the initial value of the La-
grange multiplier 4 = 1, carry out two iterations of the sequential quadratic
programming method. Explain the reasons for using a positive value of the
multiplier at the first iteration.

(b) For the same initial point, carry out two iterations of the interior point method.
6.9. Consider the problem
1
minimize {c, x) + 3 (x, Wx)

subjectto |lx[> < A.
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The symmetric matrix W of dimension n, the vector ¢ € R” and scalar A > 0
are given. Problems of this form arise as subproblems in trust region methods of
Section 5.7. Suppose we know

Jo =min{l >0: W+ Al > 0}.

Design a specialized version of the sequential quadratic programming method for
solving the problem.

6.10. Consider the quadratic programming problem

1
minimize E(x, Ox) + (c, x)

subject to Ax = b,

x>0,

with a positive semidefinite matrix Q. Develop the iterative formula of the primal-
dual interior point method, analogous to (6.88). As the inequality constraints are
formulated directly for the variables x, you do not need to introduce slacks z here.

6.11. For a nonlinear programming problem with both inequality and equality
constraints, develop the iterative formula of the primal-dual interior point method,
analogous to (6.88).

6.12. For a semidefinite programming problem of Example 3.36, develop the primal-
dual interior point method, analogous to (6.88). Use the barrier function analyzed
in Example 6.25.



Chapter Seven

Nondifferentiable Optimization

7.1 THE SUBGRADIENT METHOD

7.1.1 The Basic Version

We start our analysis from the unconstrained minimization problem

minimize f(x), (7.1)
xeR"?

in which the function f(-) is convex, but not necessarily differentiable. The
nondifferentiability of the function precludes application of any of the meth-
ods discussed in Chapter 5, including methods which do not require the
calculation of derivatives. The assumption about the differentiability of the
function is essential for their convergence, as illustrated in Exercises 5.1 and
5.15. However, if we abandon the idea of decreasing the value of the function
at every step of the method, it is possible to construct a convergent method
using subgradients of the function f(-).

The simplest such method, called the subgradient method, constructs a
sequence of points {x*} by the iterative formula:

=k gt k=1,2,..., (7.2)
in which g* is a subgradient of f(-) at the current point x*:

gt eaf(xh).

The coefficient 7y is a positive step size, and y, is a positive scaling coefficient
whose role is to keep the norm of the vector y;g* bounded. While the product
7x Yk can be considered as one effective step size, it is convenient to separate
them in our analysis, to underline the essence of the conditions on these
quantities. To be specific, we analyze the convergence of the subgradient
method for a particular choice of the scaling coefficients,

1

= :1,2,..., (73)
max (c, || gkl

Vi

where ¢ > 0 is fixed. It will be obvious how to modify our considerations
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for other popular versions, such as
1 1

Yh=-—— O yp=———,
gl max (c, || g*[I?)

or their variations.
The first observation that has to be made is that the direction negative to a
subgradient g is not necessarily the direction of descent of the function £ (-).

Example 7.1. Consider the function
1, x2) = x1 4+ x2 +max (0, (x1) + (x2)* — 4).
At the point x = (0, —2) the subdifferential of f(x) can be calculated by Exam-

ple 2.80 on page 66:
of (x) = conv [ [}i| , |:_04i“ .

In particular, one may take
1 1
A NE

The direction —g is not a direction of descent for f(x). Also, the negative of the
other extreme point of 0f (x),
2 |1
2= k).

is not a direction of descent. Figure 7.1 illustrates this situation.
The minimum-norm subgradient is

=[]

and its negative is the direction of steepest descent.

The negative of the minimum-norm subgradient is a direction of descent,
and actually, it is the direction of steepest descent (see Lemma 2.77). But
even then the method is not guaranteed to converge, as it is illustrated in
Exercise 5.1.

The key property of the subgradient g& € 9f (x*) is directly implied by
Definition 2.72 on page 57:

) — &Y = (g5, x —x*) forall x e R".

Therefore all points x, which have smaller function values than x*, lie in the
halfspace:

H, = {x eR": (g5, x —x*) < O}.

It appears reasonable to expect that a small step in the direction negative to
gk will decrease the distance to every optimal point. This can be seen in
Figure 7.1, and is used in the proofs of the main convergence theorems.
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Figure 7.1. Subgradients in Example 7.1.

THEOREM 7.2. Assume that the subgradient method (7.2) uses nonnegative
step sizes {1y} satisfying the conditions

limsupr, =7 < 00, (7.4)
k— 00
o0
Tr = O0. (7.5)
k=1

Then the sequence {x*} generated by the subgradient method is such that for
every optimal solution x* of problem (77.1) the following relation holds true:
liminf f(x*) <  max  f(y). (7.6)
k—o00 ly—x*ll<7/2
Proof. Suppose x* is an optimal solution. Expansion of the square of the
norm yields

k+1 2 k k2
x5 = x* = X" —x" — gl

(7.7

= [Ix* — x*1* = 2mepe(g®, X — x*) + o2y 2llgh I

The definition of y; implies that 7| g¥|| < 1. Consequently, (7.7) becomes

k

P < et =1 = 2wl (o =5 = ) 09
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Consider the quantities appearing in the expression above,

k

8 k *
Ok = AR - 5
o= (g =)

and the points

k
k * g
Vo=x" 4+ —.
Ig*I
Using the definition of a subgradient at x* and the definitions of y* and J,
we obtain the inequality

FON = £G5 + (g5, yF = x5
k

= £ + (g5, x* — x5 + ailgt, ”i—k”) (7.9)

= &5 = gkl + llghll = £(5).

Thus x is at least as good as the point y*, which is at distance & to x*. If

T
liminf o, < =
k—o00 k= 2’
inequality (7.9) immediately implies the assertion of the theorem. It remains
to consider the case when

. T
liminf 6; > —
k— 00 2

Rewriting (7.8) as

It =2 < et — I = 2zl (0 — 5,
we see that for sufficiently large k the sequence {|lx* — x*||?} is nonincreas-
ing. Let us choose / large enough and a sufficiently small ¢ > 0, so that
Or — 1x/2 > ¢ for all k > [. Summing the last inequality from k = [ to
k = m we obtain
0 < ™ —x*|? < llx' = x> =22 > wyell gt (7.10)
k=1

If there exists & > O such that y;||g¥|| > « for all k > I, then assumption
(7.5) implies that the right hand side of (7.10) diverges to —oo as m — o0,
which makes (7.10) an absurd. The only remaining possibility is that

lim inf y. [ g*|| = 0.
k—o00
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Hence there exists an infinite set of iterations /C such that g¥ — 0,ask — oo,
k € IC. As the sequence {x*} is bounded, it follows from the subgradient
inequality,

(g —x) = FO5) = F(x*) =0, (7.11)
that f(x*) — f(x*),as k — oo, k € K. Consequently, the assertion of the
theorem holds true in this case as well. O

In particular, when 7, — 0, it follows from the above theorem that
liminf f(x*) = f(x*).
k—o00

But we can also use this result to estimate the quality of the best point found by
the method using constant step sizes, which is of great practical importance.
We can simply run method (7.16) with a small constant step size 7, and the
best point after sufficiently many iterations will have an error (in terms of
the value of the objective function) comparable to 7, as given in (7.6).

A surprising conclusion is that if the set of optimal solutions contains a
ball of diameter 7 /2, then actually liminf f(x*) = f(x*). Indeed, setting
x*1in (7.6) to be the center of this ball, we can make the right hand side equal
to f(x*).

By assuming a little more about the function f(-), we can prove the con-
vergence of the entire sequence of function values to the optimal value.

THEOREM 7.3. Let the assumptions of Theorem 7.2 be satisfied with T = 0.
If the set of optimal solutions of problem (7.1) is bounded, then

lim f(x*) = f*,
k— 00
where f* is the optimal value of the problem.

Proof. Since the optimal set X * is bounded and f(-) is convex, all level sets
of f(-) are bounded (Exercise 2.12). Then for every ¢ > 0 the number

r(e) = sup {dist(x, X*) : f(x) < f*+¢} (7.12)

is finite. In fact, r(¢) | 0, if ¢ | 0. In the remaining part of the proof we
just write r for r(g).

We know from Theorem 7.2 that there exists an infinite set of iterations
IC; such that f(x*) — f* when k — o0, k € KC;. Then dist(x¥, X*) —
0 for k € K;. Suppose an infinite set of iterations /C, exists such that
dist(x*, X*) > 2r for all k € K,. Choose k; € K; such that dist(x*, X*)
< r. Let k, be the first element of the set /C, after k;:

ko, = minlk € Iy 1 k > ki}.
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All points x/ for j = ky, ..., k, — 1 have distance to X* less than 2r. Thus
the subgradients g’ at these points are uniformly bounded: there exists a
constant L such that ||g/|| < L, j = ki, ...,k — 1. The constant L depends

only on r. We can choose k] sufﬁciently large, so that
Ti mmy\—_-, — or . .
i = 2T J 1

Since [|x/*! — x7|| < 7;, the quantity dist(x/, X*) cannot increase by more
than r/2 for j > k;. Atleast two steps are needed between k| and k; and the
set

J = {lq <j<k: dist(xj,X*) > r}

is nonempty.
Employing the subgradient inequality (7.11) and using the fact that y,|| g |
is bounded by 1, we can manipulate inequality (7.8) to the form

1
¥ — )2 < |Ixh — x¥)12 — 25y (f(xk) - = ETngkll)'

For every j € J the definition of r implies that f(x/) — f* > . Since
zjllg’ |l < 2¢, we get

[ e A I A=A
Taking the infimum with respect to x* € X* on both sides we obtain
dist(x/*!, X*) < dist(x/, X*), je J.

It follows that the quantity dist(x/, X*) is unable to climb up, once it pass-
es r, and thus it cannot exceed 2r. Consequently, the set ', must be finite
and

lim sup [ dist(x*, X*)] < 2r.
k— 00
Since r can be made arbitrarily small by choosing a sufficiently small ¢ > 0,
we conclude that dist(x¥, X*) — 0, as k — oo. This is equivalent to the
assertion of the theorem. O

Itis possible to carry out a similar analysis for 7 > 0, but then the bound on
lim sup f (x*) depends on the properties of the function f(-). The interested
reader may easily reconstruct it from our considerations here.

Under stronger conditions on the step size coefficients, we can prove the
convergence of the entire sequence {x*}.
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THEOREM 7.4. Assume that problem (7.1) has an optimal solution. Let
the subgradient method use nonnegative step sizes {t,} satisfying condition
(7.5) and such that

e¢]

> 7t < oo (7.14)

k=1

Then the sequence {x*} generated by the subgradient method is convergent
to a solution of problem (7.1).

Proof. Suppose x* is an optimal solution of problem (7.1). Equation (7.7)
and the bound y;||g*|| < 1 yield

k+1 2 k 2 k k 2
[ — X7 < I = xF)1F = 2mee(gF, X6 — xT) + 77

It follows from the definition of the subgradient (Definition 2.72 on page 57)
that

(g, X —x*) = F(5) = FOeM).
Combining the last two relations we obtain for k = 1,2, ... that

AT — P < ot = P = 2 [ F ) — FG)] 4+ 7

< I = x* )7 + 7

(7.15)

We add these inequalities from & = 1 to k = m, which yields the bound:

m

e =P < = 2P = D a6 = fOO] + D7
k=1

k=1 =
o0

<l =P+
k=1

We have used here the fact that f(x*) — f(x*) > 0, by the optimality of x*.
Furthermore, by virtue of condition (7.14), the last sum on the right hand side
is bounded, and thus the sequence {x*} is bounded. By Theorem 7.2 with
7 = 0, there exists an infinite set of iterations K such that f(x*) — f(x*) as
k — 0o,k € K. As the sequence {x¥} is bounded, we can choose an infinite
set IC; C K such that the subsequence (xk), k € Ky, is convergent. Its limit,
denoted by X, must be optimal for problem (7.1). We can thus substitute X
for x* in all estimates above.
Choose [ € K. Adding inequalities (7.15) from k = [ to m we obtain

o
||xn‘l+1_x"||2§||xl_£||2+ZT](2" m:l+1,l—|—2,....
k=l
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For each ¢ > 0 we can choose ! € K; such that ||x! — £]|> < &, and
> o, 17 <. Then ||x™*! — 2||> < 2¢ for all m > [, which proves that the
entire sequence {x*} is convergent to x. m|

An example of a sequence of step sizes satisfying conditions (7.5) and
(7.14) is

=2 k=1,2.3,....
X

It has only theoretical significance, and is rarely used in any practical compu-
tations.” Generally, because of the non-monotone character of the sequence
{ £ (x*)} in the subgradient method, it is very difficult to develop reliable and
efficient step size rules.

An advantage of the subgradient method is its utmost simplicity. It can be
applied to problems of very large dimension.

7.1.2 Projection

The subgradient method can be easily adapted to constrained convex opti-
mization problems of the form

minimize f(x), (7.16)
xeX

where X C R” is a convex closed set, and the function f : R" — R is
convex.

We denote by ITx(x) the orthogonal projection of the point x € R” onto
the set X. It is defined as the point v € X that is closest to x. We know
from Section 2.1.2 that for every x € IR” such a point exists and is unique.
Using the orthogonal projection, we modify the subgradient method (7.2) as
follows:

=Ty (X —npg), k=1,2,.... (7.17)

As before, g* is a subgradient of f(-) at the current point x¥. When X = R”,
method (7.17) reduces to the basic version (7.2).

Clearly, application of projection is practical, when we can do it easily, for
example, when the set X is the nonnegative orthantoraboxinR". More com-
plicated constraints require application of special methods for constrained
problems, discussed in Section 7.6.

The properties of the method with projection are virtually the same as those
of the unconstrained version. Indeed, suppose x* is an optimal solution
of problem (7.16). Using the fact that the projection operation ITy(-) is

TCondition (7.14) plays an important role in stochastic versions of the subgradient method.
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nonexpansive (see Theorem 2.13 on page 23) and that x* € X, we can write
the inequality

2
[ — x*)1? = | TIx (" — peg®) — Tx (%) |7 < " — wpeg® — x*11%
Hence
I =t < et =P = 2m(g®, 6 — )+ 2 I (7.18)

This can be used in place of (7.7) in the proofs of Theorems 7.2, 7.3, and
7.4. They remain valid for the method with projection, and the proofs can
be copied verbatim.

If the set X is bounded, there is no need for the scaling coefficients y,
because all subgradients g* are uniformly bounded; we can simply use y; = 1
for all k.

7.1.3 Application to Dual Problems

A particularly important application of the subgradient method, and other
nonsmooth optimization methods, is the solution of dual problems associated
with constrained optimization problems.

For the general nonlinear programming problem:

minimize f(x)

subject to g;(x) <0, i=1,...,m,
j gi(x) < | (7.19)
h,-(x):(), l=1>"~5p:
X € Xo,
the Lagrangian has the form
L(x, A, u) = f(x)+ (4, g(x)) + (u, h(x)).
The associated dual function is defined as follows:
Lp(A, u) = inf L(x, 1, u). (7.20)
xeXo

The dual function is always concave, and thus the dual problem,
maximize Lp (4, 1),
Gz p( u)

is a convex optimization problem. Recall that its feasible set has the form
Ag =RY x RP.

Lemma 4.5 on page 165 provides us with a way to calculate a subgradi-
ent of the dual function: for a given pair of multipliers (1*, x¥) solve the
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optimization problem on the right hand side of (7.20). If it has an optimal
solution x* then the vector
dk — |:g (xk)i|

h(x*)

is a subgradient of Lp(-) at the current point. Therefore, the subgradient
method can be written for the dual problem as follows: "

2T — max (0, L Tkag(xk))’

7.21
W= uk 4 yh (x5, k=12, ... (7.21)

As we discuss in sections 4.4 and 4.5, dual approaches are particularly useful
for large-scale problems. Usually, only a subset of constraints is included in
the Lagrangian, and the other constraints of the problem are treated directly,
as a part of the definition of the set X in (7.20).

The key practical problem associated with the dual method is primal re-
covery, that is, determining the optimal solution of the original problem,
after solving the dual problem. Theorem 4.10 on page 169 provides the
theoretical answer, but its practical application may encounter difficulties,
when the solution of problem (7.20) is not unique (for the optimal values of
the multipliers A and £). This situation is typical for linear programming
problems.

In convex programming it is possible to recover the primal solution in the
course of the operation of the subgradient method. Assume that the functions
f() and g;(-),i = 1,...,m, in problem (7.19) are convex, the functions
h;(-),i =1,..., p are affine, the set X is convex and compact, and Slater’s
constraint qualification condition is satisfied.

Owing to the compactness of X, the problem has a solution. Due to
Slater’s condition, the dual problem has a solution as well, and we can apply
the dual method (7.21). In view of the compactness of X the subgradients
(g(x%), h(x*)) are uniformly bounded, and we can set y; = 1 for all k in
(7.21).

Consider the sequence of weighted averages

¢ k
—¢ _ it TX
r =
Dkt Tk
THEOREM 7.5. Assume that the sequence of step sizes {1} satisfies condi-

tions (71.4)-(7.5), with T = 0. Then every accumulation point of the sequence
of averages {x'} is an optimal solution of problem (7.19).

, €=1,2,.... (7.22)

TBecause the dual problem is a maximization problem, we make steps in the direction of
a subgradient, not its negative.
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Proof. By construction, X’ € conv{x!, x2, ..., x‘}, and thus X’ € X,. For

simplicity of notation we assume that only inequality constraints are present
(p = 0). Since A**! > 2 + i g(x), k=1,2,...,

t

szg(xk) < Af—i—l _/11'
k=1

The inequality here, as usual, is understood component-wise. Dividing both
sides by Z£=1 7k, using the definition of x¢ and the convexity of g(-), we
obtain:

¢
Zk:] rkg(xk) - if—ﬁ—l _ /11
‘ = ¢ ‘
D ket Tk Dkt Tk
Our first step is to show that the right hand side of this equation converges to

0, as £ — oo. Let 1* be a solution of the dual problem. Similarly to (7.18),
we derive from (7.21) with y; = 1 the inequality

AR — 251 < 125 = A2 4 20 (AF = 2%, g (5F)) + 2 llg ) IE (7.24)

(7.23)

g(x) <

Since g(x*) € 8Ly (A¥) (for a concave function Lp(-)),

(AF = 2%, g(h) < Lo(M) — Lp(*) <.
Let C be such that ||g(x¥)|| < C for all k. Then the last two relations imply

AR %P < 14K — 25 4 Pl

Adding from k = 1 to k = £ we conclude that

IAEH — 2 < 1A = AT + szg:q{z.

k=1

Therefore

A — AN < AT = 25+ AT = 2

¢ 12
<1 =2+ (1= 2P+ Y 1)
k=1

‘ 12
<22t =+ c(> )

k=1

Dividing both sides by Z/ﬁ: | Tk We get

. ¢ 1/2
=2t =2 ()

Zi:l o Zi:l Tk Zi:l Tk
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Let £ — oo. Both fractions on the right hand side converge to 0, due to
the conditions >~ 7y = oo and 7z — 0. Therefore the left hand side
converges to 0. In view of (7.23), we obtain

limsupg;(x) <0, i=1,...,m.
{— 00

Consequently, every accumulation point of the sequence {x‘} satisfies the
constraints of problem (7.19).

Let us now analyze the quality of these accumulation points. By Lemma
4.21 on page 186, the dual function is a lower bound for the optimal value
of the problem, that is,

FERY 4+ A8 g < F*, k=1,2,....

Multiplying by 74, summing over k = 1, ..., £ and normalizing by Zi: | Tk
we obtain

o wf 0N L B wdi g0h)
PR PR

Observe that the convexity of the function f(-) and the definition (7.22) of
x¢ yield:

=f (7.25)

H < M‘
- ZI{:] Tk

Thus the right hand side of (7.25) is an upper bound on f(x¢). We shall
show that the fraction on the right hand side of (7.25) has a nonnegative
lower limit, as £ — o0.

Using the fact that 4 = 0 is feasible for the dual problem, similar to (7.24)
we can write the inequality

f&

A2 < 1517 + 20 (25, (%)) + 2 g (F) 12
Hence
C2

1 1
o (A5, g(xh)) > Enx"“nz — Enxknz — 7,3,

where C isaboundon || g(x*)||. Summingoverk = 1, ..., £ and normalizing
by the sum of step sizes, we obtain

SianleGh) 1Ry
ZI{:] Tk a 2Z£=1 Tk 22£:1 Tk
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When ¢ — oo, both fractions on the right hand side go to 0, by virtue of
(7.4) and by the fact that 7, — 0. Therefore, the last term on the right hand
side of (7.25) has a nonnegative lower limit, as £ — oco. We conclude that

limsup f(x%) < f*.

{—o00

It follows that every accumulation point of the sequence {x‘} is an optimal
solution of problem (7.19). O

Finally, we may note that the summation over k in the numerator and
denominator of (7.22) may run from some ¢y, > 1, rather than from 1,
because every point generated by the method may be regarded as the starting
point.

7.1.4 Known Optimal Value

We return to the set-constrained problem

minimize f(x), (7.26)
xeX

with a convex function f : R” — IR and a convex closed set X C R". We
assume that problem (7.26) has a solution and that the optimal value f* of
its objective function is known.
Such a situation arises when we apply the penalty method to the system
of inequalities:
fikx) <0, i=1,...,m,
x € X.

We can define there
f(x) = max (O, fik), ..., fm(x)),

or

f) =D max (0, fi(x)),
i=1
and convert the system of inequalities to the optimization problem (7.26). In
both cases f* = 0, provided that the system of inequalities has a solution.
If the optimal value f* is known, we can use specialized step sizes in the
subgradient method with projection

X =T (x — g, k=12,..., (7.27)
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namely,

Ry
g1
THEOREM 7.6. Assume that problem (7.26) has an optimal solution. Then

the subgradient method (7.27)—(7.28) generates a sequence {x*} which is
convergent to a solution of (7.26).

(7.28)

Proof. Suppose x* is an optimal solution of problem (7.26). Using the fact
that the projection operation ITx(-) is nonexpansive (see Theorem 2.13 on
page 23) and that x* € X, we can write the inequality

2
I =2 = T = g = T 0|7 < o = mg® — 27|12
Similarly to (7.7), we obtain the estimate
[ e [ e e I [P

Using the subgradient inequality (g%, x* — x*) > f(x*) — f* and the defi-
nition of 7; in (7.28), we can continue the last estimate as follows:
R e P N A P CO B A B A P
, reH -7 (7.29)
ITAE k=12
8

This proves that the sequence {x*} is bounded, and thus the subgradients g*
are uniformly bounded. Summing up (7.29) from k = 1 to co we obtain

< JIx* — x|

ST e
P o = I =2
k=1

Since the subgradients are bounded, f(x*) — f*. Therefore, for every
convergent subsequence of the sequence {x*}, its accumulation point X must
be optimal: f(x) = f*. We can thus substitute X for x* in (7.29) and
conclude that the entire sequence is convergent to x. |

The possibility of using “automatic” step sizes (7.28) is a great advantage
of this version of the method. Still, the speed of convergence may be quite
slow, because 7; quickly diminishes when x* approaches the solution set. For
systems of inequalities, discussed at the beginning of this section, the method
with constant step sizes is a good alternative (see Theorem 7.2 with 7 > 0).
If the solution set of the system of inequalities contains a small ball, then
Theorem 7.2 guarantees that the method with step sizes not exceeding the
diameter of this ball, and with normalizing coefficients (7.3), is convergent
to a solution of this system.
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7.2 THE CUTTING PLANE METHOD

7.2.1 The Main Concepts
Let us consider the problem

minimize f(x), (7.30)
xeX

in which the function f : R" — R is convex and the set X C R” is convex
and compact.
The idea of the cutting plane method is to use the subgradient inequality,

fO) = fx)+(g,y—x),

which holds true for every y € R” and each subgradient g € df(x), for
constructing lower approximations of f(-).

The method starts from a point x! € X, calculates g! € of(x!), and
constructs a linear approximation of f(-):

1) = FOD + (gl x —xh.

Clearly, f(-) > f'(-). The function f'(-) is minimized over X, which is
possible due to the compactness of X, and a certain point x> € X is obtained.
A subgradient g% € f (x?) provides a new lower bound for f(-):

fx) = f(xP) + (g% x —x%).

Both lower bounds, obtained at x! and at x2, can be combined into the
function

fz(x) = max (f(xl) + (glvx _xl>a f(x2) + (gzax _x2>)‘

Again, f2(-) < f(-). The minimization of f2(x) over x € X yields a new
point x*, and the iteration continues.

In general, at iteration k, having points x!', ..., x*, values of the func-
tion f(x'), ..., f(x*), and subgradients g!, ..., g¥, we construct a lower
approximation of the function

FEe) 2 max [£G) + (g, x — 2], (7.31)
<J=
It is used in the master problem:
minimize ), (7.32)
Xe

whose solution, x**!, is added to the set of points. After evaluating f (x*+!)
and g1 e af (x**1), we increase k by one, and continue the calculations.
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If
f(xk+1) — fk(xk+1),

we can terminate the calculations, because the point x
shall show in the next subsection.

We call the linear pieces, f(x7) + (g/, x — x/), added at the iterations of
the method, cutting planes, or simply cuts. The first three iterations of the
cutting plane method are illustrated in Figure 7.2.

k+1 is optimal, as we

Figure 7.2. Illustration of the cutting plane method in one dimension. The vertical
dashed lines bound the feasible set. The gray points are the minima of
the cutting plane approximations. The white points are the points of
the graph of the function where new cutting planes are derived.

Before proceeding to the convergence analysis, let us note that the mas-
ter problem (7.32) is equivalent to the following constrained optimization
problem:

minimize o
subject to f(x/) + (g/,x —x/)y <0, j=1,...,k, (7.33)
x € X,

whose solution (x**!, p¥*!) is the next approximation to the solution of
(7.30) and a lower bound for f(-) on X. Indeed, let us assume that x is fixed
in (7.33), so that the optimization is carried out with respect to the variable v.
The optimal value of v is then clear from the constraints of this problem:

6(x) = max [fG) + (g7, x —x))] = fr).

Therefore, (7.33) is equivalent to (7.32). The new formulation has the ad-
vantage that, after passing to iteration k + 1, just one constraint is added to
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this problem, and re-optimization by a dual method is an attractive option.
This is particularly useful when X is a polyhedron, because efficient linear
programming techniques can be employed.

7.2.2 Convergence

Let us denote by f* the optimal value of the original problem (7.30).
The key property of the master problem is that its optimal value provides
a lower bound for the optimal value of the original problem:

o = min fX(x) <min f(x) = f*, k=1,2,....
xeX xeX

Therefore the stopping testis correct; if f(x*T!) = vo**!, then f(x**!) = f*.
This may happen if the function is piecewise linear, as we discuss in the next
subsection, but generally an infinite number of steps may occur.

THEOREM 7.7. The cutting plane method generates a sequence of points
{x*} such that

Jim (x5 = fF*.

Proof. As we have mentioned earlier, the method can stop only if x*
optimal. It remains to analyze the case of infinitely many steps. For & > 0
we define the set

={k: f*4+¢e < f(x* < +o0).

Let ki, ky € KC, with k; < ky. Since f(x¥1) > f* 4+ ¢ and f* > ok, there
will be a new cutting plane generated at x*! . It will stay in the master problem
from k; on, so it has to be satisfied at (x*2, v*2):

FOry 4 (gh, xR — xhy < ok <

On the other hand, ¢ < f(x*2) — f*, which combined with the last inequality
yields

e < f() = fQM) —(gh, x — i),

The function f(-) is subdifferentiable everywhere (because it is finite) and X
is compact, so there exists a constant C suchthat f(x1)— f (x2) < Cllx;—x2|l,
for all x;, x, € X. Subgradients on bounded sets are bounded, and thus we
can choose C large enough so that ||g¥|| < C for all k. It follows from the
last displayed inequality that

g < 2C||x" —x*|| forall ky, k» € K,, ki # k».
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As the set X is compact, there can exist only finitely many points in X having
a distance at least ¢/(2C) from each other. Thus the last inequality implies
that the set /C, is finite for each ¢ > 0. This means that for every ¢ > 0 all
but finitely many points x* have the objective function values in the interval
[f*, f* + ¢]. Therefore, the sequence { f (x¥)} is convergent to f*. m|

Due to the compactness of the set X, the sequence {x*} must have accumu-
lation points. It follows from the above theorem that each such accumulation
point is a solution of problem (7.30).

The cutting plane method, when applied to general convex problems, is
rather slow. No reliable rule exists for deleting old cuts, even those that
are not active at the current solution of problem (7.33). Usually, very many
iterations are needed to achieve a satisfactory accuracy of the solution found.
However, in the special case when the objective function is piecewise linear,
the cutting plane method becomes much more efficient. We discuss this topic
in the next section.

7.2.3 Finite Convergence for Piecewise-Linear Functions

Assume that the function f(-) in (7.30) is piecewise linear:

fx) = max {7i + (ui, x)} forall x e R, (7.34)
e

where [ is a finite index set, and y; € R and u; € R" are fixed. Problems
with such objective functions frequently arise in applications, in particular,
as dual problems to large scale linear or integer optimization problems.

For purposes of illustration, look at the facility location problem of Exam-
ple 4.23 on page 188. Each of the dual relaxations discussed there leads to
piecewise linear, concave dual function. For instance, each of the functions
in (4.62) is concave and piecewise linear, and so is their sum in (4.63). The
number of pieces in the equivalent representation (7.34) is huge, and they are
not enumerated explicitly. However, whatever the values of the dual vari-
ables, it is straightforward to identify an active piece i, of the function: such
y;, and u;, that f(x) = y;, + (u;,,x). We leave to the reader the derivation
of an appropriate procedure in this case (Exercise 7.5).

Assume that the cutting plane method is applied to problem (7.30) with
the objective function of the form (7.34), and that the subgradients calculated
are the gradients of active pieces of (7.34). Specifically, we assume that for
every xk

gk = Uj,
with
e IM) 2 (i el fO5) =y + (u;, x)).



NONDIFFERENTIABLE OPTIMIZATION 361

If the method does not stop at iteration k, then f(x*) > f¥(x*) and therefore
i is different than iy, iy, ..., ix_;. Since the number of different active pieces
is finite, the method must eventually stop, and we already know that the
termination may occur only at an optimal point. Interestingly, the finite
convergence property holds true even if arbitrary subgradients of f(-) are
calculated.

THEOREM 7.8. After finitely many iterations, the cutting plane method stops
at an optimal solution of (7.30).

Proof. For each x we can define the set

I 2 Gel:y+ (i, x) = F(0)).

There exist only finitely many different sets 7 (x), and we denote them by
I, I, ..., 1I;. Each of the sets I; defines a cell:

C é{x 2y ui,x) = fx), i€l yi+(ui,x) < f(x), i e I\ I}

Suppose our assertion is false, and f(x*) > f* for infinitely many k. Let
f(&x*) > f* for some x*¥ € C;. By Example 2.80, the cut generated at x*
has the form

O+ Ex—xh <o, (7.35)
with the subgradient
g = Z’liuiv 4i =0, Z/li =1
i€l iel
For all x € C; we have
fx) = Zli()’i + (ui, x))
iel)
= Zli()’i + (ug, )+ (ug, x — xk))
i€l
= f(") + @ x - 2.
By (7.35), for every m > k such that x™ € C; we must have
f™) =",

and the method must stop at x™. Thus, the cell C; may be visited at most
once.

Therefore, after visiting finitely many cells the algorithm must eventually
satisfy the stopping test. m|
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Simplicity is the main advantage of the cutting plane method. However,
the number of cuts in the master problem grows and there is no easy way to
keep it bounded. A natural idea would be to drop inactive cuts, that is, the
cuts that are satisfied as sharp inequalities at the current solution (x*, v¥) of
the master problem.

If we apply the method to piecewise linear problems and gradients of active
pieces are used as cuts, we may drop inactive cuts whenever the optimal value
of the master program increases.

To prove that we will still have a finitely convergent method, we note at
first that when inactive cuts are deleted, no decrease of the optimal value
of the master problem may result. Thus the sequence of optimal values
of the master problem, {v*}, is monotone. To prove that it is convergent
to f*, suppose v¥ < f* for some k and that no increase in the master’s
objective function occurs for all m > k. Then no deletion takes place, and
the discussion preceding Theorem 7.8 guarantees finite convergence of {v™}
to f*, a contradiction. Thus, an increase in the master’s objective function
must occur at some m > k. The number of different optimal values of the
master problem is finite, because a finite number of different sets of active
cuts exists. Therefore, an increase in this value can occur only finitely many
times, and the method must stop at an optimal solution after finitely many
iterations.

In the version with arbitrary subgradient cuts we have no guaranteed finite-
ness of the sets of cuts, and it is difficult to propose a useful and reliable rule
for deleting inactive cuts.

Actually, in both cases, deleting all inactive cuts is not a good idea, because
experience shows that many of them will have to be reconstructed.

Example 7.9. The two-stage stochastic programming problem is formulated, in its
simplest form, as follows:

S
minimize {c, oy
ERTR (e, x) +§PS(% Vs)
subjectto Ax =b, x >0, (7:36)
Tax + Wys=hs, s=1,...,85,

>0, s=1,...,8.

Here x € R™ is called the vector of first stage variables, and y; € IR™? is the
vector of second stage variables in scenario s = 1, ..., S. The matrices A, Ts, and
W;, of appropriate dimension, as well as the vectors c, g, b, and hy, are known. In
applications, the number of scenarios Sis very large, and the stochastic programming
problem in its linear programming form (7.36) may have dimensions exceeding the
capabilities of linear programming solvers.



NONDIFFERENTIABLE OPTIMIZATION 363

Another way to look at the problem is to consider, for a fixed x, the second stage
problems
minimize (gs, Vs)
Vs

subject to Wy; = hy — Tyx, (7.37)
ys 2 0.

Their optimal values, denoted by Q; (x), depend on the first stage decision x, and on
the scenario s. For simplicity, we assume that problems (7.37) are always solvable,
when x satisfies the constraints Ax = b, x > 0. Much of what we present here can
be easily extended to the general case, but with technical complications that would
obscure the presentation.

The entire problem can now be compactly written as follows:

N
minimize [f(X) = (e, x) + Z Ps Qs (x)] (7.38)
s=1 '

subjectto Ax =b, x > 0.

We know from Section 4.6 that the functions Q;(+), as optimal values of parametric
convex programming problems, are convex. Theorem 4.26 on page 194 provides us
with the description of the subdifferential of the optimal value function of problem
(7.37) with respect to the vector ry = hy — Tyx. Any solution A (x) of the dual
problem

maximize (hy — Tyx, A)
) T (7.39)
subjectto W* 1 < g,

is a subgradient of the optimal value function,” with respect to the vector ry =
hg—Tsx. The chainrule of Lemma2.83 on page 67 provides us with the subgradients
of Qs ()

005 = { — T,] 25(x) : A4(x) is a solution of (7.39)}.

Therefore, a cutting plane for the function f (x) in (7.38) can be obtained as follows.
We solve, fors = 1,..., S, second stage problems (7.37) and we obtain values of
Lagrange multipliers A, (x) associated with their constraints. Then the vector

S
gx)=c— > pT i),

s=1

is a subgradient of f(-) at x.

Since each Qj(-) is convex and piecewise linear, the function f(-) is convex and
piecewise linear as well, although the number of its pieces may be enormous. By
Theorem 7.8, the cutting plane method finds an optimal solution of the problem in

TFollowing the conventions of linear programming, we formulate the Lagrangian of prob-
lem (7.37) as L(x, 1) = {c,x) + (4, hy — Tsx), and this results in the opposite sign of
subgradients.
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finitely many steps. It is convenient to ensure that the multipliers A4 (x) are selected
from the set of basic optimal solutions of the corresponding dual problems. Then
the cutting plane method uses gradients of active pieces as cuts, and deletion of
inactive cuts can be employed safely. It is very relevant from the practical point of
view, because many cuts need to be generated to solve practical problems.

The cutting plane method also can be specialized to problems when the objective
function f(x) is a sum of many components, which are subdifferentiated separately,
as in (7.38). It is then possible to construct separate cutting plane approximation
for each piece (see Exercise 7.4).

7.2.4 Application to Dual Problems

As we discuss in Section 7.1.3, one of the main applications of nonsmooth
optimization methods is the solution of dual problems associated with convex
programming problems. To illustrate the way in which a primal solution can
be recovered from the solution of the dual problem by a cutting plane method,
let us consider again a linearly constrained convex problem:

minimize f(x)
subject to Ax = b, (7.40)
X € Xo.

We assume that the function f : R" — R is convex and the set X, C R”
is convex and closed. The matrix A of dimension m x n and the vector
b € R™ are given. We also assume that the set X is bounded, so that the
problem has an optimal solution. We denote by f* the optimal value of
the objective function. Finally, we assume Slater’s constraint qualification
condition: there exists a point xg € int X such that Axs = b. Then the
duality relation holds true and we can apply the dual method.
The dual function has the form

Lp(u) = min {f () + (u, b — Ax)}. (7.41)

Identical to the situation analyzed in Section 7.1.3, at every point x* gener-
ated by the method, a subgradient of the dual function can be calculated as
follows: we solve the minimization problem on the right hand side of (7.41)
to obtain a point x¥, which yields the subgradient of Lp(-):

gF=b— Ax*.

The dual problem is a maximization problem and thus the cutting plane ap-
proximation is concave and piecewise linear. The master problem at iteration
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k has the form

maximize v
subject to v < Lp(u/) + (b — Ax/, u—u?), j=1,...,k (742)
—C<u <C, i=1,...,m.

We add here the constraints | ¢; | < C, where C is a sufficiently large constant,
to make sure that the cutting plane approximation of the dual problem has
a solution. The constant C should be such that the box defined by these
artificial constraints contains a solution to the dual problem.

Suppose (f, 0) is a solution of the master problem, and that Lp (i) = 0,
that is, the stopping test of the cutting plane method is satisfied. Furthermore,
let us assume that the artificial constraints —C < u; < C are not active at
the solution. Then £ is an optimal solution of the dual problem, and o is the
optimal value of the dual problem, which is equal to the optimal value f* of
problem (7.40).

Let us denote by J* the set of active cuts in (7.42) and by 4;, j € J*, the
values of Lagrange multipliers associated with these cuts. The optimality
condition with respect to v yields the relation

2 =1
jeJ*
and, of course, the multipliers A; are nonnegative. Consider the point
X = Z A jxj .
jeJ*

We shall show that it is an optimal solution of the primal problem (7.40). It
is a convex combination of the points x/, j € J*, and therefore belongs to
the set Xo. Furthermore, from the optimality conditions for problem (7.42)
with respect to u, we conclude that

> b —Axly =0. (7.43)
jeJ*
This can be simply written as
b—Ax =0,

and proves that the point x is feasible for problem (7.40).
Let us prove its optimality. The active constraints in (7.42) are satisfied
as equations, and thus

[r=0=Lo()+{b—Ax', i —p;) = f&)+b—Ax, ), jeJ*
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Multiplying these equations by A; and summing up we obtain
fr= 20 @)+ D Aib — A ),
jeJ* jeJ*
The second sum is zero, by virtue of (7.43). The convexity of f(-) implies
that
S hifah) = f).

jeJ*

Combining the last two relations we conclude that f(x) < f*, which proves
the optimality of the point x.

The case of inequality constraints in the primal problem (7.40) is analyzed
in an identical way.

7.3 THE PROXIMAL POINT METHOD

7.3.1 Moreau-Yosida Regularization

Consider a convex, proper, extended real-valued function f : R" — R. We
assume that f(-) is lower semicontinuous, that is, its epigraph is a closed set
(Lemma 2.62 on page 47).

For a fixed number p > 0, we define the function

fo(w) 2 min {2 x — ) + £ }. (7.44)

The function f,(-) is called the Moreau—Yosida regularization of f(-).

LEMMA 7.10. For every o > 0, the function f,(-) is real-valued, convex,
and continuously differentiable, with Vf,(w) = o(w —x,(w)), where x,(w)
is the solution of (7.44).

Proof. Since f(-) is proper, there exists a point xq such that f(-) is subdif-
ferentiable at x( (see the discussion at the beginning of Section 2.6.1). Let
g € 0f (xg). Then, for every x we have the inequality

fx) = f(xo) + (g, x — xo).

Therefore, the function minimized in the right hand side of (7.44) can be
bounded below by the function

mm=§w—wW+f@w+@ﬁ—m»
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The level sets of the function on the right hand side of (7.44) are included in
the level sets of  (x), which are simply balls. Since f () is lower semicontin-
uous, the problem on the right hand side of (7.44) has, for each w, a solution
x,(w). By the strict convexity of the function x — %|lx — w|*> + f(x), the
solution x,(w) is unique. We can thus write

fo(@) = S, (0) = I + £, (w)).

By Theorem 3.5 on page 92, at the minimum x, (w) there exists a subgradient
g(w) € of (x,(w)) such that

0(x,(w) — w) + g(w) = 0.
In other words,
o(w — x,(w)) € 8f (x,(w)). (7.45)

Consider a fixed point w; and the corresponding solution x| = x, (w;). From
the subgradient inequality and (7.45) at w;, we deduce that at every point
x e R”

f&x) > fx) +o(w; —x1,x — xp).

Therefore for each w € R”
fow) = min {2 = wl? + £ () + 0w = xi.x —x)}.

The minimum on the right hand side of the last inequality can be calculated
analytically, because the function minimized is quadratic. We obtain the
solution x* = x; + w — w;. After substituting for x into the last inequality
we get

ﬁwnz%m—wm“ﬁﬁﬂ+mw“*bw‘“> (7.46)

= fp(w) + o(w; —x1, w —w;), forall weR".

It follows that the function f,(w;) 4+ o(w; — x;, - — w1) is a linear minorant
of f,(-). This means that f,(-) is convex, and that the vector g(w; —x, (w;))
is its subgradient at w.

By plugging into the right hand side of (7.44) the point x; = x,(w;),
instead of x, (w), we obtain the inequality

fow) = Sl = wl + f()
= 1 =) + (0 = ) + £(n) (7.47)

0
=ﬁwm+gmrﬁmw—wn+ym—wm?
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Both estimates (7.46) and (7.47) prove that the function f,(-) is in fact dif-
ferentiable, and that the vector p(w; — x,(w)) is its gradient at w. |

Let us recall that an operator M : R" — IR" is called monotone, if
(M(x2) — M(x1), xy — x1) > 0 for all x{, x, € R". The concept of mono-
tonicity plays an important role in convex analysis; we have encountered it
already in Exercise 2.14 in connection with the subgradient mapping.

LEMMA 7.11. The operator x,(-) is nonexpansive and monotone.

Proof. Consider two points w1, w, € R" and the corresponding solutions
X1 = Xx,(wy) and x, = x,(wy). It follows from (7.45) at w = w; that

fx2) = fxr) + olwr — x1, x2 — x1).
Reversing the roles of w; and w, we also have
JFx1) = f(x2) + o(w2 — x2, X1 — x2).
Adding the last two inequalities yields
0> (w; —x1 —wy + x2, X2 — x1),
which can be rewritten as follows:
(wy — wi, x2 = x1) = o — x|, (7.48)

This proves that the operator x,, (-) is monotone. We can also use this relation
to write the chain of inequalities

2

0 < [[(wy —wy) — (x2 = x1)l
2 2
= lwy — wil|” — 2(w2 — w1, x2 — x1) + [|x2 — x4 ||

2 2
< llwy — wil|” — llx2 — x1 |7

Consequently, ||x; — x| < |Jw, — w1]|, as postulated. O

7.3.2 Application to Convex Optimization

Let us consider the convex optimization problem

minimize f(x), (7.49)

xeR?

inwhich f : R” — R isaconvex extended real-valued function. We assume
that f(-) is proper and lower semicontinuous.
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Problem (7.49) is a convenient abstract model of a constrained problem
of the form (7.30), where we can simply define the extended real-valued
function

F) = [f(x) if x € X,
400 otherwise.
and consider the problem of minimizing f(-) over R".

Using the Moreau—Yosida regularization of f(-), we construct the follow-
ing iterative process. At iteration k, given the current approximation w* to
the solution of (7.49), we find the point x* = X (w*), which is the solution
of the problem

minimize < [lx — w*)? + £(x). (7.50)
xeR” 2

The next approximation is defined according to the formula:
Wt = x, ("), k=1,2,.... (7.51)

The iterative method (7.51) is called the proximal point method. It does
not appear to be very practical, because each iteration involves the solution
of the optimization problem (7.50), which is comparable in its difficulty
to the original problem (7.49). However, the proximal point method is an
important theoretical model of various highly efficient methods. We have
already encountered it in its pure form in the analysis on the augmented
Lagrangian method in Section 6.4.3.

Let us recall that it follows from Lemma 7.10 that problem (7.50) always
has a solution, if f(-) is lower semicontinuous. Thus the proximal point
method is well defined. Since f,(w*) < f(w*) by construction, we have
f < f(Ww"), k = 1,2,.... Actually, the progress made at each
iteration can be estimated very precisely.

LEMMA 7.12. Assume that there exists X € R” such that f(X) < f(w).
Then

N 2 (fw) = f(X)
folw) = () — el —wifp(* e ).
where
0 ifr <0,
p(r) =17 fo<z<I,

—14+27 ift > 1.
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Proof. Consider the segment containing points x = w + (X — w) with
0 <t < 1. Restricting the minimization in (7.50) to these x provides an
upper bound for the optimal value:

2
fow) < min [£(1 = 0w+ 18 + Z-1F - 0]
2

< £+ min [1(7®) = 7 @) +Z-1% - wl?].

In the last estimate we also used the convexity of f(-). The value of ¢ that
minimizes the above expression is equal to

A ( f(w) - f()?))
! = min l, —= 1 /)
ellx —wl
Our assertion follows now from a straightforward calculation. m|

At the solution x, (w) of problem (7.50) we have

fxp(w)) < fr(w) < f(w) —olx — w”2¢(M),

ollx —w]?

Therefore, if a better point exists, problem (7.50) will find a better point.
Consequently, x = w is the minimizer in (7.50) if and only if w is a minimizer

of f().
In fact, the proximal point method must converge to an optimal solution,
if an optimal solution exists.

THEOREM 7.13. Assume that problem (7.49) has an optimal solution. Then
the sequence {w*} generated by the proximal point method is convergent to
an optimal solution of (7.49).

Proof. Let x* be an optimal solution. We have the identity

||wk+1 _x*”z — ”U)k _x*”z +2<wk+l _ U)k, wk+1 _x*> _ ||wk+l _ wk”2.
(7.52)
Relation (7.45) reads:

—o (" — w*) e af (W' ). (7.53)
By the definition of the subgradient,
FG&*) = f@) — g (! — wf, x* — Wk,

Using this inequality in (7.52) (and skipping the last term) we obtain

e e e z(f(w"“) AR )
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Several conclusions follow from this estimate. First, the sequence {w*} is
bounded, because the distance to x* is nonincreasing. Second, summing up
(7.54) from k = 1 to oo, we get

> (F@hH = &) = St =P,
k=2

so f(w*) — f(x*)ask — oo. Consequently, for every accumulation point
% of {w*} wehave f(¥) = f(x*). We choose one such X, substitute it for x*
in (7.54), and conclude that the entire sequence {w*} is convergent to X. O

For polyhedral f(-) the convergence is finite.

THEOREM 7.14. Assume that f(-) is a convex polyhedral function and that
a minimum of f () exists. Then the proximal point method stops after finitely
many steps at a minimizer of f(-).

Proof. Suppose the method does not stop. Therefore, 0 ¢ f (w**') for
k=1,2,.... Hence

0¢ | Jar@ .

k=1

As f(-) is polyhedral, only finitely many different subdifferentials 8 f (w**")
exist. Each of them is a convex closed polyhedral set, so the right hand side
of the last displayed relation is a union of finitely many closed sets. Thus
it is closed. Consequently, there exists ¢ > 0 such that the ball B(0, &) of
radius ¢ about 0 has no common points with this union of subdifferentials.
We get

BO,e)Nof(whYy =9, k=1,2,....

Because the sequence {w*} is convergent by Theorem 7.13, we have w**+! —

w* — 0. Therefore p(w**' — w*) € B(0, ¢) for large k. This, combined
with the last displayed equation, contradicts (7.53). m|

The proximal point method can be generalized to a much broader class of
problems than convex optimization problems. These are inclusions of the
form

0e M(x), (7.55)

where M is a function assigning to points x € R” sets M (x) C R”".
A function M taking arguments in R” and assuming as its values sets in
R™ is called a multivalued operator, and written M : R" = R™. For a
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multivalued operator M we define its domain as the set of x for which M (x)
is nonempty. Its graph is the set G(M) £ {(x,y):y e M(x)}.
An operator M : R" = R" is called monotone, if

(x'—x,y —y)>0 forall x,x"edomM, ye M(x), y € M(x").

It is maximal monotone if its graph is not properly contained in the graph of
any other monotone operator. The subdifferential of a convex lower semi-
continuous function is a maximal monotone operator (Exercise 2.14). By
virtue of Theorem 3.5, the optimization problem (7.49) is equivalent to the
inclusion (7.55) for M = of .

However, many other problems which cannot be formulated as optimiza-
tion problems can be formulated as inclusions (7.55) with maximal monotone
operators. Most notably, these are saddle point problems for convex-concave
functions, and equilibrium problems in multiperson games.

We can generalize the proximal point method to inclusions of the form
(7.55) as follows. At iteration k, given x* € dom M we find x**! as the
solution of the inclusion

0e M(x)+o(x —x%).

It corresponds to (7.53) for the case of the optimization problem. If the
inclusion (7.55) has a solution, the sequence {x*} generated by the proximal
point method is convergent to it.

The analysis of inclusions of the form (7.55) and of the proximal point
method in the more general setting uses language and techniques which
are beyond the scope of this book. The interested reader is referred to the
literature discussed at the end of the book.

7.4 THE BUNDLE METHOD

7.4.1 Main Ideas
Let us return to the problem
minimize f(x), (7.56)
xeX

in which the function f : R" — R is convex and the set X C R” is convex
and closed.” We do not need to assume the boundedness of the set X, as in
the case of the cutting plane method.

TWe could reformulate the problem as an “unconstrained” problem (7.49), by introducing
an extended real-valued function fy(x) = f(x) for x € X and fx(x) = oo for x ¢ X.
However, the explicit formulation (7.56) is more convenient here, because we want to use
the boundedness of subgradients of f(-) on bounded sets in our analysis.
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The principal difficulty associated with the cutting plane method is the
growth of the number of cuts that need to be stored in the master problem.
Also, there is no easy way to make use of a good starting solution.

To mitigate these difficulties we add a quadratic regularizing term to the
polyhedral model used in the master problem (7.32) of the cutting plane
method. We obtain the following regularized master problem:

minimize 2|x — w*)? + £(x). (1.57)
xeX 2
The model f¥(-) is defined similarly to (7.31):

Ao = max[f(xf)+ I,x —x1)], (7.58)

with g/ € 0f (x/), j € J;. The set J; is a subset of {1, ..., k} determined by
a procedure for selecting cuts. At this moment we may think of J; as being
equal to {1, ..., k}.

In the proximal term (p/2)||x — w*||?, where p > 0, the center w* is
updated depending on the relations between the value of f(x**!) at the
master’s solution, x**!, and its prediction provided by the current model,
FR@kHY. If these values are equal or close, we set w ™! := x**! (descent
step); otherwise w**! := w* (null step).

In any case, the collection of cuts is updated, and the iteration continues.

If the model f*(-) were exact, thatis f* = f, then problem (7.57) would
be identical to the subproblem (7.50) solved at each iteration of the proximal
point method and we could just set w**! := x¥*!. All steps would be descent
steps. However, due to the approximate character of f*(-), the solution of
(7.57) is different than the solution of (7.50). It may not even be better than
w* (in terms of the value of the objective function). This is the reason for
introducing conditional rules for updating the center w*.

On the other hand, the regularized master problem can be equivalently
written as a problem with a quadratic objective function and linear con-
straints:

minimize v + 2 lx — |

subject to f(x/) + (g/,x —x/) <o, je, (7.59)

x e X.

If the set X is a convex polyhedron, the master problem can be readily
solved by specialized techniques, enjoying the finite termination property.
This clearly distinguishes it from the “exact” subproblem of the proximal
point method, where the original objective function f(x) appears.
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Step 0. Setk:=1,J": =0, 0! := —o0.

Step 1. Calculate f(x*) and g% € of (x*).
If f(x*) > o* then set J; := J,_; U {k}; otherwise set
Jk = Jk—l'

Step 2. If k =1 orif
FES) < A=) f@ )+ 1N,
k=1

then set w* := x*; otherwise set wf := w

Step 3. Solve the master problem (7.59). Denote by (x**1, p**1)
its solution and set f*(x**!) := o+,

Step 4. If f*(x**1) = f(w") then stop (w* is an optimal solu-
tion); otherwise continue.

Step 5. Remove from the sets of cuts J; some (or all) cuts whose
Lagrange multipliers /lj? at the solution of (7.59) are 0.
Increase k by one, and go to Step 1.

Figure 7.3. The bundle method.

Let us observe that problem (7.59) satisfies Slater’s constraint qualification
condition. Indeed, for every xs € X we can choose vg so large that all
constraints are satisfied as strict inequalities. Therefore the optimal solution
of the master problem satisfies the necessary and sufficient conditions of
optimality of Theorem 3.34 on page 127. We denote by /1;.‘ , J € Ji, the
Lagrange multipliers associated with the constraints of problem (7.59).

The detailed algorithm is stated in Figure 7.3. The parameter y € (0, 1) is
a fixed constant used to compare the observed improvement in the objective
value to the predicted improvement.

7.4.2 Convergence

The main difference between the bundle method and the proximal point
method is that the master problem (7.57) uses a model f*(-) instead of the
true function f(-). Its minimizer, x**!, is no longer guaranteed to be better
than w*. The role of null steps is to correct the model f*(-), if x**! is
not better than w*. We shall see that such model improvements ensure that
progress will eventually be made whenever any progress is possible.

By the construction of the method, the sequence { f (w*)} is nonincreasing.
We first show that the algorithm cannot get stuck at a non-optimal point.
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LEMMA 7.15. Suppose w* is not an optimal solution of problem (7.56).
Then there exist m > k such that f(w™) < f(w*).

Proof. Suppose null steps are made at iterations j = k+1,k+2,.... Thus
w/ = w* and

F@) > )+ A =) (f ™ = fI7HD).

Setd; = f(w*)— f/71(x7). Since w/ ™' = w* for these j, the last inequality
can be rewritten as follows:
FE) > ) + (=) (7.60)

We shall show that the optimal value of the master problem increases by a
quantity related to J;, when a new cut is added.

First, the master’s optimal value will not change, if we delete inactive cuts.
We denote the model without inactive cuts by f/~!(x). Subdifferentiating

(7.57) at x/ and applying Theorem 3.34 from page 127 we get
0eolx/ —w+ (’3ij_1(xj) + Ny (x7).

Thus there exists a subgradient d € 0 f- J=1(x7) and a normal vector h €
Ny (x7) such that

d =p(w" —x/) —h.
This allows us to write for every x € X the inequality
fie) = fI70) = 7)) + (dyx — 1)
= I + ok —x7, x — x7) — (b, x — x7)

> [T + o' —x7, x —x).
(7.61)
Second, by (7.60), after adding the new cut at x/ we have

1D > 77N+ (1= y)9;
Therefore, for all x € X,
FIo) > 17N + (= 9)d + (g, x —x7),
where g € 0f/(x/). Combining (7.61) with the last inequality we obtain
£1@) = max (f771 @) + o' — 2/, x —x7),
S+ (=99 + (g, x —xT))
> [N + o' —xd x =)

+ max (0, (I=y)o+ (g — Q(wk —x/),x —xj)).
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Consequently, the next value of the master’s objective function can be esti-
mated from below as follows:

; 0
£+ Sl —wh?
= 7 + glwf = x =) + D — o)
+max (0, (1 — )3 + (g — o(w* —x7),x —x7))
= P+ S =t S — )
+max (0, (1 — y)d; + (g — o(w* — x7), x — x7)).
It follows that the master’s optimal value,
02 FI ) + S = o,
satisfies the inequality
. 0 i
0, —0i_1 > Ecnel)lfl [Enx — x/|* + max (0, (I —y)d;
+ (g — o = x/),x = x7)]
. 0 )
> min [ 3 lx — /|12 + max (0, (1 = )9
~ g = (" — x)llx = x71) |

If no descent steps are made after iteration k, then the points x/ are contained
in a bounded neighborhood of w*, and the subgradients of f(-) are bounded
in this area. Therefore, we can assume that there exists a constant C such that
lgll < C and ||o(w* — x/)|| < C. Then the last inequality can be simplified
into

2

. oo
0, —0j_ > inelﬂr% [T + max (0, (I —=y)o — ZCU)],

where o stands for ||x — x/||. The right hand side of the above expression
can be estimated as follows. If (1 — y)J; < 4C?/g, we have

o =(1-7)5/QC), 6 —6;1=0(~-7y)0;/B8C;
otherwise,

6 =2C/o, 0,01 =-2C"/0+(1-7)8 = (1—7)5/2.
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The sequence {6;} is increasing and bounded above by f (w*). Hence 0; —
0;—1 — 0. If there are no descent steps after iteration kK we conclude that
5 — 0. As f(wk) > 0; > f(w*) — 6;11, we have 6; 1 f(w").

On the other hand, the master’s objective function value is bounded above
by the Moreau—Yosida regularization:

0; < fo(w’) = fy(w*).

If w* is not optimal, Lemma 7.12 yields f3(w*) < f(w*) and we obtain a
contradiction. O

We are now ready to prove convergence of the bundle method. Our analysis
has much in common with the analysis of the proximal point method.

THEOREM 7.16. Assume that problem (7.56) has an optimal solution. Then
the bundle method generates a sequence {w*} which is convergent to an
optimal solution of (7.56).

Proof. If w* is optimal for some k, then w/*' = w/ for j =k, k +1,...,
and the theorem is true. If w* is not optimal for any &, then, by Lemma 7.15,
each series of null steps is finite and is followed by a descent step. Thus, the
number of descent steps is infinite. Let us denote by /C the set of iterations
at which descent steps occur. If w**! = x¥*! is the optimal solution of the
master (7.57), we have the necessary condition of optimality

0€a[f e+ 21x — P+ Nx(x) at x =,
Hence
_Q(wk—H _ wk) c afk(wk“) + Nx(wk_H).

Let x* be an optimal solution of (7.56). By the subgradient inequality for
FX(-) we get (for some i € Nx(w**!)) the estimate

fk(x*) > fk(wk+1) _ Q(Ll)k+1 _ wk’x* _ wk+l> — (h,x* — wk+1>
> fA@"*h) — (! — W, X — W), (7.62)

A descent step from w* to w ! = xk+!

satisfied (for k + 1):

S@) < (=) f(@") +y fA @),

After elementary manipulations we can rewrite it as

occurs, so the test of Step 2 is

@t = f = =L - S )
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Combining the last inequality with (7.62) and using the relation f(x*) >
f*(x*) we obtain

f(x ) > f(wk+1)+ [f( k-H) f(wk)] ( k+1 _wk,x*_wk-f—]).

This can be substituted to the identity (7.52) which, after skipping the last
term, yields

e e z[f(w"“) — f @)

+ (y y)[f( By — f(@*h)] forall ke K.

(7.64)

It is very similar to inequality (7.54) in the proof of Theorem 7.13, and our
analysis follows the same line.

The series > oo, [f (w¥) — f(w**1)] is convergent, because {f(w*)} is
nonincreasing and bounded from below by f(x*). Therefore we obtain
from (7.64) that the distance ||w**! — x*|| is uniformly bounded, and {w*}
must have accumulation points.

Summing up (7.64) for k € K we get

S = £ = F' =+ W)~ fim f),

ke

so f(w*") — f(x*), k € K. Consequently, at every accumulation point ¥
of {w*} one has f(X) = f(x*). Since X is optimal, we can substitute it for
x*in (7.64). Skipping the negative term we get
k+1 _ ~ 2 k=2 2(1—=y) k k+1
llw X7 < " = X)I° + ——— > Lf (") = fFw™)].
It is true not only for £ € KC but for all k, because at k ¢ K we have a trivial
equality here. Summing these inequalities from k =/ to k = m > [ we get

R < ! — R + (y 2027wy — .

[[w
Since X is an accumulation point, for every ¢ > 0 we can find / such that
|w! —X|| < e. Also, if is large enough, f(w')— f(w™*') < eforallm > I,
because { f (w*)} is convergent. Then ||w™ ! — %[> < &2 +2e(1—7)/(y0)
for all m > [, so the entire sequence {w*} is convergent to X. O

We have already proved the convergence of the method, but it is instructive
to establish its additional technical properties.
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LEMMA 7.17. Under the conditions of Theorem 7.16,

Jlim 0 = f7, (7.65)
Jlim Ay = £, (7.66)
Jlim M —why =0, (7.67)

where f* is the optimal value of our problem.
Proof. We prove at first that
f@ =90 < f@ ) =y0cr, k=12,....  (7.68)

The inequality is true at all null steps, as shown in the proof of Lemma 7.15.
If there is a descent step at iteration k, we get from (7.61) that

6 = min | £(x) + 3 1x — '|?]
> min | £ (") + 0 (@' = wh,x — wh) + S x — w')?]
— 1wk — %Hwk — w1
= O — ellw* — 0", (7.69)
The test for a descent step is satisfied, so

S@ = f) =y [f @) = 1 w)]
=y L7 @ = W] =y ellw” — 0P,
where in the last transformation we used (7.61) again. Combining the last

relation with (7.69) we obtain (7.68), as required.
The optimal value of the master problem satisfies the inequality 6, <

£ (w*), so
F@WH =y =1 =p)f@)=1-y)f~

It follows from (7.68) that the sequence { f (w*) — y 6} is convergent, hence
{6} is convergent. If there is a descent step at iteration k, inequality (7.63)
implies that

P = 0= ) = f@t) - gl - )

Both sides converge to f* as k — 00, k € K, so 6y — f* at descent steps.
But the entire sequence {6} is convergent and (7.65) follows.
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The objective of the master problem (7.57) is strictly convex. Therefore
its value at w* can be estimated by using its minimum value, 6y, and the
distance to the minimum, ||w* — x¥*1|, as follows:

0
f") > 6 + Enwk — xR
Therefore,
0
0< Euwk — X2 < F(wh) - 6.

Since the right hand side converges to zero, (7.67) holds. Relation (7.66)
follows directly from it. O

If problem (7.56) has feasible solutions but no optimal solution, the bundle
method generates a sequence {w*} such that the values f (w*) converge to the
infimum value y of this problem. To prove this fact, suppose f(w*) > u+e¢
for some ¢ > 0. Then we can choose x* such that u < f(x*) < u + ¢,
and inequality (7.64) remains true. Thus f(w*) — f(x*) as proved in the
above theorem. But f(x*) can be made arbitrarily close to u by the choice
of x*, and we obtain an absurd.

The efficiency of the bundle method can be improved by dynamically
changing the proximal parameter, p. The general principle is clear: if the
steps are too long, increase p, if they are too short, decrease p. A good way
to decide whether steps are too long is to observe the difference

A= () = f@.

We know that if it is positive (actually, not sufficiently negative) a null step
will be made. If A is large (for example, larger than f(w*~") — f*=1(x*)),
it is advisable to increase p. On the other hand, when f(x*) = f*~1(x*), we
may conclude that the step is too short, because we do not learn new cuts,
so p has to be decreased. Detailed rules are discussed in the literature listed
at the end of this chapter.

Another practical question associated with the bundle method is the so-
lution of the master problem (7.57). While for linear master problems,
like (7.32), commercially available linear programming solvers may be em-
ployed, the regularized master requires a quadratic programming solver. For-
tunately, the quadratic regularizing term is just the sum of squares, and there
exist many efficient methods for such problems.
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7.4.3 Application to Polyhedral Problems

Let us now consider the case when the function f(-) in (7.56) is piecewise
linear, that is

f(x) = max {yi + (ui,x)} forall x e R, (7.70)
IAS]

where [ is a finite index set, and y; € R and u; € R" are fixed. Furthermore,
we assume that X is a convex polyhedron. Problems of this form arise
frequently as dual problems to linear or integer programming problems, and
in stochastic programming, as illustrated in Examples 4.23 and 7.9.

In the polyhedral case we can prove finite convergence of the method,
provided that the method uses as subgradients the gradients of active pieces
of (7.34), which we call basic cuts, and provided that the deletion rules are
slightly refined.

LEMMA 7.18. Assume that problem (7.56) has an optimal solution. If the
bundle method uses basic cuts and does not stop, then the number of descent
steps is infinite and there exists kg such that for all k > kg

x = arg min A, (7.71)
and
FEEy = (7.72)

where f* denotes the optimal value of f (-).

Proof. By Theorem 7.16, the sequence {w*} is convergent to some optimal
solution x*. If the number of descent steps is finite, then w* = x* for
all sufficiently large k. We already discussed such a situation prior to the
formulation of Lemma 7.15. Since each new cut added at Step 1 cuts the
current master’s solution off, the optimal value of (7.57) increases after each
null step. The number of possible combinations of basic cuts is finite, so the
stopping test of Step 4 must activate. Thus, if the method does not stop, the
number of descent steps must be infinite.

Let us now look more closely at the master problem (7.57). The necessary
condition of optimality for (7.57) implies

—o (X"t — wky e o (x* Y + Ny (xF ). (7.73)

Only finitely many models f*(-) are possible, and each of them, as a poly-
hedral function, has finitely many different subdifferentials. Moreover, the
set X is a convex polyhedron, so only finitely many different normal cones
may occur. Therefore the quantity dist (0, 0% (x*!) + Ny (x*™!)) may take
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only finitely many different values. As the left hand side of (7.73) converges
to zero by Lemma 7.17, we must have

W= (’3fk(xk+l) + NX(xk—H)

for all sufficiently large k, so (7.71) is true.
Since only finitely many different minimum values of the models f*(-)
may occur, Lemma 7.17 implies (7.72) for all sufficiently large k. m|

It follows that in the case of infinitely many steps, the descent steps of the
bundle method look (for all sufficiently large k) similar to the steps of the
cutting plane method. The only role of the regularizing term at these late
iterations is to select the solution of the linear master problem that is closest
to the current center w*. We also see that the minimum value of the linear
master problem does not change and remains equal to the minimum value
of the original problem. We need, therefore, to exclude the possibility of
infinitely many such degenerate iterations. To achieve this, we modify the
algorithm a little.

The simplest modification is to forbid deletion of cuts at any iteration k at
which the value of the linear part of the master’s objective function does not
change, that is, when

fk(xk+1) — fk_l(xk).

Indeed, by Lemma 7.18, after finitely many steps the bundle method will
enter the phase when (7.72) holds. From then on, no deletion will take place.
By (7.71) the optimal solution of each master problem is the same as the
optimal solution of the master problem (7.32) of the cutting plane method.
By Theorem 7.8, the method will stop after finitely many steps.

7.4.4 Aggregation of Cuts

An additional feature of the bundle method is the possibility to drastically
reduce the number of cuts in the master problem (7.59). Let us observe
that the minimum value of (7.59) and its solution do not change, if all its
constraints are replaced by just one aggregate cut:

minimize v + gllx — w*|?

subject to D" K[ f(x/) + (g7, x —x/)] <o, (7.74)
jeJk
x e X.

Here A* is the vector of Lagrange multipliers associated with the cuts in
(7.59). Indeed, it follows from the optimality conditions for (7.59) that
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Djeh /1;.‘ = 1and /lj? > 0, j € Ji. Thus, the constraint in (7.74) is a convex
combination of the original cuts, with coefficients /1;.‘ . The necessary and
sufficient conditions of optimality for (7.74), with the Lagrange multiplier
1 associated with the aggregate cut, are identical to the conditions for the
original master problem (7.59). Their solutions are unique, by the strict
convexity of the quadratic term. Therefore, at Step 5 of the method, we can

collapse all cuts of the master problem to just one aggregate cut:
of + (5, x) <o,
with
ar =Y M[f&) — (g, x)]
J€Jk
and
=2 78
JE€Jk

At Step 1 of the nextiteration, anew cut will be calculated, and thus the master
problem can operate with only two cuts: the new one and the aggregate cut.
This can be carried over to all iterations, with the master problem of the form:

minimize v + %le —wk|?

subject to a*~! + (z¥71, x) <, (7.75)

FOEH + (" x —x") <o,
x e X.

Denote by u* and ¥ the Lagrange multipliers associated with constraints
of (7.75). It follows from the optimality conditions for this problem that

1k =1 — 2K and that A* € [0, 1]. The next aggregate cut takes on the form

ak = (1 - /lk)ak_l + /Ik[f(xk) - (gkaxk>]9
k Ky k=1 | gk k (7.76)
=0 -=-A)"" + 1% g".

All aggregate cuts are linear minorants of the function f(-). Indeed, convex
combinations of linear minorants, as in (7.76), are linear minorants them-
selves. Therefore the model

R ) 2 max (ock_1 + (N x), FOR + (g5, x — xk))

provides a lower estimate of the function f(x).
The detailed algorithm of the bundle method with aggregation is presented
in Figure 7.4. We assume there that at the first iteration there is no aggregate
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Step 0. Setk :=1,a" := —00,7° :=0, 0! := —00.
Step 1. Calculate f(x*) and g% € of (x*).
Step 2. If k =1 orif

FER) < =) @)+ 1N,
k—1

then set w* := x*; otherwise set wf := w

Step 3. Solve the master problem (7.75). Denote by (x**1, p**1)
its solution and set f*(x**!) := o+,

Step 4. If f*(x**1) = f(w") then stop (w* is an optimal solu-
tion); otherwise continue.

Step 5. Calculate the new aggregate cut (7.76). Increase k by
one, and go to Step 1.

Figure 7.4. The bundle method with aggregation.

cut (a° = —oo) and that after solving the first master problem the new
aggregate cut is just the first cut obtained: a! = f(x') — (g!, x!), z! = g.

The convergence analysis of the method, as presented in Section 7.4.2,
remains almost the same; we just need to use the new definition of the
functions f*(-). However, the property of finite termination for polyhedral
problems, as discussed in Section 7.4.3, is no longer valid.

In general, the method with aggregation is less efficient in practical cal-
culations than the full version. The main advantage of the aggregate version
is the compact form of the master problem (7.75), which makes it particu-
larly suited for problems having very large dimensions. In particular, in the
unconstrained case, when X = R”, the master problem has a closed-form
solution (see Exercise 7.8). This makes the bundle method with aggrega-
tion an attractive alternative to the plain subgradient method discussed in
Section 7.1.

7.5 THE TRUST REGION METHOD

One of the advantages of the bundle method over the cutting plane method
is the ability to control the length of the steps made. It avoids making long
shots toward minima of poor approximations and it makes good use of a
reasonable initial point. Another way to prevent inefficient long steps is to
explicitly limit the step size in the master problem (7.32). We have already
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used this idea in Section 5.7, where we considered trust region methods for
smooth optimization problems. Now we extend it to the nonsmooth case.
The trust region master problem has the form
minimize f*(x)
xeX (7.77)
subject to ||x — wX|o < A.

Here, similar to the bundle method, w* is the “best” point found so far. The
role of the constraint ||x — w*|| o < Aistokeep the master’s solution, 21 in
aneighborhood of wX. The function f*(-) is the cutting plane approximation
of f(-), as defined in (7.58).

From the theoretical point of view, the norm || - || may be any norm
in R". However, if we use the Euclidean norm, the master problem (7.77)
becomes a quadratically constrained optimization problem. It does not offer
much advantage over the master problem of the bundle method (7.57). In
fact, if the set X is a convex polyhedron, the master problem of the bundle
method is a quadratic programming problem, which is easier to solve than
a quadratically constrained problem. Furthermore, problem (7.77) with the
Euclidean norm is, in a sense, equivalent to the master problems of the
bundle method. Indeed, if A¥ is the Lagrange multiplier associated with the
constraint

k2 — A2
lx —w™|I” < A7,

then x**! is also a solution of the regularized master problem (7.57) with
o =22k,
For these reasons we consider the trust region method with

A
ldllo = lldllc = max |d;].
1<i<n

Then the constraint ||x — w* llo < A can be represented as simple bounds
—A Sxi—wf‘f A, i=1,...,n,

which do not much complicate the master problem (7.77). Admittedly, the
norm || - || does prefer directions with |d;| = 1,i = 1, ..., n, over other
directions, but the advantage of having a purely polyhedral master problem
outweighs this drawback.

Our presentation of the trust region method is very similar to the descrip-
tion of the bundle method. As before, y € (0, 1) is a parameter of the
method used to judge whether the master’s solution, x**!, is significantly
better than w*. The detailed algorithm is presented in Figure 7.5.

The analysis of convergence of the trust region method is much easier than
in the case of the bundle method.
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Step 0. Setk:=1,J": =0, 0! := —o0.

Step 1. Calculate f(x*) and g% € of (x*).
If f(x*) > o* then set J; := J,_; U {k}; otherwise set
Jk = Jk—l'

Step 2. If k =1 orif
FES) < A=) f@ )+ 1N,

then set w* := x*; otherwise set w* := w*~!.
Step 3. Solve the master problem (7.77). Denote by (x**1, p**1)
its solution and set f*(x**!) := o+,

Step 4. If f*(x**1) = f(w") then stop (w* is an optimal solu-
tion); otherwise continue.

Step 5. Remove from the sets of cuts J; some (or all) cuts whose
Lagrange multipliers /lj? at the solution of (7.77) were 0.
Increase k by one, and go to Step 1.

Figure 7.5. The trust region algorithm for nonsmooth optimization.

THEOREM 7.19. Assume that problem (7.56) has an optimal solution. Then
the sequence {w*} generated by the trust region method has the property that

lim f(w') = £,
k— 00
where f* is the optimal value of (7.56).

Proof. Suppose the number of descent steps is finite and let w denote the
last point to which a descent step has been made. After the last descent step,
the trust region method becomes identical with the cutting plane method,
applied to the problem

minimize f(x)
xeXx (7.78)
subject to [|x — w|l¢ < A.

By Theorem 7.7, { f(x¥)} is convergent to the minimum value of problem
(7.78). This minimum value must be equal to f(w), if no descent steps are
made after w. Thus f(w) = f*, since otherwise a small step from w toward
an optimal solution x* would guarantee improvement.



NONDIFFERENTIABLE OPTIMIZATION 387

Let us now consider the case of infinitely many descent steps. Let x* be
a solution of problem (7.56), and let

hy = [wk = x*|lo.

Suppose a descent step occurs after iteration k, that is, w**! = x**!. Then
(by the rule of Step 2)

FETD == Q= (F@) = fH+y (D = 379
If h;, < A, then x* is feasible for the master problem and
D = A < FoM).
This combined with (7.79) yields
FET = < 0= ) (f@" = f).

Suppose now h; > A. Consider the point

(-
i=—x wk.
hy hy

By construction, its distance to w* is A. As it is feasible for the master
problem,

A
e R A L e R e LA R o
k

where we also used the convexity of f*(-). Combining this inequality with
(7.79) we see that

. < y A "
P = s (1= 52 ) b = ),

In both cases, if there is a descent step after iteration k, we have the inequality

NP (1_ yA ) ky _
F@ = f7 = (1= s ) (P = 1)
Let the index / = 1, 2, ... number the descent steps and let us write f5; for

the value of f(w*) — f* at the /th new center w*. The last inequality can
then be rewritten as

A
Bis1 < (l—y—)ﬁl. I=1.2...,
max(A,hkg))

where k (/) is the iteration number at which the /th descent step is made. By
the triangle inequality for the norm || - || we have

hk(l) <h +IA.
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Therefore,
y A
hy+I1A

Bt < (1 - )/31. I=1,2..., (7.80)

The sequence {f;} is decreasing and bounded from below by 0. Suppose
pi > & > 0for all [. Then, summing (7.80) from [ = 1 to m we obtain

m

0<fupi Spi—ey A,

=1

hy + 1A’
which yields a contradiction as m — oo, because the series > - 7! is
divergent. Thus f; — 0. |

Similar to the analysis of the bundle method, we can prove that f(w*) —
inf f, even if the problem has no solution.” Indeed, suppose f* > inf f is
such that f(w*) > f* for all k. Then Theorem 7.19 yields f(w*) — f*.
But f* can be chosen arbitrarily close to inf f, and the result follows.

In the polyhedral case we can prove finite convergence of the trust region
method.

THEOREM 7.20. Assume that f(-) is a convex polyhedral function, and that
X is a convex polyhedron. Then the trust region method finds an optimal
solution of problem (771.56) after finitely many steps.

Proof. 1f the number of descent steps is finite, the result follows from The-
orem 7.8. Suppose the number of descent steps is infinite. It follows from
Theorem 7.19 that, for sufficiently large k, there exists an optimal solution
in the A-neighborhood of w*. Therefore

frE <

for all sufficiently large k.

Proceeding as in the proof of Theorem 7.31, we conclude that the number
of steps, at which new cuts are added to the master problem, must be finite,
because there are finitely many cells of linearity of f(-). Hence

f(xk—H) — fk(xk+1)

for all sufficiently large k. Combining the last two relations we see that we
must have f(x**!) = f* for all sufficiently large k. Consequently, only one
descent step can be made after that, a contradiction. |

Tinf f denotes the infimum of f(-) over the feasible set of (7.56).
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As in the case of the cutting plane method, deleting inactive cuts is not easy.
If we use basic cuts only, we may afford to delete inactive cuts whenever
the optimal value of the master problem increases. For general subgradient
cuts, no easy and reliable rule has been found. Things are easier if we use
the Euclidean norm for the trust region definition, because the arguments
from the analysis of the bundle method apply here. Using Euclidean norms,
though, does not provide any significant benefits over the bundle method.

The size of the trust region A, similar to the parameter p of the bundle
method, can be adjusted in the course of computation. If f(x**!) is signifi-
cantly larger than f*(x**1), we may decrease A to avoid too long steps. If
no new cuts are generated, we may increase A to allow longer steps.

7.6 CONSTRAINED PROBLEMS

7.6.1 The Exact Penalty Function

We now consider methods for solving constrained optimization problems of
the form

minimize f(x)

subject to g;(x) <0, i=1,...,m, (7.81)
X € Xo.
We assume that f : R" - Rand g; : R" - R,i =1, ..., m, are convex

functions, and that X is a convex closed set.

If some of the functions defining the problem are nondifferentiable, we
cannot directly apply the methods for constrained optimization discussed in
Chapter 6. Specialized nonsmooth optimization methods are needed.

A convenient approach to such a problem is to construct the exact penalty
function,

P(x) = > max (0, g(x)), (7.82)
i=1

and to replace (7.81) with the problem
minimize [@,(x) = f(x) + 0P ()], (7.83)
xeXo

where p > 0is apenalty parameter.” We discussed the exact penalty function

TWe may also use different penalty coefficients p; for different constraints, by considering

the function @, (x) £ fx)+ Z;”Zl 0; max (0, gi (x)). All our considerations easily extend
to this case, as they amount to a rescaling of the constraint functions by positive multipliers.
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in Section 6.2.3. Now its nonsmoothness is not a crucial obstacle, because
the functions f(-) and g;(-) are assumed to be nonsmooth anyway.

THEOREM 7.21. Assume that problem (7.81) satisfies Slater’s constraint
qualification condition. Then there exists po > 0 such that for each p > pg a
point X is a solution of problem (7.81) if and only if it is a solution of problem
(7.83).

Proof. We apply Theorem 3.34. If X is a solution of (7.81) then there exists
/€ RM such that

m

0€af(®) + D 2i0gi(®) + Nx, (%) (7.84)

i=1
and

ligi®) =0, i=1,...,m. (7.85)
Suppose g;(x) = 0. It follows from Example 2.80 on page 66 that

omax (0, g; (%)) = U t0g;(%).

0<r<l1

Ifo > i we obtain
2i0g:i(%) C 8[@ max (0, g; ()2))].

Suppose o > 4; foralli = 1,...,m. By virtue of Theorem 2.85 on page
68, relations (7.84)—(7.85) and the last displayed inclusion imply

0eaf(®)+ D o[omax (0,8 )]+ Nx, (%)
i=1

=0[f(&) + oP®)] + Nx, (%),

which is equivalent to the optimality of X in problem (7.83).

Suppose p > Jiyi =1,...,m, for adual solution 1 € A. We shall show
that every solution x of problem (7.83) is a solution of (7.81). If g;(x) <0,
fori =1,...,m,then P(x) = 0, and therefore f(x) = f*, where f* is the
optimal value of problem (7.81). Thus X is optimal for (7.81). It remains to
analyze the case when g; (x) > 0 for some i. Since p > i, we conclude that

(7.86)

fE+eP@) > fE) + D 4imax (0, & (%))

i=1

> fE)+ D ligi@®).
i=1
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On the other hand, for every solution x* of problem (7.81), we have P(x*)
= 0 and thus

ff=FE)+oP0) = &)+ D Ligix®).
i=1

As 4 € A, Theorem 4.7 on page 166 implies that the pair (x*, ) is a saddle
point of the Lagrangian. In particular,

FEN 4D g™ < FE) + D digi®).

i=1 i=l

Putting together the last three relations we get
FGT) +eP (™) < f(X) +oP(X),
and X cannot be a solution of problem (7.83). O
An identical result can be obtained for another exact penalty function,
P(x) = max (0, g1 (x), ..., gu(x)),

which we have already encountered in Section 7.1.4, in connection with
systems of inequalities. Then Theorem 7.21 holds true with

m
0o = z Ai.
i=1
More generally, we can consider the constraint violation functions,
g?_(x)zmax (Oagi(x))a i=1,---5m5

and the penalty function

P(x) =gt ), (7.87)
with some norm || - || on R™. Again, Theorem 7.21 remains valid for this
penalty function, provided that

20 = 141+,
where || - ||, is the dual norm (Exercise 7.10). This general formulation

encompasses all cases discussed before.

The approach via the exact penalty function is very general and reliable, if
the original problem has a nonempty set of Lagrange multipliers associated
with the constraints. However, when the penalty parameter g is too large,
the resulting problem (7.83) may be difficult to solve.
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7.6.2 Cutting Plane Methods

When cutting plane methods, such as the basic method of Section 7.2 or the
bundle method or the trust region method, are applied to the exact penalty
model (7.82)—(7.83), we can further specialize them to facilitate convergence.

Assume that atiterations j = 1, ..., k we have obtained points x/, the val-
ues of functions appearing in problem (7.81): f(x/), gi(x/),i =1,...,m,
and the corresponding subgradients:

s; € af (x)),
s;‘+ € 8[gi+(xj)], i=1,...,m.

We use the notation g;" (x) = max (0, gi(x)).
These values and subgradients allow us to calculate a cutting plane for the
objective function &, (x) £ f(x) 4+ o P(x) in problem (7.83):

@, (y) = B, (x7) + (55, y — x7),

with

o E‘ J
Sp =Syt sg?.
i=1

The cutting planes can be used in the master problem of the method, exactly
as described in the corresponding sections of this chapter. However, we
can exploit the specific structure of the function &,(-) to refine the master
problem. The idea is to build separate cutting plane approximations for the
components of the function @,(-), rather than for the sum. We define the
piecewise linear functions:

) = max [£G) + (sp,x =2 )],
(& () L lrgjaégk [eF (x/) + (s;'?,x —xh], i=1,...,m.

We know from Example 2.80 on page 66 that subgradients of the functions
;" (-) can be calculated as follows: if g;(x/) < 0 then we can set s;_+ =0;

if gi(x/) > 0 then we can choose s;+ = 53, € 9g;(x/). We can thus

equivalently define the functions (g;")*(-) in the following way. For each i

we define the set Jl.k C {1,...,k} of iterations j at which the point x/ was
infeasible with respect to the ith constraint:

Jr={jell,....k}: gi(x?) > 0}.
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Then we can write the cutting plane approximations of (g;")(-) as follows:

(&) (x) = max (0, g*(x)),

with
gf‘(x) max [g,(xf) + s’ , X —x’)] i=1,...,m.
jEJ
Furthermore, we can define Jé‘ as the set of iterations (a subset of {1, ..., k})

for which new cutting planes were added to the model f*(-) of the objective
function. Hence

£ = max [£ ) + (s, x — ).
jEJO
The cutting plane approximations can be used to define a piecewise linear
approximation of @, (-):

Bf(x) = ff(x) + o Z(g,*)k(x)

It is much more accurate than an approximation built by cutting planes eval-
uated for the whole @,(-), and therefore it is more suitable for the cutting
plane methods. The master problem of the cutting plane method,

minimize q5k (x), (7.88)
xeXo
can also be reformulated as a problem with linear constraints. We introduce
auxiliary variables v;,i = 0, 1, ..., m, and we write the equivalent master
problem:

m
minimize vq +QZD,'
i=1
subject to f(x’) + (s},x —xly <oy, jeJs,
GO+ (sl x—x)<vi, jedt, i=1,...,m,

x € Xp.

We leave to the reader the verification that this problem is equivalent to
(7.88).

All properties of the cutting plane method presented in Section 7.2 remain
the same for the specialized version discussed here. Almost all proofs can be
copied verbatim here. Only the property of finite convergence for piecewise
linear functions has to be restated by requiring that all functions f'(-) and g; ()
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Step 0. Setk:=1,J":=0,i=0,1,...,m, v} := —o0.

Step 1.
(a) Calculate f(x*) and s € of (x*).
If f(x* > 1)’6 then set Jé‘ = Jé‘_l U {k}; otherwise set
JE=ih
(b) Fori =1, ..., m calculate g; (x*) and sfgfi € 0g;(x").
If g;(x*) > 0 then set Jik = Jik_1 U {k}; otherwise set
JE =gkt

Step 2. If f(x*) = vf and g;(x*) < Oforalli =1,...,m, then
stop (optimal solution found); otherwise continue.

Step 3. Solve the master problem (7.89). If it is infeasible, then
stop (the original problem is infeasible); otherwise denote
by x**! its solution, by 5™ its objective value, increase k
by one, and go to Step 1.

Figure 7.6. The constrained cutting plane method.

are convex piecewise linear, and that X is a convex polyhedron. The proof
follows the same line of argument, but is slightly more complicated, because
we need to consider families of cells for each cutting plane approximation
separately (Exercise 7.7).

In exactly the same way, we can develop specialized versions of bundle
and trust region methods for minimizing the function @, (x) over x € Xp.

If the penalty parameter p is sufficiently large, by virtue of Theorem 7.21,
the master problem (7.88) is equivalent to the constrained problem

minimize f*(x)
subject to gf(x) <0, i=1,...,m, (7.89)
x € Xp.

This problem is a relaxation of the original constrained optimization problem
(7.81), and it does not involve any penalty parameter. We can thus view the
cutting plane method for the penalty function as a method that solves a piece-
wise linear approximation (7.89) of the constrained optimization problem,
and then updates the approximation by adding new cuts. The cuts for the
objective function are called the objective cuts, and the cuts for the violated
constraints (g; (x*) > 0) are called the feasibility cuts. The operation of the
cutting plane method for constrained problems is detailed in Figure 7.6.
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THEOREM 7.22. Assume that the set X is compact. If problem (7.81) is
infeasible, then the constrained cutting plane method stops at Step 3 after
finitely many iterations. If problem (7.81) is feasible, the constrained cutting
plane method generates a sequence of points {x*}, all of whose accumulation
points are solutions of problem (7.81).

Proof. 1t is clear that the infeasibility test at Step 3 is correct, because the
feasible set of the master problem is a relaxation of the feasible set of the
original problem.

Suppose the master problem remains feasible for all k = 1,2,.... We
shall show that in this case problem (7.81) is feasible, and the method gen-
erates a sequence convergent to the set of optimal solutions. We follow the
idea of the proof of Theorem 7.7.

Let us focus on a particular constraint function g;(-). For a fixed ¢ > 0
we define the set of iterations

Ki(e) = {k : gi(x"*) > ¢},

Let ki, ks € K;(e) with k; < k,. Because g;(x*1) > & > 0 there will be a
new feasibility cut generated at x*!. It will stay in the master problem from
ki on, so it has to be satisfied at x*:

gi(x") + (si, X2 —x") <0,

On the other hand, by assumption, g; (xkz) > ¢, which combined with the
last inequality yields

e < gi(x?) — g (") — (s, x —x").

The function g; (-) is subdifferentiable everywhere (because it is finite) and X
is compact, so there is a constant C such that g; (x1) — g;(x2) < C|lx; — x|l
for all x1, x, € Xy. Subgradients on bounded sets are bounded, and thus we
can choose C large enough so that ||s§l, || < C for all k. It follows that

e <2C|x* —x*|| forall ki, k, € Ki, ki # ko.

As the set X is compact, there can exist only finitely many points in X
having a distance at least ¢/(2C) from each other. Thus the last inequality
implies that the set IC; is finite.

The same applies to all constraint functions and thus the set K; U- - - UK,
is finite. It follows that after finitely many iterations all constraint functions
have values at most equal to ¢. Since ¢ > 0 was arbitrary, we conclude that

limsup g;(x*) <0, i=1,...,m.
k— 00
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Every accumulation point of the sequence {x*} is thus feasible for problem
(7.81).

The remaining part of the proof is almost identical to the proof of Theorem
7.7. We already know that if the method does not stop at Step 3, the problem
has an optimal solution. We denote by f* the value of the objective function
at an optimal solution. For every ¢ > 0 we prove, exactly as in Theorem 7.7,
that the set of iterations k, at which f(x¥) > f* 4+ ¢, is finite. Consequently,

limsup f(x*) < f*.
k— 00
Combining the last two relations we conclude that every accumulation point
of the sequence {x*} is optimal for problem (7.81). m|

Application of bundle methods or trust region methods is easier if we work
with the penalty problem (7.83), and with the corresponding (regularized or
trust region constrained) master problem (7.88). The reason is that in these
methods one has to decide about “sufficient progress” for making descent
steps. If the point generated by the method is infeasible, it is difficult to
define “sufficient progress.” Unfortunately, infeasibility of points generated
by these methods is typical, if nonlinear constraints are linearized by cutting
planes. On the other hand, in the penalty approach we define “sufficient
progress” by using values of the function &, (x). However, if the constraints
gi(x) are polyhedral, we can easily develop bundle and trust region versions
of the constrained cutting plane method of Figure 7.6.

Example 7.23. Consider the stochastic programming problem discussed in Ex-
ample 7.9 on page 362. Recall that the problem can be equivalently formulated
as

S
. A
A 0,0, 7.90
ml)lglér)?olle [f(x) (¢, x) + EP‘ 0, (x)] (7.90)
where
Xo={x e R} : Ax = b},

and each Qg(x) is defined as the optimal vale of the second stage problem for

scenario s:

minimize (gs, ys)
Vs

subject to Wy, = hy — Tyx, (7.91)
ys = 0.

In Example 7.9 we assumed that for each x € X all second stage problems are
solvable. Now we relax this assumption, by allowing that O (x) = +oo for some s
and some x € X(. We still assume, though, that problems (7.91) are bounded from
below.
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Let us consider, for each scenario s, the auxiliary linear programming problem
minimize ||zsl1
YVs»Zs
SUbjeCt to Wys + 75 = hS — Tsx, (792)
ys = 0.

Here ||z||1 denotes the sum of absolute values of the components of the vector z.
It is clear that problem (7.92) has an equivalent linear programming formulation.
The optimal value of this problem, which always exists and is nonnegative, will be
denoted by g (x). Now we can write the two-stage stochastic programming problem
in a more explicit form:

S
minimize [f(x) e (¢, x) + Zps Os (x)]
s=1 (7.93)
subjectto gs(x) <0, s=1,...,8S,
x € Xp.

The constraints gz(x) < Oare called in stochastic programming induced constraints.
They ensure that, at every x satisfying these constraints, the second stage problems
are solvable for all scenarios s. The induced constraints are not given explicitly, but
at every point x* it is possible to calculate the value of g;(x*) and a subgradient of
gs(x%). The latter can be calculated similarly to the subgradient of Q; in Example
7.9: we obtain values of multipliers ,uf associated with the constraints of problem
(7.93) and we set the subgradient equal to —7, u’s‘ . Therefore the constrained
cutting plane method can be applied to problem (7.93). It is finitely convergent,
because all functions involved are polyhedral. The same property holds true for the
corresponding versions of bundle and trust region methods.

7.7 COMPOSITE OPTIMIZATION

All our considerations of nonsmooth optimization methods were restricted
to convex optimization problems, where we could apply our knowledge of
subdifferential calculus and of duality theory. While convex nonsmooth
problems are frequently encountered in applications, we also have to deal
with problems involving both nonsmooth and nonconvex functions. The
general case of such problems is very difficult to handle numerically. Known
methods for nonsmooth and nonconvex optimization are very slow, and their
analysis involves advanced techniques, which are beyond the scope of this
book. For these reasons we concentrate on a special class of such problems,
where nonsmoothness can be associated with convexity, and nonconvexity
with smoothness. We considered optimality conditions for such problems in
Section 3.6.
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As an important case of such problems we consider the composite opti-
mization problem

minin}}ize f(h(x)), (7.94)

in which f : R™ — R is a convex and possibly nonsmooth function, while
h : R" — RR™ is a continuously differentiable mapping. The set X is
assumed to be convex and closed. Example 3.39 on page 135 provides an
instance of such a model occurring in approximation theory.

The composition f (k(+)) is neither convex nor smooth, but the special form
of problem (7.94) makes it possible to develop an efficient computational
method. Our first step is to transform (7.94) to an equivalent constrained
optimization problem:

minimize f(y)
subject to h(x) —y =0, (7.95)
x € X.

The objective function of this problem is convex, but the equality constraint
defines a nonconvex set in R”™. Our next idea is thus to linearize the
function /4 (-) at some reference point w € X:

h(x) = h(w) + ' (w)(x — w).

In the formula above, h’(w) denotes the Jacobian of the mapping 4.

The linearization is guaranteed to be accurate only in a small neighborhood
of w, and therefore we introduce an additional constraint to our approximate
problem:

minimize f(y)

subject to h(w) + h'(w)(x —w) —y =0,
x eX,
lx —wlo < A.

(7.96)

The decision variables here are x and y, while w is fixed. The symbol
|| - lo denotes an arbitrary norm in R”, and A > 0 is the diameter of the
neighborhood of w in which we “trust” our approximation. We have already
employed this idea in Section 5.7.

We also notice that our approach generalizes the Gauss—Newton method
discussed in Section 5.4.3. Indeed, eliminating the variables y from problem
(7.96), we obtain a formulation similar to (5.50), when f(-) = || - ||.

Let us observe that problem (7.96) is a convex optimization problem, and
we can apply to it any of the methods discussed earlier in this chapter. In
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particular, we can use the cutting plane method, or its more efficient versions:
the bundle method or the trust region method.

Our general idea is the following. We solve, for some small A, problem
(7.96). If the progress is sufficiently good, we move the center w to the
solution, and we continue. If no sufficient progress is observed, we decrease
A. In order to validate this scheme, we need to analyze the relations between
problems (7.95) and (7.96).

LEMMA 7.24. Assume that problem (7.96) satisfies Slater’s constraint qual-
ification condition. If the pair (x, y) = (w, h(w)) is an optimal solution of
problem (7.96), then it satisfies necessary conditions of optimality (3.57) for
problem (7.95).

Proof. Because (7.96) satisfies the Slater condition, Theorem 3.34 on page
127 implies that the point (w, h(w)) satisfies first order necessary and suf-
ficient conditions of optimality (3.49). They read: there exists a vector
u € R™ such that

uedf(y) at y=h(w),

(7.97)
—[Ww)]"u € Ny (w).
They are identical with the necessary conditions (3.57) formulated for prob-
lem (7.95) in Theorem 3.38 on page 134. m|

It should be stressed that we only know that the point w satisfies the nec-
essary conditions of optimality (is stationary), because the original problem
is nonconvex. We can also remark that the constraint qualification condition
is always satisfied if the constraints of problem (7.96) are convex polyhedral.
This is true if the set X is a convex polyhedron and if we use a polyhedral
norm, such as || - ||; or || - |l so-

Our next result estimates the improvement that can be made in problem
(7.94) after finding a solution of problem (7.96). To avoid unnecessarily
complicated estimates, we assume that the norm || - || is the Euclidean
norm. For other norms the analysis is almost identical.

LEMMA 7.25. Assume that the mapping h'(-) is Lipschitz continuous with
modulus L and that the function f(-) is Lipschitz continuous with modulus
C. If (x(w, A), y(w, A)) is an optimal solution of problem (7.96), then

CLA?

f(hGe(w, A)) < £ (y(w, 4)) + ———.
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Proof. Write, for simplicity, x = x(w, A) and y = y(w, A). By the
Newton—Leibniz theorem,

1
h(x) = h(w) —i—/h/(w +1t(x —w))(x —w)dt
0

I
=y+ / [A'(w +1(x — w)) — h'(w)](x — w)dt.
0

Therefore

1
1) — il < / 1 (0 + 1 (x — w)) — () llx — wl] d
0

1
5 LA?
< L|x —w| tdth.
0

Using the Lipschitz constant for f(-) we obtain
CLA?
2 9

as required. m|

fhx)) = f(y) < Cllh(x) =yl <

Step 0. Setk :=1,0' := —c0.
Step 1. Calculate z¥ = h(x¥), h'(x%), f(z¥), and g* € of ().
Step 2. If k =1 orif

f@) < =p)fR@) +7 G5,

then set w* := x* and A, := A;_;; otherwise set w* :=
wland Ay = BA_1.

Step 3. Solve the convexified problem (7.96) with w = w* and
A = A;. Denote by (x**!, y¥*1) its solution.

Step 4. If f(y**!) = f(w*) then stop (w* is a stationary point);
otherwise increase k by one, and go to Step 1.

Figure 7.7. The trust region method for composite optimization.
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It follows from Lemma 7.25 that the error in the objective function value,
which is due to the linearization of 4 (-), is of higher order than the size of the
trustregion A. Thus, we can adjust A to achieve convergence, as presented in
the detailed algorithm in Figure 7.7. We assume there that the method starts
from a feasible point x!' with some Ay > 0. The method uses a parameter
y € (0, 1) to decide whether sufficient progress has been achieved, and a
parameter f € (0, 1) to decrease the trust region if no progress has been
made.

The convergence of the method follows now from a simple argument. In
the theorem below, as in Figure 7.7, we use the notation z¥ = h(x*).

THEOREM 7.26. Assume that the set X is compact, and that the assumptions
of Lemmas 7.24 and 7.25 are satisfied at every iteration k. Then:

(1) Ifliminf; o Ax > O then every accumulation point of the sequence
{(x*, Z%)), generated by the trust region method, satisfies the necessary
conditions of optimality (7.97) for problem (7.95);

(1) Ifliminf,_ o Ay = O then every accumulation point of the sequence
{(x*, %)), generated by the trust region method at null steps, satisfies
the necessary conditions of optimality (7.97) for problem (7.95).

Proof. Since the set X is compact, the sequence {w*} has accumulation
points. Consider a convergent subsequence {w*};cx and its limit w*. We
shall show that w* is a stationary point.

By the construction of the method, the sequence { f (2 (w*))} is nondecreas-
ing. As X is compact, this sequence is bounded from below and convergent.

Suppose the trust region radii A remain bounded from below by some
positive constant. This means that after a finite number of steps no decreases
of Ay occur and A, = A > 0 at all sufficiently large k. As no decrease of
Ay takes place, only descent steps are made, that is, the inequality

RGN < (1= y) f(R@") + 7 f G

is satisfied, and w*t! = x¥*!. Hence

0 < f(h(w") = FOM) < —[f(h (") = fR"))].

=R | =

The right hand side is convergent to 0, as k — oo, and thus
lim [£(r ")) = FOFH] =0. (7.98)

Consider a convergent subsequence {w};cx and its accumulation point w*.
By choosing a sub-subsequence, if necessary, we can assume that the sub-
sequence {(x**!, y¥*1)}, .« is also convergent to some point (x*, y*). We
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have established in (7.98) that f(y*) = f(h(w™)). Our next step is to show
that (x*, y*) is an optimal solution of the limiting linearized problem
minimize f(y)
subject to A(w*) + hA'(w")(x — w*) —y =0,
x € X,

[x —w*llo < A.

(7.99)

By the continuity of all functions involved in this model, the point (x*, y*)
is feasible for this problem. To show the optimality of (x*, y*) we argue by
contradiction. Suppose problem (7.99) has a better feasible solution (x, y),
that is, f(y) < f(y*). It is convenient to rewrite the system of constraints
of problem (7.99) as follows:

A*x —y =b",

x—s=uw"

7.100
x € X, ( )
NS BA,
where A* = h'(w*), b* = h'(w*)w* — h(w™*), and B, is the ball of radius
A about 0, associated with the norm || - ||¢. At iterations k € K problems
(7.96) have systems of constraints of the following form:
Afx —y = b¥,
— f— k
TTISEW (7.101)
x € X,
S € BA,

where AF = 1’ (wk), b* = h'(W)w* — h(w*). We know that A¥ — A*,
b* — b* and w* — w*, as k — o0, k € K. To obtain contradiction, we
establish that for every solution (x, y, s) of system (7.100) we can find a
close to it solution (x’R‘, y’;, s’R‘) of system (7.101). The distance should be
bounded by the difference of the data of both problems. This is a question
about the stability of a set-constrained linear system, and the positive answer
follows from the metric regularity of system (7.100), by virtue of Theorem
A.5 in the Appendix. The regularity condition (A.10) for system (7.101) has
the form

* * X

Oeint|:b:|—|:A -1 O} R™
w* 1 0o -1

Ba

The first relation, 0 € int(b* — A*X 4+ 1R™), is obvious. The second relation,
0 € int(w* — X + B,p), is true as well, because w* € X and because B has
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a nonempty interior for A > 0. Thus, system (7.101) has a feasible solution
(xf, y%, s%) such that

k

lim X, =X,

k—o00
kelC

lim y* = 3.
k— 00 yR y
kelC

This means that

lim f(y) = f() < fO") = lim fF*).

ke

Therefore, for sufficiently large k, the point (x’li, y’li) is better than (x**!,
y**1) in problem (7.96), a contradiction. We have thus proved that no feasible
solution (x, y) of problem (7.99) can be better than (x*, y*). By Lemma 7.24,
the point (x*, y*), as an optimal solution, satisfies necessary conditions of
optimality (7.97) for problem (7.95). The first part of the theorem is proved.

Suppose A, — 0. Consider the infinite set of iterations X at which the
test of Step 2 fails and Ay is decreased. Let w* be an accumulation point of
w*, k € KC. By choosing a subsequence, if necessary, we may assume that
w* — w* when k — 00, k € K. Suppose w* does not satisfy the necessary
conditions of optimality (3.57) on page 134 for problem (7.95). This means
that the system

u € of (h(w™)),
—[n'(@")]'p € Nx(w").
18 inconsistent. In other words,
—[n' "] af (h(w*)) N Nx (w*) = 0.

The argument below reconstructs the derivation of the necessary conditions of
optimality, but it is instructive to see its meaning for the problem in question.
As both sets intersected above are convex and closed, and the subdifferential
of (h(w™*)) is compact, we can strictly separate them. By virtue of Theorem
2.17 on page 25, there exist d € R" and ¢ > 0 such that

(d,v) < —{d, [/ (0*)]"g) — ¢, (7.102)

for all v € Ny(w™*) and all g € 6f (h(w™)). The left hand side of (7.102) is
bounded above for all v € Ny (w*), which means that d € [Nx(w*)]" (see
Lemma 2.26 on page 29). By Definition 2.37 of the normal cone and by
Theorem 2.27 on page 29, we conclude that d € cone(X — w*) = Ty (w™)
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(Lemma 3.13 on page 100). The left hand side of (7.102), as bounded above
for v in a cone, is nonpositive, and we obtain

(d, [0 w")]'g) < —¢ forall g e af(h(w®).
This allows us to estimate the directional derivative:

f(h(w*); h'(w*)d) = sup (h'(w*)d,g) < —e. (7.103)
geof (h(w*))
The direction 7’(w*)d is a direction of descent for f(-) at the point & (w*).
With no loss of generality we may assume that ||d||¢ = 1. Since d is a
tangent direction for X at w*, we can construct a trajectory

x(t) =w*+1d +r(7),

which is contained in X for ¢ € [0, 7o], with some 7o > 0. Here r(-) is
infinitely small with respect to 7, that is, lim,_¢ ||r(z)]/r = 0. Associated
with the trajectory x(7) is the trajectory

y(7) = h(w*) + h' (") (x (1) — w*) = h(w") + th'(W")d + h'(w)r (7).

By construction, the pair (x(z), y(z)) is feasible for problem (7.96) at w =
w*, provided that 0 < 7 < min(zg, A). Since r(-) is negligible with respect
to 7 for all sufficiently small 7, the trajectory y(7) is tangent to the direction
h'(w*)d at T = 0. The directional derivative (7.103) is negative and we can
choose 7y > 0 small enough, so that f(y(z)) < f(h(w*)) — &7 /2 for all
7 € (0, 79). Let us, temporarily, fix some A € (0, 7). We have

Fy(A) < f(h(w™) —eA /2. (7.104)

Consider problems (7.96) at iteration &, but with fixed A. They would then
be equivalent to (7.101). By the stability considerations in the first part of the
proof, for the solution (x(A), y(A), x(A) — w*) of problem (7.100) we can
find a feasible solution (x’l;, y’g, x’li —w") of problem (7.101), whose distance
to (x(A), y(A), x(A) — w*) is at most proportional to the difference in the
data of both problems. Consider the points

_ Ak
5 (A = w' + =[x — w],

(AR = h(w*) + 1 (W[EE(AR) — 0]

They are feasible for problem (7.101) with A;. By the convexity of f(-), we
have

A
FOHAD) = fh@h) + —E[F ) = £ @h)]
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If k € IC is large enough, then

FOYH < f(A) +eA/8,
f(h(w*)) = f(h(w*) —eA /8.

After combining the last three estimates we obtain

A A
FEEAD) = Fhw") = ZE[F((8) = Flhw ]+ =

Substituting (7.104) yields

— AkS
FGE(AY) — f(R(w")) < 0
Since (x**!, y**1) is optimal for the convexified problem at iteration &, it is
at least as good as (XX (Ay), £ (Ap)):

AkS
FOD = Flhwh) = -==.
By construction of the linearized problem (7.96), we have y**! — b (x**1) =
o(Ay), and also f(y*T!) — f(h(x*T")) = o(A}). Hence

FREEY) < FR@N) + [FOH) = F@5)] + o(Ar)
< fh@") +y [FOGFT — £ (w"))]
+ (1 =P[O = Fr@")] + o(Ap)

< F@) 47 [F05) = F D]~ 1= )5 4 o(ap),

For all sufficiently large k € IC we have o(A;) < (1 — y)Axe/4. Conse-
quently, the test at Step 2 will be satisfied, and a descent step will be made at
iteration k. This contradicts the definition of K as the set of iterations when
no descent step was made. Consequently, the accumulation point z* must
indeed be a stationary point of problem (7.95). m|

A very important feature of the trust region method is that cutting plane
approximations of the function f(-), which are constructed in the course
of solving the convexified problem (7.96) at iteration k, can be re-used at
further iterations, after moving the center w* or decreasing A. In fact, it is
possible to apply the test of Step 2 before reaching the optimal solution of
the convexified problem, but rather using the solution of the current cutting
plane approximation problem, which provides a lower bound for the optimal
value of problem (7.96). Since itinvolves additional technical complications,
and requires modifying the algorithm for convex nonsmooth optimization,
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we shall not discuss it here. The simple version presented here has the
advantage that it uses a convex nonsmooth optimization method as a ready
module.

7.8 NONCONVEX CONSTRAINTS

We are now ready to derive numerical methods for a constrained nonsmooth
optimization problem

minimize f(x)

subject to g;(x) <0, i=1,...,m,
hi(x)=0, i=1,...,p,
x € Xj.

(7.105)

We assume that f : R” — R is a convex, possibly nonsmooth function.
The functions g; : R" — R, i =1, ..., m, are assumed to be either convex,
in which case they may be nonsmooth, or continuously differentiable and
possibly nonconvex. The functions 2; : R" — R,i = 1,...,p, are
assumed to be continuously differentiable, and the set Xy C R" is convex
and closed. We analyzed this problem in Section 3.6 and we derived the
necessary optimality conditions of Theorem 3.38.

Our approach to the numerical solution of the problem is based on the
exact penalty method, outlined in Section 7.6.1. We construct the penalty
for violating the constraints

m p
P(x) = max (0, gi(x)) + D lhi(x)l,
i=1 i=1
and we replace (7.105) with the problem

xeX

minimize [@,(x) £ f(x) +oP)], (7.106)

where p > 0 is a penalty parameter. Our idea is that for sufficiently large
o > 0 solutions of problem (7.105) should also be minimal points of the
function @, (x) in Xy, analogously to Theorem 7.21.
Once problem (7.106) has been constructed, we notice that it is a composite
optimization problem of the form analyzed in the preceding section.
Assume that the functions g;(-) are convex. Defining the mapping

S(x) 2 (x, h(x)),
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we can equivalently write the function @, (x) as a composition of a certain
convex function ¢ (-) and a smooth function S(-),

@, (x) = 9(S(x)),

where ¢ : R"” x R?” — R has the form

m P
p(x,5) = f(x)+0 Y max (0, () +2 D Isil-

i=1 i=1

Obviously, ¢(+) is convex. Thus, problem (7.106) is equivalent to the com-
posite optimization problem

minimize ¢ (S(x)). (7.107)
xeXo

The method for solving composite optimization problems, presented in the
preceding section, can be applied to problem (7.106). Many specialized tech-
niques may be added to enhance its operation, such as working with separate
cutting plane approximations for the various components of @, (-), which we
discuss in Section 7.6.2. Also, we can use different penalty coefficients for
different constraints.

The crucial question is the relation between the original problem (7.105)
and the penalty problem (7.106).

Let us develop necessary conditions of optimality for problem (7.105).
Assume that X € X is a local minimum of problem (7.105). Assume that
there exists x; € Xy such that g;(x;) < 0,i = 1,...,m. Furthermore,
let Robinson’s constraint qualification (3.56) be satisfied. Application of
Theorem 3.38 yields the following necessary conditions of optimality: there
exist 4 € R and i € [Ty, (h(x))]° such that

0€of () + D 4i0gi(®) + [h'(D)I"A + Ny, () (7.108)

i=1
and
Ligi®) =0, i=1,...,m. (7.109)

To formulate the necessary conditions for (7.107) we rewrite the problem as
follows:
minimize ¢(x, s)
subject to A(x) —s =0,
x € Xp.
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The necessary conditions read: there exist multipliers 4 € R"™ such that

0 € 0,p(X,8) + [ )] 1 + Nx, (%),

o (7.110)
0 € osp(x,5) — u.

The first relation can be rewritten as

0€of(@)+e D 0idgi®) + W' @) 1 + Ny, (),
i=1
with a; = 0 for g;(x) < 0, a; = 1 when g;(x) > 0, a; € [0, 1] when
gi(x) =0.

Consider alocal minimum point X of problem (7.105) satisfying conditions
(7.108)—(7.109). If p is larger than all i,-,wecan seta; = i,-/g,i =1,...,m,
and ¢ = g to satisfy (7.110). Thus X satisfies necessary conditions of
optimality for the penalty problem, if p is sufficiently large.

The converse argument is more difficult than in the convex case analyzed
in Theorem 7.21. If a local minimum of the penalty problem is feasible for
the original problem, Lemma 6.5 immediately implies that the solution of
the penalty problem is optimal for the original problem. But even for very
large o the feasibility is difficult to ensure theoretically, without restrictive
assumptions.

If the functions g;(-) are nonconvex, but smooth, we can define

S(x) £ (x, g(x), h(x)),

and

m p
0(s1,52,53) = f(s1)+ 0 > max (0, 52) + 0 D Isxl.

i=1 i=l

The convexity of ¢ (-) is evident. Alternatively, by adding slack variables, we
can convert smooth inequalities into equations and sign restrictions on the
slack variables. If some of the inequality constraints involve convex functions
and some smooth nonconvex functions, we combine the approaches. We
leave to the reader the derivation of the composite optimization problem in
this case, and the comparison of the necessary conditions of optimality.

EXERCISES

7.1. Calculate the direction of steepest descent for the function
fx1,x2) = x1 +x2 + max (0, (x1)? + (x2)? — 4)

at the point x = (0, —2).
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7.2. Consider the problem of minimizing the function of one variable f(x) = |x]|.

(a) Carry out several iterations of the subgradient method, starting from xl=1,
using the step sizes 7y = 1/(k + 1) and scaling coefficients y; = 1.

(b) Provethatforallk > 4 wehave |x¥| < 1/k and thus the method is convergent.

7.3. Develop a specialized version of the subgradient method from Section 7.1.4
for solving systems of linear inequalities Ax < b, where A is an m X n matrix, and
beR™

7.4. The function f : R” — IR has the form

L
[ =" fik),
=1

where each function f;(-) is convex. Consider the problem
minimize f(x),
xeX

with a convex and compact set X. To solve this problem, we define a cutting plane
method using disaggregated cuts. At each point x* generated by the method, it
calculates subgradients g;‘ € of;(x*) for all functions f;(-),/ =1, ..., L. They are
used in the master problem

L
minimize Zvl
=1
subject to fl(xj)—i—(glj,x—xj)fvl, j=1,...,k, I=1,...,L,
x € X.

The x-part of its solution is the next point x**!. Prove that the master problem is
equivalent to minimizing the function

L
A
L =D @,
I=1
where each function flk (+) is a cutting plane approximation of f;(-):

fFx) 2 lrgjﬂ;gk{ﬁ(xj) + (g, x —x)}.

Using this observation, prove the convergence of the method. Follow Theorem 7.7.

7.5. Develop a specialized cutting plane method for the dual problem to the facility
location problem of Example 4.23.
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7.6. Derive a specialized cutting plane method for the stochastic programming
problem (7.38).

7.7. Prove finite convergence of the specialized cutting plane method for penalty
functions (7.88), under the assumption that all functions are convex polyhedral, and
the set X¢ is a convex polyhedron. Use the idea of the proof of Theorem 7.8.

7.8. Find the closed-form solution of the master problem (7.75) of the bundle method
with aggregation.

7.9. Describe the operation of the bundle method for the eigenvalue optimization
problem (4.39):

m
mi;lei%l}ze kimax(l;ﬂif\i - C) — (b, u).

where Ay, ..., Ay and C are symmetric matrices of dimension n, and b € R".
7.10. Prove Theorem 7.21 for the penalty function (7.87). Show that
00 = [ 41lx,

where || - ||« is the dual norm, is a sufficient minimum value of the penalty parameter.



Appendix A

Stability of Set-Constrained Systems

A.1 LINEAR-CONIC SYSTEMS

Our main interest here is in the analysis of generalized systems of equations

Ax = b,

xeK. A1

In the system above, A is a matrix of dimension m x n, b € R",and K is a
convex cone in R” containing 0.

Clearly, system (A.1) can be used to model linear equations and inequali-
ties by introducing additional “slack” variables and defining the cone K in a
suitable way. Also, systems involving other cones, like the positive semidef-
inite cone, fall into this framework. Finally, the analysis of (A.1) provides a
solid foundation for the analysis of nonlinear inequalities.

One of the fundamental questions associated with such systems is the
question of their stability: Does the system have solutions if the matrix A
and vector b are slightly perturbed? The key to answering this question is
the analysis of system (A.1) with perturbations of the right hand side b only.

Let us observe that if (A.1) has a solution for all right hand sides vectors
b in a certain ball about 0, say for ||b|| < & with some & > 0, then it has a
solution for all » € R™. Indeed, we can solve at first the system with the
right hand side equal to €b/||b||. Then we can multiply the solution by ||b|| /&
to obtain a solution for b.

We do not assume that K is closed, because we want to apply our results
to cones of feasible directions, which are not closed, in general. We assume,
however, that

K\{0}+ K C K. (A.2)

This condition trivially holds for all closed cones, but it is also true for many
important cones which are not closed. We discuss condition (A.2) later in
this section.

LEMMA A.1. Assume that system (A.1) has a solution for every b € R™.
Then there exists a constant C such that for every b € R™ we can find a
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solution x(b) such that
lx@®)I < Clbll.
Proof. Define the set
Y={Ax :x € K, ||x| < 1}.

It is convex. By assumption, every b € R™ must be an element of kY for
some integer k. Hence

R" = | J kY Clin(Y),
keN

which implies that int Y # . Suppose O ¢ int Y. Then we can separate 0
from the interior: there exists 2 # 0 such that

(h,y) <0 forall y eint?.

AsintY # (J and Y is convex, ¥ = int Y. Then the last inequality implies
that

(h,y)y <0 forall yeY.
This can be rewritten as
(h, Ax) <0 forall x e K, |x|]| <1.
The left hand side of the last inequality is homogeneous in x and thus
(h, Ax) <0 forall x € K.

Consider system (A.1) with b = h. It has a solution x € K by assumption,
and the last inequality yields ||2]|> < 0, a contradiction. Therefore

Oeint?.
It follows that there exists ¢ > 0 such that for all b with ||b|| < ¢ the system
(A.1) has a solution x(b) € K with ||x(b)|| < 1. For an arbitrary b € R"

we can define
b b
x(b) = ux(g—)
€ 151l

It is an element of K and Ax(b) = b. Moreover,
1
x|l = gllbll,

and our assertion holds true with C = 1/e. m|
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We shall refer to the constant C defined in this lemma as the modulus of
the system. As we see, it depends only on A and K.
Let us now consider a perturbed system

Ax = b,

A3
x €K, (A-3)

with a different matrix A of dimension m x n, and with a different right hand
side vector b € R™.

THEOREM A.2. Assume that system (A.1) has a solution for every b € R",
and let C be its modulus. If ||A — A| < 1/C, then system (A.3) has a
solution for every b € R, and its modulus is at most

Cc

5:—~.
1-ClA - Al

Furthermore, for every solution x of system (A.1) there exists a solution X of
system (A.3) such that

1% = x| = C(IB = bll + x4 — All).

Proof. We denote by x(r) the solution of system (A.1) with the right hand
side b = r satisfying ||x(r)|| < C||r|. It always exists, due to Lemma A.1.
Let us select an arbitrary point xo € K and let us define two sequences, {x;}
and {r;}, as follows:

ry = E - Zxk,

R (A4)
Xk+1 = Xk +x(rk), k=0,1,2,....

By construction, x(r;) € K, and thus all points x;, are elements of the cone K.
By direct calculation we obtain
Xxk+l = Ax; + Zf(rk)
= Ax; + Ax(ry) + (A — A)x(ry)
= Axp +r + (Z — A)x(ry)
=b+ (A — A)i(ry).

Therefore

el = 16 — Axepa || < 1A — A IE ()|
< ClA - Allllnll, k=0,1,2,....
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Defining o = C|lA — A| we notice that o < 1 and that
Irell < *liroll, k=0,1,2,....
This implies that ry, — 0, as k — oco. Moreover,
X1 = xill < IRCN < Cllrell < Co*liroll, k=0,1,2,....

Consequently, the sequence {x;} is convergent. Denoting by X its limit and
passing to the limit in (A.4) we get AX = b.
If xo € K\ {0} then we have the inclusion

T=x0+ > X(r) € K\{0} +K.
k=0

Thus, by assumption, x is an element of K. If xo = 0 and ry # O then

x; € K\{0} and a similar argument yields x € K again. Finally, if xo = 0

and rg = 0 then simply X = 0. Therefore, X is a solution of system (A.3).
Furthermore,

C
-0

o o0
IF = xoll < D i — xll < €D~ p¥llroll = ol (A5)
k=0 k=0

If we start from xy = 0, the above estimate yields
~ c -~ ~
Ixl = l—llbll = C|bll,
-0

as required. If we start from xo € K such that Axy = b, then
ro=b— Axg= (b —b) — (A — A)xo.

Hence estimate (A.5) becomes
~ C ~ ~
IF = xoll = 7= (1B = 61+ 1A = Al

which is our second assertion. O

We can now easily obtain a uniform version of the stability result. Consider
two systems

Ajx = by,
(A.6)
x €K,
and
Arx = b,
? 2 (A.7)

x e K.
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The distance between their solutions can be estimated as follows.

COROLLARY A.3. Assume that condition (A.2) is satisfied and that system
(A.6) has a solution for every b € R". Let C be its modulus. Let A, be such
that |Ay — A1]l < 1/C. Then for each solution x| of system (A.6) there
exists a solution x, of system (A.7) such that

2 — x1ll < C(llby — by |l + llx1 1142 — Ay ),
with

~ C
C = .
1 = CllA> — Ayl

Proof. Let x; be a solution of (A.6). Substituting d = x — x; we see that
system (A.7) is equivalent to

Ard = h,
de K —{x},

with 7 = by — Ayx,. Noting that K C K — {x;}, we restrict the last system
by requiring that d € K. Now we use Theorem A.2 to conclude that this
restricted system has a solution d such that ||d|| < C||k||. Since

170l = 112 — by + (A — A2)xi |l < [z — Dull + x| A2 — Aqll,

the result follows. O

A.2 SET-CONSTRAINED LINEAR SYSTEMS

Let us now pass to the analysis of more general systems of the form

Ax = b,

A.8
X € Xo, ( )

where X is a closed convex set in IR”. The other notation is the same as in
the preceding section. Assume that x is a solution of the above system. We
are interested in the following question: Is it possible to find solutions of the

perturbed system,
Ax =D,
(A9)
X € Xo,

which are close to xo?
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The key to the analysis of this question is the following regularity condi-
tion:

0 eint{b — Ax : x € Xo}. (A.10)

Observe that if X is a cone, this condition is identical with the assumption
of Lemma A.1, which requires that system (A.8) has a solution for every b.

While the qualitative conclusions from our analysis follow from the more
general nonlinear case to be studied in the next section, it is instructive to
see our approach at work in the linear case, which is more transparent.

Our method of analysis is based on transforming system (A.8) to a linear-
conic system and using the results of the previous section. At first we present
the main tool of this transformation. Recall that D, denotes the recession
cone of a set D.

LEMMA A.4. Let D be a closed convex set in R" such that 0 € D. Then
the set

K={d,t):detD, t >0}
is a cone, and
K\K ={(d,0):d € Dy, d +#0}.

Proof. 1If (d,t) € K and a > 0, then ad € (at)D. Thus K is a cone. If
(di, 1) € K and (d,, 1) € K thenforall a € (0, 1) the definition of the sum
of sets implies

ad' + (1 — a)d® € a(t,D) + (1 — a)(t,D) = (at; + (1 — a)t;) D.

Therefore K is a convex cone.

Suppose (d*,t*) — (d,1), as k — oo. Iff > 0, then t, > 0 for all
sufficiently large k and d*/t* — d/t. AS d*/t* € D and D is closed, we
conclude that d € D, which means that (d, 7) € K. The case of (d, 1) ¢ K
may occur only if f = 0. As (0, 0) is an element of K, d is nonzero. This
implies that d* # 0 for all sufficiently large k. Therefore t* > 0 for all
sufficiently large k.

Suppose d ¢ Ds. Then there exists @ > 0 such that ad ¢ D for all
o > a. Leta > a. We obtain

y N 5k
od = (at )t_k +a(d —d%).
As d*/t* € D by construction, and because at* < 1 for all large k, the

distance of ad to D is no more than a ld — d*||. The set D is closed. Letting
k — oo we obtain ad € D, a contradiction. O
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We can now use the homogenization technique to prove our main result.

THEOREM A.5. Assume that system (A.8) satisfies the regularity condition
(A.10). Then for every solution xg of system (A.8) there exists ¢ > 0 and
a constant Cy such that for all A and b with |A — Al + ||b — b|| < &, the
perturbed system (A.9) has a solution X with

IX — xoll < Co(JIA — Al + [|b — b])).
Proof. Define the set
D = Xy — {xo}.

Our first step is to analyze the perturbed system (A.9) with right hand side
perturbations only. Setting d = x — x¢ and & = b — b we can rewrite the
perturbed system as follows:

Ad = h,

A1l
deD. ( )

We transform this system to a linear—conic system by defining the set K in
R" x R,

K ={d,t):detD, t > 0}.

By Lemma A.4 it is a convex cone and all points of K \ K have the form
(d,0), where d € Dy, \ {0}. Thus K satisfies condition (A.2).
Consider the system

Ad — 0t = h,

d,1) € K. (A.12)

By assumption, for 4 = 0 the pair (0, 1) is its solution. By virtue of the
regularity condition, a solution exists for every % in a certain neighborhood of
0. Inview of its homogeneity, system (A.12) has asolution (d (1), t (h)) forall
h € R™. ByLemma A.1, there exists a constant C suchthat || (d(h), t(h))] <
Clial.

Now consider (A.12) with a matrix perturbation:

Ad —ht =0,

(d,t) e K. &.13)

By Theorem A.2, if ||Z — Al + |2l < 1/(2C) then system (A.13) has a
solution (d, 1) such that

Id,7) — (0, DIl < C(IA — Al + IIA]),
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with

= ¢ <2C
1= CUIA - All+ Al

C =

If |A — Al + |lh]] < 1/(4C), we obtain [f — 1| < 1/2 and thus 7 > 1/2.
Moreover, the point d = d /1 is a solution of system (A.11) with both matrix
and right hand side perturbations:

Ad = h,
deD,

which is equivalent to (A.9). Setting X = x¢ + d /t we obtain the estimate

- dy 20, — -
1% —xoll = | [ = =X = A+ 101 < 41X - Al + A,

Thus the required estimate holds true with Cy = 4C. O

A.3 SET-CONSTRAINED NONLINEAR SYSTEMS

The methodology developed in the first two sections allows us to analyze
stability of nonlinear systems of the form

h(x,u) =0,

A.14
X € Xo. ( )

In the system above, u € R’ denotes a vector of parameters, & : R" x R® —
R™, and X is a closed convex set in IR".

Assume that for u = u the system has a solution xy. We are interested in
the existence and in the distance to x of solutions of the perturbed system,
with u close to uy.

DEFINITION A.6. System (A.14) is called stable at the point (xq, ug) if
there exist & > 0 and C such that for all (X, &) satisfying ||X — x| < & and
lu — uo|l < e wecan find x, € X satisfying the equations

h(XR, ﬁ) = O,
and such that

I = ¥l = €((dist(F, Xo) + 11 D).
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We want small perturbations of the parameter and of the initial solution
to be compensated by adjustments of the order of the residual in the equa-
tions and of the distance to the set X(. In the special case of the system
h(x) —u =0, x € X, the concept of stability at the point (xg, 0) is fre-
quently referred to as metric regularity.

To analyze the stability of system (A.14) we make several additional as-
sumptions. First, we assume that A (-, -) is continuous in both arguments,
h(-, u) is differentiable for all u, and that its Jacobian with respect to the first
argument, denoted by A’ (x, u), is continuous with respect to both arguments,
x and u.

Second, we assume that the following regularity condition holds true:

0 € int {h'(xo, uo)(x — x0) : x € Xo}. (A.15)

We remark that it is an extension of condition (A.10) to the nonlinear case.
It is called Robinson’s condition.

THEOREM A.7. Assume that system (A.14) for u = ug has a solution x,.
If the regularity condition (A.15) is satisfied, then system (A.14) is stable

at (xg, ugp).
Proof. With no loss of generality we may assume that xo = 0. Our idea is

to construct a sequence {x;} by solving for each k = 1,2, ... a linearized
system with set constraints

h(xy, w) + h'(xo, uo)(x — xx) =0,

A.16
X € X(). ( )

We denote by x;; the solution of this system, and we continue. We shall
show that this process is well-defined and that it generates a sequence con-
vergent to a point x, satisfying our assertion.

Let us at first assume that x € X. In this case we start the process from
x1 = X. Setting A = h'(xo, up) and

b = I (xo, ug)xy — h(xe, )
we can rewrite system (A.16) as follows:

Ax = Ek,

A.17
x € X. ( )

Following the technique developed in the preceding section, we transform
(A.17) to a linear—conic system. Define

K ={(x,1):x €tXy, t >0}
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and consider the system
Ax — 0t = b, (A.18)
(x,t) € K. '

Owing to the regularity condition, Theorem A.2 implies that system (A.18)
has a solution for every b € R™. Let C be its modulus. Consider the system
with matrix perturbation

Ax —bt =0,

(x,1) € K. (A.19)

Letb, = Ax. Clearly, forb = by the above system has a solution (xx, 1). By
Corollary A.3, if ||b|| < 1/C then system (A.19) has a solution (ygi1, fx+1)
satisfying the inequality
1Okt15 i) = Ces DI < CllCoes DB — il
= C||(xx, D17 Gk, 0l

with

~ C

C=——.

1 —C|lb]]

Suppose ||Ek|| < 1/(2C) and ||x¢|| < 1 (we can guarantee this at this stage
for k = 1, because (¥, u) may be chosen sufficiently close to (xo, #0)). Then

we obtain C < 2C and the last displayed inequality can be rewritten as
follows:

1 1) — (e, DI =< 4C ARGk, w) Il (A.20)

Lete; > 0be such that for all (x, u) satisfying [|x — x| < & and ||u —ug|| <
&1 we have

7Gx, @)l < 1/(8C) and [IA'(xo, uo)x — h(x,u)|l < 1/(2C).

If x4 and u are in these &1-neighborhoods, we obtain from (A.20) the inequal-
ity fz4+1 > 1/2. Observe that the point

is a solution of the linearized system (A.16). We obtain

1 Xk
ket — Xkl < — e — Xl + | —— — x|
Ti+1 Tkt 1

< 2l yk1 = Xkl + 211 — tepr ek [
< 16C||h(xy, w)ll. (A2
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In the last inequality we employed (A.20).
Let A > Oand &; € (0, &) be such that for all (x, u) satisfying ||x — x| <
& and ||u — ug|| < &, we have

17" Cx, u) — h'(xo, uo) | < 4 < 1/(16C).

The Newton-Leibniz theorem of calculus yields the representation (with
x(0) = Ox1 + (1 — 0)x):
1
ik @) = b @) + [ WEO). D1 =30 d0

0

= h(xk, 17) + h/(X(), uo)(xk+1 — Xk)
1

+ / [ (R(0), T) — ' (xo, 110) | st — 1) d6

0
1
= [ [FG®). 1)~ )| o1 0 .
0

In the last equality we used the fact that x;,; is a solution to (A.16). If
lxc — xoll < &2, llXa41 — Xoll < &2 and || — ugll < &, we obtain

1
W Ceesr, D) < / I (RO), T) — I (xo, uo) kst — xell dO
0

< Allxsr — xell. (A.22)
Define p = 16AC < 1 and let ¢y € (0, &;/2) be such that
e2(1—o)
h b < 75
12 (G, w)ll < 320
whenever ||x — xo|| < &3 and |ju — ug|| < &. We claim that for all k =
1,2, ... the following inequalities are satisfied:

1h G, D < @A, I,

B (A.23)
et — xill < 16Co* R (xy, w)].

They are true for k = 1, as can be seen from (A.21). If they hold for all
j=1,2,..., kthen for all these j we have

/ 16C &
1 — 21l < D llxi — xill < Tl = 7

i=1
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Therefore ||x; 41 —xol| < & and and we are allowed to use inequalities (A.21)
and (A.22) for k. They immediately yield (A.23) for £ 4+ 1. By induction,
relations (A.23) hold true for all k. It follows from these relations that the
sequence {x;} has a limit x, such that 4 (x,, #) = 0 and

~ 16C
e — X1l < E”h(xlaﬁ)”- (A.24)

The set X is closed, and thus x, € X(. As x; = X, our assertion is true with
Co=16C/(1 — p).

Now suppose X ¢ X. In this case we define x; = IIx,(x). Obviously,
lx1 — xoll < |IX — xoll and we can construct the sequence {x;} exactly as
before. The estimate (A.24) remains valid. Since &(-, u) is continuously
differentiable, it is Lipschitz continuous in the ¢y-neighborhood of xy. Thus
there exists a constant L such that

G, W)l < I1RGx, W)l + L dist(x, Xo).
Combining this inequality with (A.24) we obtain our assertion with
16C(L +1
Co = ﬁ
-0
a

Consider the special case of right hand side perturbations, when (A.14)
becomes

h(x) =u,

A.25
X € X(), ( )

with a smooth function 4 : R” — R™. As we have mentioned earlier, the
stability at (xg, 0) is called the metric regularity of the system. The regularity
condition simplifies:

0 € int {A'(x0)(x — x0) : x € Xo}. (A.26)
It turns out that metric regularity is equivalent to this condition.

THEOREM A.8. System (A.25) is metrically regular if and only if condition
(A.26) is satisfied.

Proof. By Theorem A.7, condition (A.26) implies metric regularity. It re-
mains to prove the reverse implication.
Suppose condition (A.26) is not satisfied:

0 ¢ int {h'(xo)(x — x0) : x € Xo}.
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The set § = {h'(x0)(x — xp) : x € X} is convex by definition, and so is its
interior. Theorem 2.15 implies that we can separate int S and O: there exists
d # O such that (d,s) <Oforalls € S.

Consider u = 7d, where 7 > 0, and X = x(. If the system is metrically
regular, then for every sufficiently small z > we must be able to find x, (7) €
X such that

lxg (7) — xoll = Czlld],
and
h(x, (7)) = 7d. (A.27)
Expanding 4 in the neighborhood of x; we obtain
h(xy (7)) = h'(x0)(xx (v) — x0) + 0(7),

where o(t)/t — 0, as t | 0. Multiplying by d and using the fact that (by
separation)

(da h/(XO)(xR (T) - xO)) =< 09

we conclude that
(d, h(xy (7)) < {d, 0(7)).
This combined with (A.27) yields
7lld|* < (d, o(2)).

Dividing by 7 and letting 7 | 0 we get ||d|| = 0, a contradiction. Thus, O
must be an interior point of S. |

The same ideas can be employed to analyze generalized systems of equa-
tions and inequalities of the form

g(x’ u) € YO:

A.28
x € X. ( )

Here g : R" x R* — RR™ is continuously differentiable with respect to the
first argument, Y is a closed convex set in R™, and Xy is a closed convex
setin R".

One way to deal with conditions of the form (A.28) is to introduce new
variables y € R and to consider the equivalent system

glx,u) —y=0,

(A.29)
x € Xo, y € Yo,
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which is a special case of (A.14), with x replaced by (x, y), and X, by
Xo X Y().

We call (A.28) stable at (xg, up) if (A.29) is stable at ((xo, yo), to), Where
yo = g(xo,up). An equivalent characterization of stability of this system
can be obtained as follows.

LEMMA A.9. System (A.28) is stable at the point (x¢, ug) if and only if there
exist ¢ > 0 and C such that for every X and u satisfying |x — xoll < ¢ and
lu — uol|l < & we can find x, € X satisfying the inclusion

g(XR, ﬁ) € Y(),
and such that
I, — % < C ( dist(F, Xo) + dist(g (X, ), YQ)). (A.30)

Proof. If system (A.29) is stable, then there exist & > 0 and C such that for
every X, y and u satisfying ||Xx — xoll < &, ||y — yoll < e and ||u — ugl| < &
we can find x, € X, and y, € Y satisfying the equations

g(xg, 1) =y =0,
and such that
o=+l =51 = € ( dist(F, Xo)+dist(, Yo+ (F D—31). (A3D)
In particular, choosing
y =y, (g(x, u)),
we get dist(y, Yy) = 0 and
lg(x, u) — ¥l = dist(g(x, u), ¥p).

This reduces (A.31) to (A.30).
On the other hand, if (A.30) is true, then the triangle inequality implies

dist(g(x, u), Yo) < dist(y, Yo) + llg(x, u) — I,
for all y. Therefore (A.30) can be rewritten as follows:
I — ¥l = C((dist, Xo) + dist(F, Yo) + g ) = 7). (A32)
Let us choose

Vr = &(xg, ).
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‘We have

Iye = VI = 18 Crgs 1) = Y1 < Mg (xg u0) — g (X, )| + g (x, ) — |
< Lllxg = x| + llg(x, u) = ylI. (A.33)

In the last inequality we used the fact that g (-, u) is locally Lipschitz continu-
ous around (x, #g) and we denoted by L its Lipschitz constant. Substituting
(A.32) into (A.33) and adding the resulting inequality to (A.32) we conclude
that

o =F 4+ 3 =1 = Q+LO)( dist(F, Xo)+dist (., Yo)+ 113 &, i) —11).
This proves the stability of the system (A.29). |

A sufficient condition for stability of system (A.28) can be derived directly
from Theorem A.7.

THEOREM A.10. If
0 € int {g'(x0, uo) (x — x0) — (y — g(x0)) 1 x € Xo, y € Yo}, (A.34)
then system (A.28) is stable at (xg, ug).

We call (A.34) Robinson’s condition. Again, if we restrict the class of
systems to

g(x) —u €Yo,
X € X(),

then Robinson’s condition is equivalent to their stability (metric regularity
in this case). This follows directly from Theorem A.8.






Further Reading

Introduction. Specific topics discussed in the examples are studied in more
detail in [3] (image reconstruction), [99] (portfolio optimization), [96] (signal
processing), [97, 164] (classification), [60] (optimal control models), and
[69, 88] (approximation).

Chapter 1. The first systematic treatment of convex sets, including a
separation theorem and extreme points, can be found in [105, 106]. The
theorem about the alternative is due to [38]. Most of the modern concepts
and results of convex analysis are already included in the lecture notes [40]
and in the monograph [140]. The concept of a subgradient was introduced
and studied in [110, 139]. Conjugate duality is due to [39, 40, 109]. The
analysis of the maximum function is due to [162]. The history of convex
analysis is extensively discussed in [146]. For a comprehensive treatment
in R”, see [68, 133, 146]. Convex analysis in infinite dimensional spaces is
covered in [5, 33, 71, 83, 92, 122]. Extensions of the separation principle
and of the concept of the subgradient to nonconvex sets and functions were
proposed and developed in [19, 84, 107]. Applications to the problem of
moments are discussed in [83]. Approximation problems are extensively
covered in [29, 69, 88]. For conjugate duality of Lorenz curves, see [120],
and of risk functions, see [151].

Chapter 2. Optimality conditions for smooth unconstrained problems
and the Lagrange multiplier rule for equality constrained problems are clas-
sical topics of multivariate calculus. The concept of a tangent cone is due
to [13]. For a comprehensive modern treatment, see [6]. Constraint quali-
fication conditions used by us appear in [75, 86, 98, 138, 158]. For recent
advances, see [64]. Optimality conditions for inequality constrained prob-
lems are credited to [75, 85]. The paper [130] provides an account of earlier
contributions along these lines. The approach by cone separation is due
to [31, 131]. A comprehensive review is provided in [145]. Nonsmooth
problems are discussed in [71, 131, 140]. For extensions to nonconvex non-
smooth problems, see [19, 20, 84, 107]. The monograph [146] covers much
of this material and provides a comprehensive literature review. Second or-
der conditions and sensitivity are covered extensively in [7, 12]. First and
second order tangent cones in semidefinite programming were analyzed in
[12, 155]. The pioneering work on infinite-dimensional constrained prob-
lems was [70]. For a comprehensive review and modern contributions, see
[12, 19,20, 71, 95, 107].
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Chapter 3. For the origins of the duality theory in the theory of games, see
[48, 74, 165]. Linear programming duality and its applications are discussed
in [22,23,163]. Lagrangian duality for convex problems has been developed
in [140, 142]. Optimization under dominance constraints and dual utility
functions come from [28]. For further developments, see [33, 57, 146] and
the references therein. Duality in semidefinite programming was discussed
in[115, 155, 170]. Decomposition methods employing duality are presented
in [22, 23, 87]. The idea of convexification by dual problems is due to [37].
For relaxation of integer problems, see [114]. Augmented Lagrangians have
been introduced for the purpose of numerical methods in [4, 10, 61, 65, 128].
Duality relations for augmented Lagrangians are explored in [58, 141, 145].

Chapter 4. Numerical methods for unconstrained optimization and their
implementation are extensively covered in several monographs: [27, 43, 52,
118, 169]. For the fundamentals of iterative methods and convergence rates,
see [21, 121]. The method of steepest descent is very old; it is attributed
to [18]. The use of the two-slope test in it goes back to [55]. Local rate
of convergence analysis is due to [72]. Newton’s method for systems of
equations is analyzed in [121]. Rate of convergence analysis is due to [73].
The early influential works on the Gauss—Newton method were [8, 91, 101].
Linear least squares are treated comprehensively in [89]. Early contributions
to the conjugate gradient methods are in [45, 67, 124]. Comprehensive
treatment of these methods can be found in [66]. First works on quasi-Newton
methods were [14, 24,42, 44, 54, 153]. Their equivalence was established in
[30]. For limited memory versions, see [50, 94, 117]. Trust region methods
are discussed in [108, 129, 152]. Conjugate directions without derivatives
were introduced in [127]. Nongradient methods are thoroughly analyzed
in [76]. The truncated Newton method was developed in [25, 26, 113].
For applications to noisy functions, see [77]. Automatic differentiation is
discussed in [59].

Chapter 5. For the origins of the projection method, see [9, 56]. The
pioneering work on large-scale linearly constrained optimization was [112].
The topic is discussed extensively in [43, 52, 100, 163]. First contributions
to exact penalty methods were [34, 123, 173]. Augmented Lagrangians have
been introduced for equality constraints in [4, 61, 65, 128]. Extensions to in-
equality constraints were studied in [16, 141, 166]. Relations to the proximal
point method are explored in [143]. Versions with general cone constraints
are analyzed in [167], and decomposition in [149, 160]. Penalty and mul-
tiplier methods are covered in dedicated monographs [10, 58]. Sequential
quadratic programming methods were introduced in [49, 62, 132, 168]. For
a comprehensive treatment, see [11, 51, 52, 118]. The modern approach
via generalized equations and multivalued Newton’s method is discussed
in [82, 136, 137]. The early contributions to barrier methods are [17, 47].
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The synthesis and basic theory is in [41]. Central path for linear problems
was investigated in [159]. Interior point methods for linear and quadratic
programming are presented in [11, 147, 163, 172]. For nonlinear exten-
sions, see [1, 46, 115, 116, 154, 171] and the references therein. Specialized
factorization schemes are discussed in [2].

Chapter 6. The subgradient method was proposed in [156]. Conver-
gence of versions with diminishing step sizes was established in [35, 125].
Refinements for known objective values are due to [126]. A comprehensive
presentation can be found in [157]. Extensions to nonconvex problems are
presented in [104, 119]. Stochastic versions are discussed in [36]. The cut-
ting plane method is due to [78]. The bundle methods were developed in
[90, 103]. First rigorous convergence analysis and versions with aggrega-
tion were provided in [79, 80]. Relations to proximal point methods were
exploited in [148], on which we base our presentation. For a comprehensive
treatment of bundle and trust region methods, see [11, 68]. Applications to
stochastic programming are discussed [150] and to semidefinite program-
ming in [63]. Cutting plane methods using analytic centers are surveyed in
[53]. For the background on the proximal point method and its extensions,
see [32, 102, 109, 110, 111, 144] and the monograph [146]. Composite
optimization is discussed in [15, 93, 161]. Bundle methods for nonconvex
problems are analyzed in [81].

Appendix. Our presentation follows [134, 135]. Advanced topics are
covered in the monographs [12, 82].
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